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ABSTRACT

The thesis is concerned with the graphs that have Cartesian product
like structure, even if they are prime with respect to the product. In
particular, we focus on heuristic methods that allow embedding of
a given graph or at least its subgraph into a Cartesian product. For
these purposes we use a local approach that covers a graph by small
patches that reflect Cartesian product structure in the neighborhoods
of single vertices. Our research is motivated by practical applications
in the fields of numerical methods, theoretical biology and engineer-
ing.
The prime factorization of a graph G can be represented by product

relation σ on the edge set of a graph, which satisfies the so-called
square property. It is well known that the finest relation satisfying
this property on the edge set of any graph is δ∗. Based on that we
introduce quasi Cartesian products, that is, graphs with non-trivial
δ∗. As we show, our local method recognizes quasi products in linear
time for graphs with bounded maximal vertex degree. Moreover, by
extension of method, we obtain a new local approach that allows the
recognition of Cartesian product graphs.
The local approach provides a natural way to investigate approx-

imate Cartesian products, because even if Cartesian product is dis-
turbed, and thus prime w.r.t. the Cartesian product, we are able to
recognize Cartesian structure in the parts of the graphs that were not
disturbed. Hence, we design the algorithms that are able to recog-
nize such parts of graphs and embed them into the Cartesian prod-
uct. We thus improve the results of Hagauer and Žerovnik [10], who
published an algorithm for the weak reconstruction of graphs. Our
method promises to get answers also in other fields, such as Carte-
sian bundle recognition (see [25] or [41]) or recognition of Cartesian
products of graphs with specified domain [28].
Last not least, we show that our local approach can be very easily

parallelized, which helps us to perform known algorithms in sublin-
ear time.
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Part I

INTRODUCT ION

The book studies well-known structure in graph theory
called Cartesian product of graphs and classes of graphs
that are related to it. Based on our focus we wish to split
introduction chapter to three topics. Firstly we present a
couple of results related to Cartesian product itself. In par-
ticular, we focus on methods that are recognizing Carte-
sian structure in a given graph which is known as prime
factorization problem. After that we introduce several re-
sults that are concerned with reconstruction problems, i.e.
reconstruction of Cartesian products from their subgraphs.
Finally, we focus on embedding of graphs to Cartesian
products which forms a core of our investigation.





1
INTRODUCT ION

1.1 cartesian product of graphs

Cartesian products of graphs are common in graph theory. Their
popularity is derived from their simplicity and regularity and thus
many theoretical results as well as practical applications are known.
As examples of classes of graphs that are either Cartesian products
or closely related to them [12] we mention hypercubes, Hamming
graphs, median graphs, grid graphs, benzenoid graphs, or Cartesian
graph bundles. Moreover this thesis presents a new class of graphs,
so-called quasi Cartesian products, which includes graphs that have
a local product structure, although the might be prime.
The existence of a unique prime factorization for connected graphs

under the Cartesian product was proven by Sabidussi [33] and later
by Vizing [38]. Note that the original proofs were difficult and did
not provide efficient algorithms for finding the prime factorization.
With the advent of complexity theory in the 1970’s the question

arose whether one could find the prime factorization of connected
graphs in polynomial time. Based on Sabidussi’s original approach,
Feigenbaum, Hershberger, and Schäffer [6] provided a first polyno-

mial algorithm for the computation of the prime factorization w.r.t.

the Cartesian product of graphs that runs in O(n4.5) time. (As usual,

n denotes the number of vertices and m number of edges of the in-

vestigated graph.) Recently, Winkler [40] used the canonical isometric

representation to design an algorithm that runs inO(n4) time. In 1992

Feder [4] improved the time complexity to O(mn) and the space com-

plexity toO(m). Independently, [20] showed that the factorization can

be performed in O(nm+n2 log2 n) time O(n2) space. In 1992 Auren-

hammer, Hagauer, and Imrich [1] published an algorithm that runs

in O(m logn) time using O(m) space. The fastest known algorithm

has been obtained by Imrich and Peterin [22], running in O(m) time.

1.2 the reconstruction of cartesian products

In 1960 Ulam asked the question [37] whether a graph G is uniquely

determined up to isomorphism by its maximal subgraphs, i.e., the

graphs Gx obtained from G by deleting a vertex x and all incident

edges to it. Although his conjecture has been disproved for infinite

graphs, the question is still opened for finite graphs. In 1975 Dör-

fler [3] proved the validity of Ulam’s conjecture for finite nontrivial

Cartesian products, i.e. graphs which are the Cartesian product of at

3



4 introduction

least two nontrivial factors. As was shown by Sims [34] the Cartesian
product of at least two nontrivial factors is already uniquely deter-
mined by any one of its vertex deleted subgraphs. In [23] Imrich and
Žerovnik showed that arbitrary nontrivial Cartesian products (finite
or infinite) can be uniquely reconstructed, up to isomorphism, from
an arbitrary vertex deleted subgraph. An O(mn(∆2 +m)) algorithm
for this weak reconstruction was published by Hagauer and Žerovnik
in [10]. Here ∆ denotes the maximal degree of the vertices in a given
graph. Let us remark that our thesis presents method that accelerates
Hagauer’s and Žerovnik’s approach and improves final time com-
plexity to O(m∆2 + ∆4). Hence we show that weak reconstruction
is possible in linear time with bounded ∆. In 2003 Imrich, Zmazek
and Žerovnik extended weak reconstruction problem [26]. They have
proven that a graph G is (up to isomorphism) uniquely determined
by any one of its k-vertex deleted subgraphs if it has at least k+ 1

prime factors on at least k+ 1 vertices each.

1.3 embedding of graphs into cartesian products

In the practical computational problems we often work with graphs
that have a product-like structure even they are not Cartesian prod-
ucts. Such graphs are known as approximate products since real
Cartesian product can be constructed from them by adding or delet-
ing by minimal number of vertices or edges. The embedding of such
graphs to Cartesian products allow to apply many theoretical results
that are known for products. To find a closest Cartesian product for
a given arbitrary graph is an NP-complete which follows from [5].
However, we show that for many classes of graphs we are able to
design heuristic methods that give sufficient result. One of our goals
is to provide algorithms that run very fast in practical applications.
As we show our methods run in linear time for graphs with bounded
maximal degree of vertex. Moreover we introduce approach that al-
lows parallelization and thus we are receiving even sublinear time
complexity.
Analogous problems, i.e. embedding of graphs to regular structure,

were already solved for strong products. A first algorithm for approx-
imate strong products recognition was published by Hellmuth, Im-
rich, Stadler and Klöckl in [17, 15]. Their method is based on local
approach which covers graph by small patches that help to recog-
nize product structure in the neighbourhood of any vertex of a given
graph. Published algorithm works for graphs that contains, in partic-
ular, all products of triangle-free graphs on at least three vertices. The
latest and fastest approach that works for all strong product graphs
is due to Hellmuth [14, 13].
Finally, graph bundles generalize the notion of graph products and

can also be considered as a special class of approximate products. In
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[25] it was shown that Cartesian graph bundles over a triangle-free
base can be effectively recognized, and in [32] it was shown that this
can be done in O(mn2) time.





