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A self-contained coupled-mode theory for the coupled two asymmetric photonic crystal waveguides (PCWs) is
presented. The first-order coupled-mode equations are derived under a weak coupling assumption. The coupling
coefficients are obtained systematically by a matrix calculus using the modal solutions of each PCW in isolation.
The coupled-mode equations are solved for contra-directional coupling between two asymmetric PCWs formed by
a hexagonal lattice of circular air holes in a dielectric medium. The power transmission spectra at different output
ports of the coupled PCWs are investigated. It is shown that the self-contained coupled-mode analysis is useful to
characterize a peculiar feature of the contra-directionally coupled PCWs as a drop filter. © 2014 Optical Society
of America
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1. INTRODUCTION
Photonic crystals (PCs) have inspired a lot of interest due to
their wide application for controlling the propagation of light
[1,2]. A photonic crystal waveguide (PCW) is made by remov-
ing a row of either air columns or dielectric rods that result in
multimode guiding [3,4]. If the PCWs are placed in close pro-
ximity, a coupled PCW is formed, and the optical power is ef-
ficiently transferred from one PCW to another. Recently,
coupledPCWshave receivedmuchattention due to their prom-
ising applications to ultra-compact, miniaturized photonic de-
vices, such as filters, switches, power dividers, and couplers.

The optical propagation in the coupled PCWs has been
extensively analyzed using the plane wave expansion method
[5–8], the finitedifference time-domain method [5,7–11], the
scattering matrix method combinedwith the lattice sums tech-
nique [12,13], and the coupled-mode theory [5,6,9,10]. Among
others, the coupled-mode theory is an analytical method based
on a perturbation theory and gives an approximate solution,
which enables us to get a clear picture on the power transfer
between two PCWs. The coupled-mode theory has been
successfully used to model guided-wave devices based on
the conventional optical waveguides, in which the coupling co-
efficients have been calculated in self-contained way [14,15]
using a perturbation analysis or an overlap integral between
the mode fields of uncoupled waveguides. However, the pre-
vious pertinent studies on the coupled-mode theory of PCWs
have mostly assumed a prescribed form of the coupled-mode
equations and calculated the coupling coefficients by using
the propagation constants of supermodes supported in the
coupledPCWs thatwere obtainedbyother numericalmethods.

Recently, the present authors have proposed a self-
contained coupled-mode formulation [16] for two parallel-
coupled PCWs and derived systematically the coupled-mode
equations by using the first-order perturbation theory for a
weak coupling. In this formulation, the coupling coefficients
are obtained by a matrix calculus based on the eigenmode sol-
utions in each individual PCW in isolation. The coupled-mode
equations have been used [16] to analyze a codirectional cou-
pling between two symmetric PCWs with square lattice of cir-
cular rods in a free space or circular air holes in a dielectric
medium.

In this paper, we shall apply the proposed coupled-mode
formulation to a contra-directional coupling between two
asymmetric PCWs. In Section 2, we briefly explain the calcu-
lation procedure to obtain the coupled-mode equations for
two coupled PCWs, which govern the evolution of the modal
amplitudes in individual PCWs. The formal solutions of the
coupled-mode equations are also discussed. The contra-
directional coupling between two PCWs with hexagonal
lattice of circular air holes in a dielectric medium [9] is nu-
merically studied in Section 3. When the modes of two single
isolated PCWs interact at the phase-matching point, the repul-
sion effect between the guidedmodes appears, and the contra-
directional coupling between the forward and backward
waves occurs. The dispersion diagrams of the isolated PCWs
as well as the dispersion curves of the coupled two asymmet-
ric PCWs are studied. The optical power exchange between
two PCWs is investigated, and the output powers at different
ports of the contra-directional PCWs coupler are analyzed. It
is shown that about 80% of the initial power is transferred
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contra-directionally from one PCW to another. A conclusion is
given in Section 4.

