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The numerical solution of many engineering problems leads to the
problemofminimization of a convex quadratic function subject to a given
set of equality and/or inequality constraints. The applications that will
benefit from the developement of optimal algorithms for solving such
optimization problemare, for instance, the linear elasticity contact prob-
lems or the simulation of granular dynamics.
The problem is given by

x̄ := argmin
x∈Ω

f(x) , (1)

where the cost function f : R
n → R is a convex quadratic function

and the feasible set Ω ⊂ R
n is a special closed convex set. This prob-

lem will be reffered as Quadratic Programming (QP) problem. We are
mostly interested in the development of algorithms for the solution of
large-scale problem with large number of unknowns given by the prob-
lem dimension n ∈ N.
The QP term usually denotes the problemswith a feasible set described
by linear inequality constraints. The problems of more general inequal-
ities are much more difficult to solve. However, the basic principles of
the solution, e.g., the solution conditions, still remain applicable inmodi-
fied form. Therefore, we decided to generalize this term to the optimiza-
tion problems of convex quadratic function minimization on any closed
convex set described by the separable inequalities with differentiable
constraint functions.
For instance, if we consider a linear elasticity contact problemwith fric-
tion, the feasible setΩ is described not only by linear inequalities, which
represent the non-penetration conditions, but also by an additional sep-
arable spherical or elliptical inequality constraints representing the fric-
tion conditions.
Thuswe are also interested in the problemswhere the feasible set is de-
scribed not only by inequality constraints, but also by additional equality
constraints. These constraints can, for instance, describe gluing condi-
tions in non-overlapping domain decomposition methods, such as Finite
Element Tearing and Interconnection methods (FETI).
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The thesis contains fundamental concepts, algorithms, and applica-
tions adopted from several sources and several authors. The source of
these foreign ideas is always quoted.

The main results are based on papers published in journals and con-
ference proceedings. Author of the thesis is a main author and/or co-
author of these contributions. Moreover, these results have been pre-
sented on several international and domestic conferences. Author has
been cooperating on the paper about short review of QP [2], and de-
velopment of new algorithms PBBf (Pospíšil and Dostál [6]), MwPGP
(Bouchala et al. [1]), and MPRGPS (Dostál and Pospíšil [3]). Author
published the idea of the extension of active-set algorithm by projected
Barzilai-Borwein method instead of constant step-length MPGP-BB in
Pospíšil [4]. He is also amain author of the publication focused on gran-
ular dynamics, see Pospíšil and Dostál [5].
Moreover, this text includes the ideas and the results, which have

not been published yet and they are fully auctorial. All bechmarks in
the thesis are fully original, except the linear elasticity contact problem
with friction. This experiment has been proposed by Dostál and pub-
lished in collective paper, see Bouchala et al. [1].

The first part: Fundamental Concepts
In the first part of the thesis, we shortly review the basic properties
of QP problems. We are interested in the properties of the cost func-
tion and the feasible set. These properties define the solvability of the
optimization problem. We present different types of the projected gra-
dients to measure the feasibility of the approximation progress, which
are used in our algorithms. For instance, we present so-called reduced
projected gradient

g̃Pα (x) := φ(x) + β̃α(x),
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where

φIj
(x) :=

{
gIj

(x) if j ∈ F(x),
0 if j ∈ A(x),

β̃α
Ij
(x) :=





0 if j ∈ F(x),

gIj
(x) if j ∈ A(x) and

nT
j (xIj

)gIj
(x) > 0,

1

α
(xIj

− PΩj
(xIj

− αgIj
(x))) if j ∈ A(x) and

nT
j (xIj

)gIj
(x) ≤ 0

is free gradient and reduced chopped gradient, respectively. In our no-
tations, we use Ij as an index set appropriate to contraint function hj :
R

|Ij | → R. The classical projected and reduced gradient have each its
own difficulty when it is used as a stopping criterion, see Fig. 1. Even if
the size of the absolute error ∥xk− x̄∥ is small, the size of used gradient
can be large. These difficulties can be eliminated using the combination
of these gradient types. The reduced projected gradientwas succesfully

Figure 1: Reduced gradient (left) and projected gradient (right); even if
the absolute error is small, the norm of the projected or reduced gradi-
ent could be large.
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used for solving the QP problems on convex sets with strong curvature,
see Bouchala, et al. [1].
In the thesis, we shortly review the QP problem properties and discuss
a solvability and an uniqueness of the solution. We recall the theory
necessary for the developement of algorithms. Further, we apply the
presented theory to selected special cases of feasible set, i.e. the feasi-
ble set described by bound constraints, box constraints, quadratic con-
straints, elliptic constraints, and conical constraints. These set types
arise in applications presented in the last part of the thesis.