Part II

MOT IVAT ION

In recent years the recognition of the approximate prod-
ucts started to play an important role in many practical ap-
plications. A general idea is to embed representing struc-
ture to regular one. The Cartesian product of graphs is in
that way natural candidate. The most promised applica-
tions seem to be in the fields of numerical methods and
bioinformatics.





2
MOTIVAT ION

2.1 character recognition in bioinformatics

The first request to investigate the possibility to embed a given graph
to a product of graphs comes from theoretical biology [39]. The no-
tion of a character can be understood as a property of an organism
that in evolution can vary independently of other characters. Let us
remark, that any observed property does not need to be always char-
acter of an organism. Let X be a set of phenotypes, i.e., representa-
tions of distinct organisms, each of which is characterized by a list
of properties. If one knows about phylogenetic relationships between
the members of X, one can estimate which combinations of prop-
erties are interconvertible over short evolutionary time-scales. This
evolutionary accessibility relation introduces a graph-structure on X

[2, 7, 8, 36]. The characters are identified with the fibers of a prod-
uct structure of the phenotype graph X. In its original formulation
[35, 39], the approach is developed in the context topological spaces
and their products. Note that in the practice we must expect inaccu-
rate and incomplete information about relations between organisms
and thus the phenotype graph X is usually isomorphic to some ap-
proximate product.

2.2 applications in the field of numerical methods

In [9] Gibbs and Poole described a technique for handling of sparse
matrices which is known as the profile minimization problem. Let A
be an n× n matrix. Further let ti = j be the position aij for the first
nonzero element in the row i of A. Moreover we assume that every
row i has a nonzero diagonal entry, i.e. aii 6= 0. Then wi = i− ti is
called the width of row i and

P(A) =

n∑

i=1

wi

is called the profile of matrix A. In order to store the i-th row of ma-
trix A we just need to store elements from position ti to position
i. Consequently, the total storage of A takes P(A) + n space. Nat-
urally, one can ask whether we can minimize the storage of given
matrix A by “reorganizing” its entries. Basically, it means that we
need to find such a permutation matrix Q where P(Q−1AQ) is min-
imized. We can reformulate the problem in terms of graphs. Con-
sider a proper labeling of a given graph G which is a bijective map-

9



10 motivation

ping f : V(G) → {1, 2, . . . , |V(G)|} that assigns to every vertex of G a
unique label. For a proper labeling f, the profile width wf(v) of a vertex
v ∈ V(G) is defined as

wf(v) = max
x∈N[v]

(f(v) − f(x))

where N[v] denotes the closed neighborhood of vertex v which is
formed by all vertices adjacent to v. Then the profile of a proper labeling

of G is defined as
Pf(G) =

∑

v∈V(G)

wf(v).

Finally, the profile of graph G is defined as

P(G) = min{Pf(G)|f is a proper labeling of G}.

A proper labeling f of a graph G is called an optimal labeling if Pf(G) =

P(G).
At the present time we can refer to several publications that are

concerned with the profiles of Cartesian products. For example Lin
and Yuan [30] found profile of the Cartesian product of a path with a
path, and a path with a cycle. Similarly, Mai [31] found the profile for
Cartesian products of a path or a cycle with a complete graph, and a
cycle with a cycle. Lastly, Kuo and Yan [29] described how the profile
of hypercube and the profile of Cartesian product of complete graph
with a hypercube can be determined.
Last but not least, we wish to give the idea how the theoretical

results known for Cartesian products can be applied on approximate
products. Let G be a given graph that can be embedded to Cartesian
product H. In other words, H can be reconstructed from G by adding
of vertices and edges. Suppose we know an optimal labeling of H
which determines the representation of the adjacency matrix A of H
with minimal storage requirement. Then A can be modified such that
we set every entry aij = 0 and aji = 0 if the corresponding edge vivj
was added during the reconstruction. Moreover, we mark rows and
columns in A that correspond to vertices that were added during the
reconstruction as well. Then A can be used as adjacency matrix that
represents the original graph G where minimal storage property is
preserved.



Part III

OB JECT IVES

The thesis introduces new topic known as approximate
Cartesian product recognition problem. In order to design
methods that allow to recognize Cartesian structure in a
given graph we need to solve several subproblems. Let us
summarize them in the following chapter.





3
AIMS OF THE PRO JECT

3.1 final aim

As already mentioned, Feigenbaum and Haddad showed [5] that the
problem of finding the closest Cartesian product to a given graph is
NP-complete. Nevertheless, we are able to find a sufficient solution
for many classes of graphs in polynomial time, e. g. see [10]. The main
objective of this thesis is to study a local approach for the recognition
of disturbed Cartesian products. Our approach seeks to improve the
time complexity of the weak reconstruction. Furthermore, we want to
extend the class of graphs for which we are able to find a sufficient
factorization.

3.2 preliminary goals

In order to achieve the major objective, the following steps have to be
solved.

1. The new local approach is based on the observation that the reg-
ular structure of the Cartesian product is reflected in the neigh-
borhood of every vertex. If such neighborhood is not disturbed
then the local information about the regular structure provided
by the neighborhood is preserved. The first part of this thesis
concerns with the concept of so-called a partial star products
that correspond to the product of stars with centers in a given
vertex v. This structure is embeddable into the neighborhood
of v and gives us the best possible local information about the
regular structure in it.

2. The prime decomposition of a given graph G w.r.t the Cartesian
product is described by so-called product relation σ(G) defined
on the edge set of G. In the second step of our research we are
using the local approach to recognize the equivalence relation
δ∗ that gives rise to possible prime factors and is in fact con-
tained in σ. To be more precise, the convex closure of δ∗, that
is, the finest convex relation that contains δ∗, is equal to the
product relation. To determine δ∗ one merges the local product
information provided by all neighborhoods in a given graph. In
many cases the introduced local approach can be used to di-
rectly infer the prime factorization of a given graph. However,
there are cases when this fails. By way of example, Möbius strip
like graphs have a complete local product structure although

13



14 aims of the project

they are prime. This example shows, that even for prime graphs
the relation δ∗ might have at least two equivalence classes, and
is thus, not trivial. For such graphs, we therefore introduce the
term quasi Cartesian products.

Moreover the local approach can be very easily parallelized
which will be also a topic for our research.

3. One might ask whether there is no fast method that verifies
whether δ∗(G) = σ(G) for a graph G. We are going to extend
this question for any relation that satisfies the square property
on the edge set of a given graph. The result of our investigation
is a new approach that recognizes quasi Cartesian products or
even Cartesian products in O(m∆) time.

4. In 1999 Hagauer and Žerovnik [10] published an O(mn(∆2 +

m)) algorithm for weak reconstruction of the Cartesian product.
Note that n denotes the number of vertices, m the number of
edges and ∆ the maximal vertex degree in a given graph. In the
further part of thesis we will focus on this problem and improve
the time complexity by using the local approach.