2. COUPLED MODE FORMULATION FOR
TWO PHOTONIC CRYSTAL WAVEGUIDES
The schematic view of a coupled 2D PCW structure is shown
in Fig. 1(a). The guiding layers a and bwith widths,wa andwb,
which are bounded by the upper and lower PCs, respectively,
are separated by the intermediate barrier layer of a PC. We do
not specify here the particular configuration of three PC
layers except that they are formed by parallel circular rods,
which are infinitely long in the y direction and have a common
lattice constant h in the z direction. There exist TE and TM
modes in the 2D PCWs. We consider here the TE mode having
the electric and magnetic field components �Ey;Hx;Hz�. The
TM mode having the field components �Hy; Ex; Ez� can be
treated in the same way.

In the first-order coupled-mode analysis, the guided field
supported by the two-parallel waveguide system is approxi-
mated as follows:

ψ�x; z� � A�z�
X∞

m�−∞
αaca;mpa;m�x� exp�iβa;mz�

� B�z�
X∞

m�−∞
αbcb;mpb;m�x� exp�iβb;mz�; (1)

where βa;m � βa � 2mπ∕h, βb;m � βb � 2mπ∕h, βa, and βb are
the propagation constants of the mode field supported by
each single PCW a and b in isolation as shown in Figs. 1(b)
and 1(c), pa;m�x� and pb;m�x� denote the transverse field dis-
tribution functions of themth order Floquet modes in two iso-
lated PCWs, ca;m and cb;m are the amplitudes of the Floquet
mode, A�z� and B�z� denote the slowly varying amplitudes,
which characterize the coupling between two PCWs. If the
configuration of the PCW system is specified, βj , cj;m, and
pj;m�x� �j � a; b� can be calculated [12,13] by using the lattice
sums and scattering matrix of layered periodic arrays of cir-
cular rods. In Eq. (1), αa and αb are the normalization con-
stants introduced so that the power carried by each

waveguide mode per unit length in the y direction satisfies
the relations:

1
2ωμ0

X∞
m�−∞

α2j βj;mjcj;mj2
Z

∞

−∞
jpj;m�x�j2dx � �1 �j � a; b�;

(2)

where the plus (minus) sign in Eq. (2) corresponds to the for-
ward (backward) propagating modes. Using the first-order
perturbation analysis to Eq. (1), the coupled-mode equations
for the coupled PCWs are obtained as follows [16]:

d
dz

A�z� � i exp�−iΔβz�κabB�z�; (3)

d
dz

B�z� � i exp�iΔβz�κbaA�z�; (4)

with

κab �
αbgTa · Dab�ω; βb� · cb
αagTa · ∂Da�ω;βa�

∂βa
· ca

; (5)

κba � αagTb · Dba�ω; βa� · ca
αbgTb · ∂Db�ω;βb�

∂βb
· cb

; (6)

Da�ω; β� � I −Wa�ω; β� ¯̄RNU
U �ω; β�Wa�ω; β� ¯̄RN∞

B �ω; β�; (7)

Db�ω; β� � I −Wb�ω; β� ¯̄RNL
L �ω; β�Wb�ω; β� ¯̄RN∞

B �ω; β�; (8)

Dab�ω; β� � Wa�ω; β� ¯̄RNU
U �ω; β�Wa�ω; β� ¯̄TNB

B �ω; β�; (9)

Dba�ω; β� � Wb�ω; β� ¯̄RNL
L �ω; β�Wb�ω; β� ¯̄TNB

B �ω; β�; (10)