The second part: Algorithms
In the second part, we present algorithms for solving the QP problem.
We are interested in the active-set methods, but for comparison, we
choose also other types ofmethods suggested and sucessfully tested on
QP problems by other authors. The other algoritms are usually designed
to solvemore general optimization problems. Therefore, we suggest our
modifications of these methods for solving our QP problems. Moreover,
we also briefly review a modification of Augmented Lagrangian method
for solving problems with additional linear equality constraints. This
method is used as an outer loop of the algorithm for solving QP prob-
lems with the combination of equality and inequality constraints and
takes care of equality constraints. The problem in inner loop is QP with
only inequality constraints. Therefore, we can focus only on the prob-
lems with inequalities in the thesis, but practically we are able to solve
problems with both types of constraints.
In the thesis, we present and review these algorithms:

• Spectral Projected Gradient method (SPG, SPG-QP)
This method was firstly presented by Martinéz et al. The SPG
method combines Barzilai-Borwein (BB) steps with projections
and additional Grippo-Lampariello-Lucidi (GLL) line-search step
to enforce the convergence based on the generalized Armijo con-
dition. Here, we present our ownmodification of SPG for QP prob-
lem. The presented theory shows that if the cost function is quadratic,
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we can omit the iterative line-search and the appropriate step-
size is given by simple formula. See Algorithm 1.

Algorithm 1: Spectral projected gradient method for QP (SPG-QP).

Given initial approximation x0 ∈ Ω, parameters m ∈ N, γ ∈
(0, 1), safeguarding parameter σ2 ∈ (0, 1), and initial step-size
α0 > 0.

k := 0
g0 := Ax0 − b
f0 := 1/2⟨g0 − b, x0⟩

while ∥g̃α(x)∥ is not sufficiently small
dk := P (xk − αkg

k)− xk

fmax := max{f(xk−j) : 0 ≤ j ≤ min{k,m− 1}}
ξ := (fmax − fk)/⟨Adk, dk⟩
β̄ := −⟨gk, dk⟩/⟨Adk, dk⟩

β̂ := γβ̄ +
√
γ2β̄2 + 2ξ

choose βk ∈ [σ1,min{σ2, β̂}]

xk+1 := xk + βkd
k

gk+1 := gk + βkAd
k

fk+1 := 1/2⟨gk+1 − b, xk+1⟩

αk+1 := ⟨dk, dk⟩/⟨Adk, dk⟩

k := k + 1
endwhile

Return approximation of solution xk.
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• Projected Barzilai-Borwein method (PBBf)
PBBf is a simple modification of SPG. We try to omit the line-
search step and instead of using the generalized Armijo condi-
tion to enforce the convergence, we present an alternative de-
scend control. This backtracing technique was firstly presented
by Pospíšil and Dostál [6].

• Accelerated Projected Gradient Descent method (APGD)
Nesterov presented an algorithm for solving the optimization prob-
lems with Lipschitz continuous convex cost function on closed
convex feasible sets. We shortly review the algorithmand present
our own modification for solving QP problems. The modification
is based on the properties of the quadratic cost function. Author
proved equivalency between reduced and mapping gradient and
he presented the review of APGDmethod with projected gradient
instead of mapping gradient.

• Active-set methods (MPRGP, MPRGPS, MPGP, MwPGP, MPGP-
BB)
Dostál presented optimal active-set methods for solving QP prob-
lems. We shortly review the classical algorithms and present the
new modification for the solution of QP with SPS Hessian. The
short review of the methods were also presented by Dostál and
Pospíšil [2]. The modification for problemswith SPS Hessian ma-
trixwas firstly presented byDostál andPospíšil [3]. Wealso present
the modification for separable constraints with strong curvature
ormodificationwith the projected Barzilai-Borweinmethod. Such
steps speed up the convergence in final stage of the solution.

• Augmented Lagrangian method (SMALBE-M)
We shortly review the algorithm for solving the problemswith ad-
ditional linear equality constraints. Thismodification of the classi-
cal Augmented Lagrangian algorithmbyHestenes and Stiefelwas
presented by Dostál. The idea is a combination of algorithms for
solving the problem with inequalities and Augmented Lagrangian
methodwith adaptive precision control of inner optimization prob-
lem solution to enforce equality constraints. Dostál usually uses
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an active-set methods as an inner solver. In the thesis, we ex-
tend this study by testswith our alternative algorithmsmentioned
above.