5. Finally, we are using the local approach to recognize a Cartesian
structure in a given graph G. Firstly, we design a method that
recognizes so-called consistent parts of G that can be factorized
w.r.t. the Cartesian product. After that we combine computed
consistent parts to get a larger subgraph H of G that reflects the
regular structure. In the end we compute coordinates that help
to embed H (or at least its subgraph) to a Cartesian product.



Part IV

PREL IM INAR IES

Chapter introduces basic notions and structures that are
commonly used in thesis. In particular, we present main
concept of a Cartesian product of graphs and further we
introduce several relations that are associated with topic.
For more detailed information about product graphs we
refer the interested reader also to [12, 21] or [27].





4
PREL IM INAR IES

4.1 basics

A graph G = (V ,E) is an ordered pair of sets consisting of a set V of
vertices and a set E of edges, that are 2-element (unordered) subsets
of V . If there is a risk of confusion we refer to the vertex set of G
as V(G) and to its edge set E as E(G). A graph H is a subgraph of a
graph G, in symbols H ⊆ G, if V(H) ⊆ V(G) and E(H) ⊆ E(G). We
say two vertices u, v ∈ V(G) are adjacent if they are connected by an
edge in G, i. e. (u, v) ∈ E(G). Notice that mostly we will use the short
notation uv instead of (u, v) for an edge. Let e = uv be an edge then
e is incident to the vertices u and v. Finally, two edges are adjacent if
they have a common vertex.
A path is a graph P = (V ,E) of the form V = {v1, . . . , vn} and

E = {v1v2, v2v3, . . . , vn−1vn}, where the vertices vi, for i = 1, 2, . . . ,n,
are all distinct. If we connect the first vertex v1 and the last vertex vn
of path P by an edge we receive a graph Cn called a cycle.
A graph G is connected if for every pair of vertices u and v there

exists a path P ⊆ G connecting u and v. On the other hand, a graph
G is called acyclic if G does not contain any cycle.
This thesis concerns with connected finite undirected graphs which

is used as general assumption for remaining chapters. A map γ :

V(H) → V(G) such that (x,y) ∈ E(H) implies (γ(x),γ(y)) ∈ E(G)

for all x,y ∈ V(G) is a homomorphism. An injective homomorphism
γ : V(H) → V(G) is called embedding of H into G. We call two graphs
G and H isomorphic, and write G ≃ H, if there exists a bijective homo-
morphism γ whose inverse function is also a homomorphism. Such
a map γ is called an isomorphism.
By the union G ∪H of two graphs G and H we receive the graph

(V(G)∪̇V(H), E(G)∪̇E(H)), where ∪̇ denotes the disjoint union. The
distance dG(x,y) in G is defined as the number of edges of a shortest
path connecting the two vertices x,y ∈ V(G). We denote a set of
vertices that have distance i from vertex v by Li and call it the distance

level (or level for short) i with respect to v. Suppose that uv is an edge
of G, where u ∈ Li. Then we distinguish the cases in which v ∈ Li−1,
v ∈ Li or v ∈ Li+1. In the first case uv is called a down-edge (with
respect to u), in the second a cross-edge, and in the third an up-edge.
Analogously, we call vertex v a down-neighbor of u in the first case,
cross-neighbor in the second case, and up-neighbor in the last case.
We define the open k-neighborhood of a vertex v as the set Nk(v) =

{x ∈ V(G) | 0 < dG(v, x) 6 k}. The closed k-neighborhood is de-

17



18 preliminaries

fined as Nk[v] = Nk(v) ∪ {v}. Unless there is a risk of confusion, an
open or closed k-neighborhood is just called k-neighborhood and a
1-neighborhood just neighborhood and we write N(v), resp. N[v] in-
stead of N1(v), resp. N1[v]. To avoid ambiguity, we sometimes write
NG

k (v), resp. NG
k [v] to indicate that Nk(v), resp. Nk[v] is taken with

respect to G.
A subgraph H ⊆ G is isometric if dH(x,y) = dG(x,y) for all x,y ∈

V(H). For given graphs G and H the embedding γ : V(H) → V(G) is
an isometric embedding if dH(u, v) = dG(γ(u),γ(v)) for all u, v ∈ V(G).
For simplicity, in such case we also call H isometric subgraph of G. If
H ⊆ G and all pairs of adjacent vertices from G are also adjacent in H

then H is called an induced subgraph. The subgraph of a graph G that
is induced by a vertex set W ⊆ V(G) is denoted by 〈W〉. An induced
cycle on four vertices is called chordless square.
Let the edges e = vu and f = vw be contained in a common square

SQ = 〈{v,u, x,w}〉. Then we say e and f span the square SQ. The edge
f is the opposite edge of xu. The vertex x is called top vertex (w.r.t.
the square spanned by e and f). One says e and f span square with
unique top vertex x if |N(x) ∩N(v)| = 2. On the other hand, a top
vertex x is not unique if there are further squares with top vertex x

spanned by the edges e or f together with a third distinct edge g and
thus |N(x) ∩N(v)| > 2. Analogously, e and f span unique square if
|N(w)∩N(u)| = 2.
The Figure 1 shows several examples of squares and their clas-

sification. In the first case edges e and f span a square with one
chord uw and the top vertex x. The second case shows a chordless
square spanned by e and f. In the third case we observe three squares
spanned by pairs of edges {e, f}, {e,g} and {g, f}, respectively. Notice
that these squares have a common top vertex x. In such case we say
that pairs of edges {e, f}, {e,g} and {g, f} span squares with a non-
unique top vertex. Finally, the last case shows two edges e and f that
span two squares. Then we say that e and f span a non-unique square.
The degree of a vertex v is defined as the cardinality |N(v)|. A star

G = (V ,E) is a connected acyclic graph such that there is a vertex x

that has degree |V |− 1 and the other |V |− 1 vertices have degree 1. We
call x the star-center of G.

4.2 the cartesian product of graphs

The Cartesian product G = G1�G2 of graphs G1 = (V(G1),E(G1)) and
G2 = (V(G2),E(G2)) is a graph with vertex set V(G1)×V(G2), where
the vertices (u1, v1) and (u2, v2) of G are adjacent if u1,u2 ∈ E(G1)

and v1 = v2, or conversely v1, v2 ∈ E(G2) and u1 = u2. It is easy to
show that the Cartesian product is associative, commutative, and has
the one vertex graph K1 as a unit. A graph G is prime if the identity
G = G1�G2 implies that G1 or G2 is the one-vertex graph K1. A
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(a) Edges e and f span a square with
one chord and the top vertex x.

(b) Edges e and f span a chordless
square.

(c) Edges e and f span a square with
non-unique top vertex x.

(d) Edges e and f span two squares
with top vertices x and y, i.e. e and
f does not span unique square.