Fig. 1. Schematics of the coupled parallel PCWs: (a) coupled PCW system, (b) isolated PCW a, and (c) isolated PCW b. The circular rods forming
the PCW are parallel and infinitely long in the y direction. The waveguide problem is 2D.
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Wa�ω; β� � �exp�iγa;mwa�δmn�;Wb�ω; β� � �exp�iγb;mwb�δmn�;
(11)

where ks � ω
���������
εsμ0

p
, γa;m �

�������������������
k2s − β2a;m

q
, Δβ � βa − βb, γb;m ��������������������

k2s − β2b;m

q
, and ga and gb are the right eigenvectors that sat-

isfy relations DT
a �ω; βa� · ga � 0 and DT

b �ω; βb� · gb � 0, and the
superscript T denotes the transpose of the indicated vectors

and matrices. In Eqs. (7) to (10), ¯̄RNν
ν �ω; β� �ν � U;L� are the

generalized reflection matrices of the upper and lower PC
structures viewed from the guiding layers a and b,
¯̄TNB
B �ω; β� is the generalized transmission matrix of the NB lay-

ered PC barrier, and ¯̄RN∞
B �ω; β� is the generalized reflection

matrix of the PC barrier structure with an enough layers,
N∞, so that the two guiding layers, a and b, are well separated.

When the lattice constants, the material parameters of cir-
cular rods and the background medium, and the numbers of

layers �NU;NB; N∞; NL� are specified, ¯̄RNν
ν �ω; β� �ν � U; L�,

¯̄TNB
B �ω; β�, and ¯̄RN∞

B �ω; β� are accurately calculated by the stan-
dard matrix calculus using the lattice sums, the T-matrix of
circular rods, and the scattering matrix of a periodic array
of circular rods [16,17].

The general solution to Eqs. (3) and (4) for the mode am-
plitudes A�z� and B�z� are obtained in the following form:

A�z� � A1 exp�iηa;1z� � A2 exp�iηa;2z�; (12)

B�z� � A1
κba
ηb;1

exp�iηb;1z� � A2
κba
ηb;2

exp�iηb;2z�; (13)

with

ηa;1 � −

Δβ
2

� q
2
; ηa;2 � −

Δβ
2

−

q
2
; (14)

ηb;1 �
Δβ
2

� q
2
; ηb;2 �

Δβ
2

−

q
2
; (15)

q �
����������������������������������
�Δβ�2 � 4κabκba

q
; (16)

where A1 and A2 are the unknown constants, which are deter-
mined using the initial excitation conditions. Equations (14)
and (15) give the perturbations to the propagation constants
βa�ω� and βb�ω� of two isolated PCWs a and b as functions
of ω.

Due to the coupling between two PCWs, each of original
propagation constants, βa�ω� and βb�ω�, are split into two
propagation constants in the neighborhood of the phase-
matching point, which satisfies ω � ω0 and βa�ω0� � βb�ω0�
as follows:

β1;2�ω� � βa�ω� −
Δβ�ω�

2
� q�ω�

2
; (17)

β3;4�ω� � βb�ω� �
Δβ�ω�

2
� q�ω�

2
; (18)

where βa, βb, Δβ, and q are specified as functions of frequency
ω for understanding the phase-matching condition between

two waveguide modes. For a contra-directional coupling,
we assume that the wave with the unit amplitude is initially
excited at the right end z � l of the upper waveguide a. In
the lower waveguide b, the wave travels in the direction op-
posite to waveguide a, and there is no initial excitation at the
left end of the coupler at z � 0. This leads to the following
initial conditions:

A�z � l� � 1; B�z � 0� � 0: (19)

With the initial condition in Eq. (19) together with Eqs. (12)
and (13), the modal amplitudes of the coupled mode equations
are expressed in the following form:

A�z� �
q cos

�
q
2 z

�
� iΔβ sin

�
q
2 z

�

q cos
�
q
2 l
�
� iΔβ sin

�
q
2 l
� exp

�
i
Δβ
2

�l − z�
�
; (20)

B�z� �
i2κba sin

�
q
2 z

�

q cos
�
q
2 l
�
� iΔβ sin

�
q
2 l
� exp

�
i
Δβ
2

�z� l�
�
: (21)