The third part: Applications
Finally in the last part of the thesis, we compare the efficiency of algo-
rithms on the solution of problems arising in practical applications, such
as linear elasticity contact problems with friction or multibody dynam-
ics problems.
Our algorithms were firstly implemented in MATLAB and tested on rea-
sonable large problems. Afterwards, we implemented the algorithms
in C programming language to PERMON library, which is more suitable
for high performace computing. The algorithms for solving linear elas-
ticity contact problems were tested at the Anselm supercomputer of
the IT4Innovations National Supercomputing Center. The numerical
experiments of particle dynamics were implemented in C programming
language with CUDA toolkit and tested on GPU card.

Geometric optimization

A lot of QP problems naturally arises in geometric problems. The rea-
son is that every problem of minimization of a norm can be equivalently
formulated as QP problem. These problems are usually solved by com-
binatorial algorithms. We present how to solve selected problems using
iterative QP algorithms presented in the second part. We solve a prob-
lems of polytope distance, smallest enclosing ball and the problem of
projection a point into the intersection of the unit cube and unit sphere
with hyperplanes.
The last problem has been also solved in Dostál and Pospíšil [2]. In

the text, we exteded our results by comparison with other algorithms,
see Fig. 2. In this problem, we generate random parameters of a point
and the hyperplanes for various dimensions n. Afterwards, we found
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Figure 2: Projection onto intersection of hypercube and 10 hyperplanes:
the average number of Hessian multiplications for varying dimension of
the problem.

the projection of the point to the intersection of the unit cube and the
hyperplanes by solving the problem

minimize q(x) =
1

2
∥x− a∥2 subject to ∥x∥∞ ≤ 1 and Bx = c ,

where a ∈ R
n is a random point, B ∈ R

m,n is a full row rank random
matrix, and c ∈ R

m is a random vector. The number of the most time-
consuming operations (matrix-vector multiplications) performed by al-
gorithms can be found in Fig. 2.

The problem of the shortest path between two polytopes can be
also reformulated as QP problem. We present a numerical benchmark,
where we consider two circles discretized by parameterm ≥ 3, whose
boundary points are defined by matrices P,Q ∈ R

2,m with columns

P∗,i =

[
cos(2iπ/m)− 2
sin(2iπ/m)

]
, Q∗,i =

[
cos(π − 2iπ/m) + 2
sin(π − 2iπ/m)

]
,

where i = 0, . . . ,m− 1.
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Figure 3: Testing benchmark for polytopes distance with discretization
parameterm = 5.

Example form = 5 can be found in Fig. 3. The problem leads to QP
with symmetric positive semidefinite Hessian matrixA and the feasible
set described by bound constraints and linear equality constraints

x̄ := arg min
x∈ΩE∩ΩI

1

2
xTAx− bTx ,

ΩE :=
{
x ∈ R

np+nq : B̂x = 0
}

,

ΩI := {x ∈ R
np+nq : x ≥ −yin} .

In this benchmark, we can directly compute the regular condition num-
ber of Hessian matrix κ̂(A) = 9 for any discretization parameter m ≥
3. We have implemented the algorithms in MATLAB environment and
solved the problem with several values of the discretization parame-
ter m. The dimension of optimization problem is given by n = 2m. We
solve each problem using SMALBE-Mwith MPRGPS, PBBF, and SPG-QP.
We demand relative precision ε = 10−4. Number of outer iterations of
SMALBE-M is 6 independently on the inner solver and on dimension of
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the problem 2m. We plot the sum of the numbers of all performed Hes-
sian multiplications in Fig. 4.
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Figure 4: Polytope distance: number of Hessian multiplications.

To study the behaviour of algorithms during the solution process, we
decided to choosem = 100 and depict the Euclidean norm of the stop-
ping criteria - reduced gradient, see Fig. 5.
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Figure 5: Polytope distance: descent of the norm of reduced gradient.
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Contact problems of mechanics

In Dostál and Pospíšil [3], we test a variant of MPRGP algorithm on the
solution of a 2D semi-coercive contact problemof elasticitywith a float-
ing body pressed against the rigid obstacle. This problem has SPS Hes-
sian matrix A and KerA with small dimension. Matrix A has uniformly
distributed spectrum. The goal is to find the displacement of a homoge-
neous cylinder which is pressed into the rigid corner by the gravity force
as in Fig. 6. The resulting mesh with the von Mises stress distribution
is depicted in Fig. 7. To describe the non-penetration conditions by the
bound constraints, the problem was rotated by−π/4.

FG

Figure 6: Pressed elastic cylin-
der into the rigid corner by the
gravity force.
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Figure 7: Resulting mesh with
the von Mises stress distribu-
tion.

After the FEM discretization, we obtain the vector of nodal forces
b of the dimension n = 660 and the norm ∥b∥ = 0.066588. The stiff-
ness matrix A has three zero eigenvalues, λ̂A

min = 0.16576, λA
max = 72,

and the regular condition number κ̂(A) = 434.31. We conclude that
MPRGPSminimizes the cost function the most efficiently and performs
the best in the later stage of computations, see Fig. 8.
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Figure 8: Decrease of ∥gP ∥ in semicoercive problem.