Figure 1: Classification of squares.

representation of a graph G as a product G1�G2� . . .�Gk of prime
non-unit graphs is called a prime factorization of G. It is well known
that every connected graph G has a unique prime factorization with
respect to the Cartesian product up to isomorphisms and the order
of the factors, see Sabidussi [33]. Furthermore, the prime factorization
for given graph can be computed in linear time, see in [22].
As introduced in [12], vertex x of a Cartesian product �n

i=1Gi is
properly "coordinatized" by the vector c(x) := (x1, . . . , xn) whose en-
tries are the vertices xi of its factor graphs Gi. In general the vector
c(x) is called a label of a vertex x and entries x1, . . . , xn are its coordi-

nates. To avoid any confusion we refer to i-th coordinate of a vertex
x by ci(x). Obviously, two adjacent vertices in a Cartesian product
graph differ in exactly one coordinate. Note, the coordinatization of a
product is equivalent to an edge coloring of G in which edge e = uv

has the color dk if u and v differ in the k-th coordinate. In such case,
we say e has Cartesian color dk and write cc(e) = dk. It follows that
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for each color d the set Ed = {e ∈ E(G) | cc(e) = d} of edges with
Cartesian color d spans G. The connected components of 〈Ed〉, usu-
ally called the layers or fibers of G, are isomorphic subgraphs of G. By
Gv

d we denote such layer of 〈Ed〉 that contains vertex v ∈ V(G). A
partial product H ⊆ G is an isometric subgraph of a (not necessarily
non-trivial) Cartesian product graph G.
The Figure 2 shows an example of Cartesian product G that was

created by the Cartesian multiplication of two graphs G1 and G2.
Obviously, the vertex set of G is formed by ordered pairs (vi, vj) ∈
V(G1)× V(G2). These pairs derive coordinates of vertices and con-
sequently Cartesian colors of edges that are highlighted by blue and
green colors. We can observe that connected components of graphs
induced by edges of same color are isomorphic to the original factors
G1 and G2. As noted we call such connected components fibers or
layers. Let us remark that methods recognizing prime factorization of
a given graph G are usually based on the computation of Cartesian
colors or coordinates w.r.t. the Cartesian product since they allow to
determine original prime factors of G.
The Cartesian product has many interesting properties. We present

two of them that are known as Distance lemma and Square property
lemma, respectively. Note that proofs can be found in [21].

Lemma 4.1. Let x = (xG, xH) and y = (yG,yH) be arbitrary vertices of

the Cartesian product of G�H. Then

dG�H(x,y) = dG(xG,yG) + dH(xH,yH) .

Lemma 4.2. Let G = �n
i=1Gi be a Cartesian product graph and e =

uv, f = uw ∈ E(G) be two adjacent edges that are in different fibers. Then

there is exactly one square in G containing both e and f and this square is

chordless.

4.3 fundamental relations

There are several basic relations defined on an edge set of a given
graph that play an important role in the field of Cartesian product
recognition. We briefly introduce them in the following paragraphs.

Definition 4.3. Two edges e, f ∈ E(G) are in the relation δ(G), if one of

the following conditions in G is satisfied:

(i) e and f are adjacent and it is not the case that there is a unique square

spanned by e and f, and that this square is chordless.

(ii) e and f are opposite edges of a chordless square.

(iii) e = f.

If there is no risk of confusion we write δ instead of δ(G). Obviously,
relation δ is reflexive and symmetric but not necessarily transitive in
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(a) Given graphs (factors) G1 and G2.

(b) The Cartesian product G = G1�G2.

Figure 2: Example of Cartesian product of two graphs.

general. We denote its transitive closure, that are the finest transitive
relation containing δ, by δ∗. It can be easily shown that the transitive
closure can be uniquely computed for any δ. Let us remark, that re-
lation δ is commonly defined without forcing the chordless square in
Condition (i), e. g. [24]. Such extra property of δ that requires squares
to be unique is more suitable for our purposes, i. e. recognition of
Cartesian structure in the neighbourhood of given vertex. Moreover,
as shown in [24], any pair of adjacent edges that belong to different
δ∗ classes span a unique chordless square, where δ is defined without
claiming “uniqueness” in Condition (i). Thus, we can easily conclude
that the transitive closure of our relation δ and the “usual” δ are iden-
tical.
If adjacent edges e and f are not in relation δ, that is, if Condition

(i) of Definition 4.3 is not fulfilled, then they span a unique square,
and this square is chordless. We call such a square just unique chord-
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less square (spanned by e and f). Moreover if such square has unique
top vertex we analogously extend claim, that is, e and f span unique

chordless square with unique top vertex.
Finally, two edges e and f are in relation σ(G) if they have same

Cartesian color with respect to the prime decomposition of G. We call
σ(G) the product relation. A square is called Cartesian if its opposite
edges lie in the same σ(G) class and adjacent edges lie in different
σ(G) class.
Let ρ be an equivalence relation defined on the edge set of a given

graph G = (V ,E). For a given equivalence class ϕ of ρ (we write
ϕ ⊑ ρ) and a vertex u ∈ V we denote the set of neighbors of u that
are incident to u via an edge in ϕ by Nϕ(u), i.e.,

Nϕ(u) := {v ∈ V | uv ∈ ϕ} .

The closed ϕ-neighborhood is then Nϕ[u] = Nϕ(u)∪ {u}.
For later reference we need the following simple lemma that re-

gards to restriction of equivalence relation.

Lemma 4.4. Let ρ be an equivalence relation defined on the edge set of a

given graph G = (V ,E) and H ⊆ G be a subgraph of G. Then the restriction

ρ|H = {(e, f) ∈ ρ | e, f ∈ E(H)} of ρ on the edge set E(H) is an equivalence

relation.

Proof. Clear.

Definition 4.5. Let ρ be equivalence relation defined on the edge set of a

graph G. Then ρ has the square property if the following three conditions

hold:

(a) For any two edges e = uv and f = uw that belong to different equiv-

alence classes of ρ there exists a unique vertex x 6= u of G that is

adjacent to v and w.

(b) The square uvxw is chordless.

(c) The opposite edges of any chordless square belong to the same equiva-

lence class of ρ.

From the definition of δ it easily follows that δ is a refinement of
any such ρ. It also implies that δ∗, and thus also σ, have the square
property. This property is of fundamental importance, both for the
Cartesian and the quasi Cartesian product.
We note in passing that σ is the convex closure of δ∗, that is, a

finest convex relation that contains δ∗. This implies that δ ⊆ σ. For
more details as well as for the definition of convex relation we refer
to [24].
Let ρ be an arbitrary equivalence relation that satisfies square prop-

erty on the edge set of a given graph G. We generalize notion layers

with respect to any class ϕk of ρ as the connected components of in-
duced subgraph 〈ϕk〉 ⊆ G. A layer Hv

k ⊆ G is then such connected
component of 〈ϕk〉 that contains vertex v ∈ V(G).



Part V

A LOCAL APPROACH

Local approach is based on the method that covers graph
by small patches. We call these subgraphs partial star prod-

ucts and use them to recognize Cartesian structure in the
neighborhood of associated vertices. In the section we pro-
vide detail definition of this key concept which was firstly
introduced in [18]. Further we focus on its properties that
play an important role in the presented algorithms. In par-
ticular, we will show that a partial start product (PSP for
short) can be isometrically embedded into Cartesian prod-
uct of stars. Remark that this property of PSP gives rise to
its name. In the end we introduce method that recognizes
PSP’s in a given graph and show that it can be used to
compute δ∗ in O(m∆) time. We also show that algorithm
can be parallelized.