3. NUMERICAL RESULTS AND DISCUSSION
The contra-directional coupling between two asymmetric
PCWs consisting of the hexagonal lattice of circular air holes
in a dielectric background medium is analyzed by using the
proposed coupled-mode formulation. The PCW structure to
be analyzed is the same as investigated in [9] by using the
FDTD method. We assume that the permittivity of the back-
ground medium is εs � 10.5ε0 and the radius of the air holes is
r � 0.36h. The width of the upper PCW is wa � 0.8

���
3

p
h, and

the width of the lower PCW iswb �
���
3

p
h. The air-hole-type PC

has a photonic bandgap for the E polarized field �Ey;Hx;Hz�.
The initial excitation is launched into the upper PCW at z � l.

First we discuss the dispersion diagram of the coupled
asymmetric PCWs with a one-layer barrier, (NB � 1), struc-
ture as shown in Fig. 2. The mode propagation constants,
βa�ω� and βb�ω�, for each isolated single PCW a and b were
calculated as functions ω by using the semi-analytical method
presented in [13]. The dispersion diagrams for two isolated
PCWs calculated by assuming NU � NL � N∞ � 10 are
shown in Figs. 3 and 4. From these two figures, we can see
that the upper PCW with wa � 0.8

���
3

p
h supports three guided

modes, whereas the lower PCW with wb �
���
3

p
h supports four

guided modes.
When the two PCWs are placed in close proximity, the

mode fields in each isolated PCW interact in the neighborhood
of the phase-matching point, which satisfies ω � ω0 and
βa�ω0� � βb�ω0� in the dispersion diagrams. The interaction
causes repulsion between two original dispersion curves,
which intersect at the phase-matching point and create a new
dispersion diagram for the contra-directional coupling be-
tween the forward and backward propagating modes. Using
the numerical results shown in Figs. 3 and 4, the phase-
matching point is calculated as h∕λ0 � 0.3428 and βa�ω0�
h∕2π � βb�ω0�h∕2π � 0.0455, where λ0 � 2πc0∕ω0, and c0 is
the velocity of light in a free space. Figure 5(a) illustrates
the dispersion diagrams for the coupled PCWs with NB � 1

520 J. Opt. Soc. Am. A / Vol. 31, No. 3 / March 2014 Jandieri et al.



calculated by the rigorous analysis based on the lattice sums
technique combined with the T-matrix approach [13,17]. It is
seen that the guided modes are perturbed in the whole fre-
quency range due to the strong coupling between two asym-
metric PCWs.

The region where the contra-directional coupling occurs is
surrounded by a gray rectangle, and the enlarged diagram in
the coupling region is plotted in Fig. 5(b) by the solid lines.
The normalized propagation constant, β�ω�h∕2π, which is cal-
culated using the coupled-mode analysis in Eqs. (17) and (18),
is also plotted by the dashed line in Fig. 5(b). We can see that
for a one-layer barrier structure, the propagation constants of
the coupled waves calculated by the coupled-mode analysis
are not in good agreement with those of the rigorous analysis.
This is because the contra-directional coupling between two
asymmetric PCWs through a one-layer barrier structure falls
into a category of strong coupling, whereas the proposed
coupled-mode analysis based on the perturbation theory as-
sumes weak coupling. When the number of the barrier layers
is increased, however, a situation of relatively weak coupling
between two asymmetric PCWs is realized.

Next, we consider the contra-directional coupling of the
same asymmetric PCWs but having a three-layered barrier

(NB � 3) structure as shown in Fig. 6. Figure 7(a) illustrates
the dispersion curves of the coupled PCWs with a three-
layered barrier structure calculated by rigorous analysis
[13,17]. The region where the contra-directional coupling
occurs is surrounded by the gray rectangle, and the enlarged
dispersion diagram in the neighborhood of the phase-
matching point is plotted in Fig. 7(b). We can see that the

Fig. 2. Schematic view of a contra-directionally coupled two asym-
metric PCWs consisting of the hexagonal lattice of circular air holes
with radius r � 0.36h being located in a background medium with
εs � 10.5ε0. The widths of guiding layers in the upper and lower PCWs
are wa � 0.8

���
3

p
h and wb �

���
3

p
h, respectively. The number of barrier

layers between two PCWs is NB � 1. The initial excitation is launched
in the upper PCW at z � l.