We solve a linear elasticity contact problems with isotropic friction
using our in-house code PERMON toolbox. PERMON is our newly emerg-
ing set of tools for Parallel, Efficient, Robust, Modular, Object-oriented,
Numerical simulations. It makes use of theoretical results in advanced
quadratic programming algorithms, discretization and domain decom-
position methods. The core solver layer of PERMON depends on PETSc
and uses its coding style. Nowadays, this open-source code is devel-
oped at IT4Innovations by several researchers. Author of the thesis
has been participating on the implementation of generalized constraints
and he has implemented QP algorithms for solving the problems with
generalized separable inequalities.
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Figure 9: Contact problem with rigid obstacle and given friction.

The block of homogeneous material has prescribed zero displace-
ments on boundary ΓD and imposed traction F on ΓF . The part ΓC de-
notes the part of boundary thatmay get into contactwith rigid obstacle.
The block is attracted to obstacle by incidence of gravity force FG, see
Fig. 9. To discretize the problem, we chooseNX = NZ = 2, NY = 4 and
nx = ny = nz = 20. We obtain a primal problem of dimension 444, 528
and dual problemof 54, 972 unknows. The feasible set of dual problem is
described by 3, 528 bound constraints and 3, 528 spherical constraints.
The final solution of the problemwas depicted using ParaView soft-

ware, see Fig. 10. We solve the problem with relative precision ϵ =
10−2. The numerical results can be found in Table 2. In this table, we
demonstrate the dependency of the number of active constraints in the
solution and the value of friction coefficient. If the friction coefficient
is small, then the number of active constraints is large. The PBB al-
gorithm, which was plugged into original MPGP algorithm, decreases
the number of projection steps. The same observation was proposed by
Pospíšil [4].
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Granular dynamics

The idea of CUDA implementation has been inspired by the Chrono::GPU
software developed in SBEL University of Wisconsin-Madison. How-
ever, author of the thesis has created his own code from the scratch
and during this time he gained a lot of experience in CUDA programming
and multi-body dynamics problems. Preliminary results have been pre-
sented in Pospíšil and Dostál [5].
Usually, the simulations are performed using discrete element method
(DEM); a penalty method where the computation of interaction force
is based on the kinematics of the interaction, some representative pa-
rameters, and an empirical force law. From our point of view, an other
method is more interesting. It is more similar to the solution of linear
elasticity contact problems, because the problem is described by a dif-
ferential variational inequality (DVI). Themethod is sometimes referred
to the Lagrange multiplier approach. It enforces the non-penetration
of rigid bodies via a constraint-based approach. In the DVI method, a
linear inequality constrained quadratic optimization problem with sym-
metric positive semidefinite Hessianmatrix must be solved at each time
step of the simulation. The unknowns in the problem are the normal
contact forces between interacting bodies. Moreover, if we consider
a problem with Coulomb friction, we obtain a quadratic programming
problemwith separable conical constraints and the additional unknowns
represent frictional contact forces.

In one of our benchmarks, we sprinkle 24, 435 spherical particles
into one fixed obstacle. These particles are divided into tree groups, see
Fig. 13. Particles in each group have the different friction coefficient
µ1 = 0.1 (red), µ2 = 0.3 (blue), and µ3 = 0.5 (green). The material of
the bodies is represented by density ρ = 2, 800 kg·m−3 and the particles
have radius r = 0.01 m. The stepsize of the time-stepping scheme is
h = 8 · 10−4 s.
The number of bodies in the system and the number of contacts can

be found in Fig. 11. In this case, the dimension of inner minimization
problem with separable conical constraints is three times larger then
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Figure 11: Number of bodies and contacts in the system during the
multi-body simulation with friction.
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Figure 12: Number of iterations and Hessian multiplications during the
multi-body simulation with friction.

the number of contacts. In fact, the number of constraints is equal to
the number of contacts. Number of performed iterations can be found
in Fig. 12. We set the maximum iterations to 10, 000.

The thesis contains also new results in the solvability of inner opti-
mization problems in multi-body simulations. We prove that the right-
hand side vector in QP is from the image of Hessian matrix in both of
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non-friction and friction cases. Moreover, we show that the problem
has always solution and it could have infinite number of solutions. Nev-
ertheless, it is not important which solution we choose to update veloc-
ity. Therefore, the aim of the solver is to find arbitrary solution of the
problem.

Figure 13: State of the second benchmark in t = 0.85 s and t = 1.76 s.
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