5
A LOCAL APPROACH

5.1 the partial star product

Let G = (V ,E) be a given graph and Ev be the set of all edges incident
to an arbitrary vertex v ∈ V . We define local relation dv as follows:

dv = ((Ev × E)∪ (E× Ev))∩ δ(G).

In other words, dv is the subset of δ(G) that contains all pairs
(e, f) ∈ δ(G), where at least one of the edges e and f is incident to
v. Consequently, dv ⊆ δ(〈NG

2 [v]〉). It is easy to show that d∗v is not
necessarily a subset of δ but it is contained in δ∗.
Let Sv be a subgraph of G that contains all edges incident to v and

all squares spanned by edges e, e ′ ∈ Ev where e and e ′ are not in
relation d∗v. Then Sv is called partial start product (PSP for short). To
be more precise:

Definition 5.1 (Partial Star Product (PSP)). Let Fv ⊆ E \ Ev be the set

of all edges f 6∈ Ev which are contained in (chordless) squares spanned by

e, e ′ ∈ Ev that are in different d∗v classes, i.e., (e, e ′) 6∈ d∗v.

The partial star product is the subgraph Sv ⊆ G with edge set E ′ =

Ev ∪ Fv and vertex set V ′ = {u, v|uv ∈ E ′}. We call v the center of Sv, edges

in Ev primal edges, edges in Fv non-primal edges, and the vertices adjacent

to v primal vertices with respect to Sv.

Define local coloring with respect to PSP Sv as the restriction of
relation d∗v to Sv with

d|Sv
:= d∗v|Sv

= {(e, f) ∈ d∗v | e, f ∈ E(Sv)}.

In other words, d|Sv
is the subset of d∗v that contains all pairs of edges

(e, f) ∈ d∗v where both edges e and f are contained in Sv. We say
edges e, f ∈ Sv have same local colors in PSP Sv if and only if they are
in relation d|Sv

. For a given subsetW ⊆ V we define

d|S(W) = ∪v∈Wd|Sv

as the union of relations d|Sv
, v ∈ W. Transitive closure d|S(W)∗ is

then called global coloring with respect to W. We will show that, for
a given graph G = (V ,E) the transitive closure d|S(V)

∗ is the equiva-
lence relation δ(G)∗.
Figure 3 shows various cases of PSP Sv with center v that helps us

to better understand PSP definition. Note that only in Case f) primal
edges e1 and e2 are not in relation d∗v and consequently have different

25
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(a) Edges e1 and e2 span
a square with diago-
nal.

(b) Edges e1 and e2 span
a square with another
diagonal.

(c) Edges e1 and e2 span
more squares (i.e. non-
unique square).

(d) Edges e1 and e2 span
a square with non-
unique top vertex.

(e) Edges e1 and e2 do
not span a square with
e3.

(f) Edges e1 and e2 span
a unique chordless
square with unique
top vertex.

Figure 3: Examples of various PSPs.

local colors in Sv. In the rest cases, edges f1, f2 6∈ Fv and primal edges
e1 and e2 have same local colors in Sv.
In Cases a) an b) primal edges e1 and e2 span square SQ with

diagonal. By definition, e1, e2 are in relation δ (and consequently also
in dv) which excludes SQ from Sv. In Case c) e1 and e2 do not span
unique square which again implies (e1, e2) ∈ dv.
In Case d) edges e1 and e2 are opposite to f in chordless squares

which implies (e1, f) ∈ dv and (e2, f) ∈ dv. Thus edges e1 and e2 are
in relation d∗v even though they span unique chordless square. We say
primal edges e1 and e2 span unique chordless square with non-unique

top vertex.
In Case e) e1 and e2 span unique chordless square however both

of them do not span unique chordless square with e3. Consequently,
(e1, e3) ∈ δ and (e2, e3) ∈ δ which implies e1 and e2 must be in
relation d∗v and thus have same local colors in Sv.
We can observe that local colors split primal edges of PSP to smaller

subgraphs that are known as star factors.

Definition 5.2 (Star Factor). Let G = (V ,E) be an arbitrary given graph

and Sv be a PSP for some vertex v ∈ V . Assume d∗v has equivalence classes

ϕ1, . . . ,ϕn. We define the star factor Si as the graph with vertex set Nϕi
[v]



5.2 properties of the partial star product 27

that contains all primal edges of Ev that are also in the induced closed ϕi-

neighborhood, i.e., E(Si) = E(〈Nϕi
[v]〉)∩ Ev.

Note, this definition forbids triangles in Si, and hence, each Si is
indeed a star.

5.2 properties of the partial star product

We now establish basic properties of the graph Sv, its edge sets Ev

and Fv, as well as of the relation d∗v and its restriction d|Sv
to Sv.

Lemma 5.3. Given a graph G = (V ,E) and a vertex v ∈ V . Then Fv = ∅ if

and only if for all edges e, e ′ ∈ Ev holds (e, e ′) ∈ d∗v. Moreover, if Fv 6= ∅
then |Fv| > 2.

Proof. Clearly, if for all edges e, e ′ ∈ Ev holds (e, e ′) ∈ d∗v then by
definition Fv = ∅.
Let Fv = ∅ and assume there are edges e, e ′ ∈ Ev that are not in

relation d∗v. In particular, these edges are not in relation dv, and there-
fore not in relation δ(G). By Condition (i) of Def. 4.3 and since e and
e ′ are adjacent, there is a chordless square containing e and e ′ and
therefore, respective opposite edges f and f ′. Condition (ii) of Def.
4.3 implies (e, f), (e ′, f ′) ∈ δ(G). Therefore, f, f ′ ∈ Fv, a contradiction.
Furthermore, since Fv contains all opposite edges of squares

spanned by e, e ′ ∈ Ev we can easily conclude that |Fv| > 2, if
Fv 6= ∅.

Lemma 5.4. Let G=(V,E) be a given graph and let Sv be a PSP for some

vertex v ∈ V . If e, f ∈ Ev are primal edges that are not in relation d∗v, then

e and f span a unique chordless square with a unique top vertex in G.

Conversely, suppose that x is a non-primal vertex of Sv, then there is a

unique chordless square in Sv that contains vertex x and that is spanned by

edges e, f ∈ Ev with (e, f) 6∈ d∗v.

Proof. First, we show that e and f span a unique chordless square in G.
By contraposition, assume e and f span no unique chordless square
in G. Since e and f are adjacent, Condition (i) of Def. 4.3 implies that
(e, f) ∈ δ(G) and hence, (e, f) ∈ dv ⊆ d∗v. Therefore, if (e, f) /∈ d∗v, then
they must span a unique chordless square. Let e = vu and f = vw,
(e, f) /∈ d∗v, span the unique chordless square SQ1 = 〈{v,u, x,w}〉 and
assume for contradiction that the top vertex x is not unique. Hence,
there must be at least three squares: the square SQ1, the square SQ2 =

〈{v,u, x,y}〉 spanned by e and g, and the square SQ3 = 〈{v,w, x,y}〉
spanned by f and g = vy. We denote edges as follows: a = xy and
b = xw. Assume both squares SQ2 and SQ3 are chordless. Then
Def. 4.3 (ii) implies (f,a), (a, e) ∈ δ(G) and therefore, (e, f) ∈ d∗v, a
contradiction. If both squares have a chord then Def. 4.3 (i) implies
that (e,g), (f,g) ∈ δ(G) and thus, (e, f) ∈ d∗v, again a contradiction.