0 0.1 0.2 0.3 0.4 0.5
0.15

0.20

0.25

0.30

0.35

0.40

βh/2π

h/
λ

Fig. 3. Dispersion diagrams for the upper PCW “a” in isolation,
which consists of the hexagonal lattice of circular air-holes with ra-
dius r � 0.36h located in a background dielectric with εs � 10.5ε0,
where wa � 0.8

���
3

p
h and NU � N∞ � 10.
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Fig. 4. Dispersion diagrams for the lower PCW b in isolation, which
consists of the hexagonal lattice of circular air holes with radius
r � 0.36h located in a background dielectric with εs � 10.5ε0, where
wb �

���
3

p
h and NL � N∞ � 10.
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(b)

Fig. 5. (a) Dispersion diagrams of the guided modes for the coupled
asymmetric PCWs as shown in Fig. 2, where the number of barrier
layers between two PCWs is NB � 1. (b) Enlarged dispersion dia-
grams for the coupling region surrounded by a gray rectangle in
(a). The solid lines are obtained by the rigorous analysis [13], and
the dashed lines present the results of the coupled-mode analysis
given by Eqs. (17) and (18).
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propagation constants (dashed line) of the coupled waves cal-
culated by the coupled-mode analysis in Eqs. (17) and (18) are
in close agreement with those of the rigorous analysis (solid
line). Thus the proposed coupled-mode analysis can be used
to analyze the contra-directional coupling between two asym-
metric PCWs with a barrier structure of three layers or more.
For the three-layered barrier structure, Eqs. (20) and (21)
were calculated. Figure 8 shows the guided powers jA�0�j2
in port 2 (solid line) and jB�l�j2 in port 3 (dashed line) as func-
tions of the normalized frequency h∕λ, where the coupler

length is assumed to be l � 2000h. We can see that around
80% of the input power is dropped into the port 3 of the lower
PCW at the resonant frequency h∕λ0 � 0.3428. The power
transmission spectra in the same asymmetric PCWs coupler
have been analyzed [9] for NB � 1 and l � 240h by using the
finite-difference time-domain method. The peculiar feature of
Fig. 8 agrees well with that (Fig. 4) of [9] except for the differ-
ence in the resonant frequency h∕λ0. In the coupled-mode
analysis, the resonant frequency is given by the frequency of
phase matching at which the dispersion curves of two PCWs
in isolation intersect each other. When NB � 1, coupling is
strong, and the coupling region is shifted from the phase-
matching frequency h∕λ0 � 0.3428 as shown in Fig. 5(b),
whereas when NB � 3, the phase-matching frequency is just
located inside the coupling region as shown in Fig. 7(b).

4. CONCLUSION
We have presented the coupled-mode formulation for two
parallel-coupled PCWs based on the perturbation analysis.
The formulation has been used to analyze contra- directional
coupling between two asymmetric PCWs consisting of the
hexagonal lattice of the circular air holes in a dielectric back-
ground medium. The dispersion diagrams of the isolated
PCWs as well as the coupled PCWs and the effect of the
barrier layers between two PCWs on their coupling character-
istics have been numerically studied. It is proven that the
present coupled-mode formulation is applicable when the
barrier PC is of three layers or more. The coupled-mode equa-
tions have been solved for the case of three-layered barrier
structure, and the power transmission spectra at different out-
put ports of the coupled PCWs have been calculated. It is also
shown that the coupled PCWs with a three-layered barrier can
be used as a drop filter with around 80% drop in efficiency.
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