28 a local approach

If only one square, say SQ2, has a chord uy, then (e,g) ∈ δ(G) and
(f,a), (g,a) ∈ δ(G) and again we have (e, f) ∈ d∗v.
Assume x is a non-primal vertex in Sv. By definition, there are

non-primal edges f ′ = xu, e ′ = xw ∈ Fv that are contained in a
square spanned by e = vu, f = vw ∈ Ev, whereas (e, f) 6∈ d∗v. As
shown above, the square spanned by e and f is unique with unique
top vertex in G and therefore in Sv. Hence, if there is another square
in Sv containing x then it must be spanned by e ′, f ′ and this square
contains additional edges f ′′ = yu, e ′′ = yw. However, then there
is a square 〈{v,u,y,w}〉, which contradicts the fact that the square
spanned by e and f is unique. If the unique square spanned by e and
f is not chordless in G, then Def. 4.3 (i) implies (e, f) ∈ δ(G) and thus
(e, f) ∈ d∗v, a contradiction.

By means of Lemma 5.3 and 5.4 and the definition of partial star
products we can directly infer the next corollary.

Corollary 5.5. Let G=(V,E) be a given graph and let Sv be a PSP for some

vertex v ∈ V .

1. If (e, f) ∈ d∗v then there is no square in Sv spanned by e and f.

2. Every square in Sv contains two edges e, e ′ ∈ Ev and two edges

f, f ′ ∈ Fv, and every edge f ∈ Fv is opposite to some primal edge

e ∈ Ev.

3. Every non-primal vertex in Sv is a unique top vertex of some square

spanned by edges e, e ′ ∈ Ev.

Lemma 5.6. Let G=(V,E) be a given graph and let f ∈ Fv be a non-primal

edge of a PSP Sv for some vertex v ∈ V . Then f is opposite to exactly one

primal edge e ∈ Ev in Sv and (e, f) ∈ d|Sv
.

Proof. By Corollary 5.5, construction of Sv and since f ∈ Fv, there is at
least one edge e ∈ Ev such that f is opposite to e and therefore at least
one square SQ1 = 〈{v,w, x,u}〉 in Sv spanned by primal edges e = vu

and e ′ = vw that contains the edge f = wx. Note, by construction
(e, e ′) 6∈ d∗v and e is opposite to f. Assume for contradiction that f
is opposite to another edge g = vy. Then there is another square
SQ2 = 〈{v,y, x,w}〉. Hence, e and e ′ do not span a square with unique
top vertex inG. By Definition 4.3 and Lemma 5.4we can conclude that
(e, e ′) ∈ d∗v, a contradiction. Hence e and e ′ span a unique chordless
square containing the edge f. By Condition (i) of Definition 4.3 it
holds (e, f) ∈ δ. Since e ∈ Ev we claim (e, f) ∈ dv and consequently
(e, f) ∈ d|Sv .

Lemma 5.7. Let G=(V,E) be a given graph with maximum degree ∆ and

W ⊆ V such that 〈W〉 is connected. Then each vertex x ∈ W meets every

equivalence class of d|S(W)∗ in ∪v∈WSv, i.e., for each equivalence class
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ϕ ⊑ d|S(W)∗ and for each vertex x ∈ W there is an edge xy ∈ ϕ with

xy ∈ E(∪v∈WSv). Moreover, d|S(W)∗ has at most ∆ equivalence classes.

Proof. Let v ∈ W be an arbitrary vertex and Sv be its PSP. We show
first that vmeets every equivalence class of d|Sv

in Sv. Assume for con-
tradiction that there is an equivalence class ϕ ⊑ d|Sv

that is not met by
v and hence for all edges e ∈ Ev we have e 6∈ ϕ. Hence, there must be
a non-primal f ∈ Fv with f ∈ ϕ. By construction of Sv and by Lemma
5.6 this edge f is opposite to exactly one edge e ∈ Ev with (e, f) ∈ d|Sv

,
but then e ∈ ϕ, a contradiction. We show now that every primal ver-
tex w in Sv meets every equivalence class of d|Sv

. Let ϕ ⊑ d|Sv
be an

arbitrary equivalence class. If e = vw ∈ ϕ we are done. Therefore as-
sume e 6∈ ϕ. Hence, there must be at least a second equivalence class
ϕ ′ ⊑ d|Sv

with e ∈ ϕ ′. Since vertex v meets every equivalence class
there is an edge e ′ = vu ∈ ϕ. Moreover, since (e, e ′) 6∈ d∗v it follows
that (e, e ′) 6∈ dv ⊆ δ. Since e and e ′ are adjacent and by Condition (i)

of Definition 4.3 the edges e and e ′ span a unique chordless square.
Hence, there is an opposite edge f = wx of e ′. By construction of Sv
we have f ∈ Fv and hence, Lemma 5.6 implies (e ′, f) ∈ d|Sv

. Therefore,
the primal vertex w meets equivalence class ϕ in Sv. Note, not every
equivalence class of d|Sv

must be met by non-primal vertices in Sv in
general, as one can easily verify by the example in Figure 4.
It remains to show that every vertex x ∈ W meets every equivalence

class of d|S(W)∗ in ∪v∈WSv. Assume we have chosen an arbitrary
vertex x ∈ W, computed Sx and d|Sx

. As shown, vertex x and all its
primal neighbors y in Sx meet every equivalence class of d|Sx

. Assume
W contains more than one vertex. Since 〈W〉 is connected there is a
primal vertex y of x that is also contained in W. Hence, vertex x

is a primal neighbor of y in Sy and every equivalence class of d|Sy

is met by y as well as by x. Let ϕ ⊑ (d|Sx
∪ d|Sy

)∗ be an arbitrary
equivalence class. Assume neither x nor y meets ϕ. Then each edge
f ∈ ϕ must be in Fx or Fy. Assume f ∈ Fy then, by construction
of Sy and Lemma 5.6, this edge f is opposite to exactly one edge
e ∈ Ey with (e, f) ∈ d|Sy

, and hence e ∈ ϕ, a contradiction. Assume
now all edges e ∈ ϕ are only met by y but not by x, and therefore,
e ′ = xy 6∈ ϕ. However, since e and e ′ are in different equivalence
classes of (d|Sx

∪ d|Sy
)∗ they must be in different equivalence classes

of d|Sy
. Hence, (e, e ′) 6∈ d∗y and thus, (e, e

′) 6∈ dy ⊆ δ. Since e and e ′

are adjacent and, by Condition (i) of Definition 4.3, the edges e and
e ′ span a unique chordless square. Hence, there is an opposite edge
f = xw of e in Sy and, by Lemma 5.6 we conclude (e, f) ∈ d|Sy

and
therefore, f ∈ ϕ, which implies that xmeets ϕ, a contradiction. Hence,
every equivalence class ϕ ⊑ (d|Sx

∪ d|Sy
)∗ must be met by x and y. By

the same arguments one shows that each primal vertex of Sx and Sy
meets every equivalence class of (d|Sx

∪ d|Sy
)∗. If W \ {x,y} 6= ∅ we

can choose a primal neighbor z ∈ W of x or y, since 〈W〉 is connected.
By the same arguments as before, one shows that each vertex x,y,
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Figure 4: Example of PSP Sv with star factors K1,2, K1,2 and K1,1.

resp. z and each of its primal vertices in Sx,Sy, resp. Sz meets every
equivalence class of ((d|Sx

∪ d|Sy
)∗ ∪ d|Sz

)∗ = (d|Sx
∪ d|Sy

∪ d|Sz
)∗ in

Sx ∪ Sy ∪ Sz. Therefore, we can traverse 〈W〉 in breadth-first search
order and inductively conclude that every vertex x ∈ W meets every
equivalence class of d|S(W)∗ in ∪v∈WSv.
Finally, we observe that each edge in Ev might define one equiva-

lence class of d|Sv
for each vertex v ∈ W. Thus, d|Sv

can have at most
∆ equivalence classes. Since this holds for all vertices and since equiv-
alence classes in d|S(W)∗ are combined equivalence classes of the re-
spective d|Sv

classes, the number of equivalence classes in d|S(W)∗

can not exceed ∆.

In order to prove that each PSP can be isometrically embedded into
a Cartesian product of stars, which is shown in the next theorem, we
first need the following lemma.

Lemma 5.8. Let G = �l
i=1Gi be the Cartesian product of stars. Assume

the vertices in each V(Gi) are labeled from 0, . . . , |V(Gi)| − 1, where the

vertex with label 0 always denotes the star-center of each Gi. Let vG be the

vertex with coordinates c(vG) = (0, . . . , 0) Then for any integer k > 0, the

induced closed k-neighborhood 〈NG
k [vG]〉 is an isometric subgraph of G.

Proof. Let 〈NG
k [vG]〉 be the induced closed k-neighborhood of vG in

G. Let x,y ∈ NG
k [vG] be arbitrary vertices and let I ⊆ {1, . . . , l} be the

set of positions where x and y differ in their coordinate. Moreover, let
I0 ⊆ I be the set of positions where either x or y has coordinate 0. By
the Distance Lemma we have dG(x,y) =

∑
i∈IO

1+
∑

i∈I\IO
2.

We now construct a path from x to y that is entirely contained in
NG

k [vG] and show that this path is a shortest path. Set P(x,y) = ∅.
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Let i ∈ I0 and w.l.o.g. assume ci(x) = 0, otherwise we would in-
terchange the role of x and y. By definition of the Cartesian prod-
uct there is a vertex y ′ that is adjacent to vertex y with cj(y

′) =

cj(y) for all j 6= i and ci(y
′) = 0. By the Distance Lemma, we

have dGj
(cj(vG), cj(y)) = dGj

(cj(vG), cj(y ′)) for all j 6= i and
dGi

(ci(vG), ci(y)) = dGi
(0, ci(y)) = 1 and dGi

(ci(vG), ci(y ′)) = 0

and thus, dG(vG,y ′) < dG(vG,y) 6 k, which implies that y ′ ∈
NG

k [vG]. We assign yy ′ to be an edge of the (so far empty) path
P(x,y) from x to y and repeat to construct parts of the path from
x to y ′ in the same way until all i ∈ I0 are processed. In this way, we
constructed subpaths P(x, v) and P(w,y) of P(x,y), both of which are
entirely contained in 〈NG

k [vG]〉 and |P(x, v)|+ |P(w,y)| = |I0|. We are
left to construct a path from v to w that is entirely contained in NG

k [v].
Note that by construction v and w differ only in the i-th position of
their coordinates where i ∈ I \ I0 and cj(v) = cj(x) = cj(y) = cj(w)

for all j 6∈ I \ I0. By the definition of the Cartesian product for each
i ∈ I \ I0 there are edges vv ′, resp. v ′v ′′ such that v, v ′ and v ′′ differ
only in the i-th position of their coordinates. Since 0 6= ci(x) = ci(v)

and by definition of the Cartesian product it follows that ci(v ′) = 0

and v ′′ can be chosen such that ci(v ′′) = ci(y) = ci(w) 6= 0. By
the Distance Lemma and the same arguments as used before it
holds dG(vG, v ′) = dG(vG, v ′′) − 1 = dG(vG, v) − 1 6 k and hence,
v ′, v ′′ ∈ NG

k [vG]. Therefore we add the edges vv ′, resp. v ′v ′′ to the
path from x to y, remove i from I \ I0 and repeat this construction for
a path from v ′′ to w until I \ I0 is empty.
Hence we constructed a path of length |I0|+ 2|I \ I0| =

∑
i∈IO

1+∑
i∈I\IO

2 = dG(x,y). Thus, this path is a shortest path from x to
y. Since this construction can be done for any x,y ∈ NG

k [vG] we can
conclude that 〈NG

k [vG]〉 is an isometric subgraph of G.

Theorem 5.9. Let G = (V ,E) be an arbitrary given graph and Sv be a PSP

for some vertex v ∈ V . Let H = �k
i=1Si be the Cartesian product of the star

factors as in Definition 5.2. Then it holds:

(1) Sv is an isometric subgraph of H and in particular, Sv ≃
〈NH

2 [(v1, . . . , vk)]〉 where vi denotes the star-center of Si, i =

1, . . . ,k.

(2) d|Sv
⊆ δ(H)∗ ⊆ σ(H).

(3) The product relation σ(H) has the same number of equivalence classes

as d|Sv
.

Proof. Assertion (1):

If d∗v has only one equivalence class, then there is nothing to show,
since Sv ≃ S1 ≃ H. Therefore, assume d∗v has k > 2 equivalence
classes.
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In the following we define a mapping γ : V(Sv) → V(H) and show
that γ is an isometric embedding. In particular we show that γ is an
isomorphism from Sv to the 2-neighborhood 〈NH

2 [vH]〉 for a distin-
guished vertex vH ∈ V(H). Lemma 5.8 implies then that this embed-
ding is isometric.
For a given equivalence class ϕi ⊑ d∗v let Nϕi

(v) = {v1, . . . , vl}
be the ϕi-neighborhood of the center v and Si be the corresponding
star factor with vertex set V(Si) = {0, 1, . . . , l} and edges 0x ∈ E(Si)

for all vvx ∈ E(Sv). Let H = �k
i=1Si be the Cartesian product of

the star factors. The center v of Sv is mapped to the vertex vH ∈
V(H) with coordinates c(vH) = (0, . . . , 0), the vertices vj ∈ Nϕi

(v) are
mapped to the unique vertex uwith coordinates cr(u) = 0 for all r 6= i

and ci(u) = j. Clearly, these vertices exist, due to the construction of
S1, . . . , Sk and since V(H) = ×k

i=1V(Si). Note, that these vertices we
mapped onto are entirely contained in the 1-neighborhood NH[vH]

of vH. Now let x be a non-primal vertex in Sv. Hence, by Lemma 5.4
and Corollary 5.5, there is a unique chordless square 〈{v, vi, x, vj}〉 in
Sv with unique top vertex x. Thus, vi and vj are the only common
neighbors of x in Sv. Moreover, by definition and Lemma 5.4, the
edges vvi ∈ ϕr and vvj ∈ ϕs are in different equivalence classes,
i.e., r 6= s. Thus, we map x to the unique vertex u with coordinates
cl(u) = 0 for all l 6= r, s and cr(u) = i and cs(u) = j. Again, this
vertex exists, due to the construction of S1, . . . , Sk and since V(H) =

×k
i=1V(Si). This completes the construction of our mapping γ.
We continue to show that the mapping γ : V(Sv) → NH

2 [vH] is
bijective. It is easy to see that by construction and the definition of
the Cartesian product, each primal vertex x has a unique partner
γ(x) in NH

1 [vH] and vice versa. We show that this holds also for non-
primal vertices in Sv and vertices in NH

2 [vH] \NH
1 [vH]. First assume

there are two non-primal vertices x and x ′ in Sv that are mapped
to the same vertex u in H. Thus, by construction of our mapping
γ, the vertex x ′ must have the same primal neighbors vi and vj as
x in Sv. However, by Lemma 5.4 this contradicts that vvi ∈ ϕr and
vvj ∈ ϕs span a unique square. Therefore, γ is injective. Now, let
u ∈ NH

2 [vH] \NH
1 [vH] be an arbitrary vertex in H. By the Distance

Lemma we can conclude that dH(vH,u) =
∑k

i=1 dSi
(0, ci(u)). More-

over, since dH(vH,u) = 2 and dSi
(0, ci(u)) 6 1 for all i = 1, . . . ,k we

can conclude that dH(vH,u) = dSr
(0, cr(u)) + dSs

(0, cs(u)) for some
distinct indices r and s. Assume that cr(u) = i and cs(u) = j. By
construction, the star factor Sr contains the edge 0i and Ss the edge
0j. Hence, there are edges e = vvi ∈ ϕr and f = vvj ∈ ϕs in Sv.
Lemma 5.4 implies that there is a unique chordless square spanned
by e and f with unique top vertex y that is also contained in Sv. By
construction of γ the vertex y is the unique vertex that is mapped to
vertex u in H. Since this holds for all vertices u ∈ NH

2 [vH] \NH
1 [vH],
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and by the preceding arguments, we can conclude that the mapping
γ : Sv → NH

2 [vH] we defined is bijective.
It remains to show that γ is an isomorphism from Sv to NH

2 [vH].
By construction, every primal edge vvj ∈ ϕr is mapped to the edge
vHx, where x has coordinates ci(x) = 0 for i 6= r and cr(x) = j. Hence,
vvj ∈ Ev if and only if γ(v)γ(vj) ∈ E(〈NH

2 [vH]〉). Now suppose we
have a non-primal edge vjy ∈ ϕr. By Lemma 5.4, there is a unique
chordless square with edges vvl ∈ ϕr and vvj ∈ ϕs and hence, by
construction of Sr and Ss and the definition of the Cartesian product,
there are edges e = vHz and f = vHz ′ in H where z differs from vH
in the r-th position of its coordinate and z ′ differs from vH in the s-
th position of its coordinate. By the Square Property, there is unique
chordless square in H spanned by e and f with top vertex y ′ that has
coordinates ci(y ′) = 0 for i 6= r, s, cr(y ′) = l 6= 0 and cs(y

′) = j 6= 0.
By the construction of γ we see that vjy ∈ Fv implies γ(vj)γ(y) =

z ′y ′ ∈ E(〈NH
2 [vH]〉). Using the same arguments, but starting from

squares spanned by e = vHz and f = vHz ′ in H, one can easily derive
that z ′y ′ ∈ E(〈NH

2 [vH]〉) implies γ−1(z ′)γ−1(y ′) = vjy ∈ Fv.
Finally, Lemma 5.8 implies that 〈NH

2 [vH]〉 is an isometric subgraph
of H and therefore, γ : V(Sv) → V(H) is an isometric embedding.
Assertion (2) and (3):

By Assertion (1), we can treat the graph Sv as subgraph of H; Sv ⊆ H.
We continue to show that d|Sv

= d∗
v|Sv

⊆ δ(H)∗. Let v ∈ V(G) be the
center of the PSP Sv, andH = �k

i=1Si, where Si are the corresponding
star factors (w.r.t. Sv). Let e, f ∈ E(Sv) such that (e, f) ∈ d|Sv

. There are
three cases to consider; either e, f ∈ Ev, or e, f ∈ Fv, or e ∈ Ev and
f ∈ Fv.
If e, f ∈ Ev are both primal edges with (e, f) ∈ d|Sv

then e and f are
by construction of the star factors and H contained in the layer Sv

i of
some star factor Si. Corollary 5.5 and (e, f) ∈ d|Sv

⊆ d∗v imply that e
and f span no square in Sv. Since H = �k

i=1Si we can conclude that
e and f span no square in H and hence, (e, f) ∈ δ(H).
Assume e, f ∈ Fv and (e, f) ∈ d|Sv

. By Lemma 5.6 it holds that e,
resp., f is opposite to exactly one primal edge e ′ ∈ Ev, resp., f ′ ∈ Ev

in Sv where (e, e ′), (f, f ′) ∈ d|Sv
. Since Sv ⊆ H, the edge e is the

opposite edge of e ′ and f is the opposite edge of f ′ in a square which
is also contained in H. Since Sv is an isometric subgraph of H we can
conclude that this square is chordless in H and thus (e, e ′), (f, f ′) ∈
δ(H). Since d|Sv

is transitive it holds, (e ′, f ′) ∈ d|Sv
. By analogous

arguments as before we have (e ′, f ′) ∈ δ(H) and therefore, (e, f) ∈
δ∗(H).
Finally, suppose e ∈ Ev is a primal edge, f ∈ Fv is non-primal and

(e, f) ∈ d|Sv
. By Lemma 5.6, f is opposite to exactly one primal edge

e ′ where (f, e ′) ∈ d|Sv
. If e = e ′, then e and f are opposite edges in

a chordless square in Sv. By analogous arguments as before, we can
conclude that this square is chordless in H and hence, e, f ∈ δ(H).
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If e 6= e ′, then (e, f), (f, e ′) ∈ d|Sv
implies that (e, e ′) ∈ d|Sv

and we
can conclude from Corollary 5.5 that there is no square spanned by e

and e ′ in Sv. Again e and e ′ lie in common layer Sv
i and do not span

any square in H. Thus we have (e, e ′) ∈ δ(H). Again, since e ′ and f

are opposite edges in a chordless square in H we can conclude that
(e ′, f) ∈ δ(H). Consequently, d|Sv

⊆ δ∗(H). Note, by results of Imrich
and Zerovnik [24] we have δ(H)∗ ⊆ σ(H). It is easy to see that the
connected components of δ(H)∗ w.r.t. to a fixed equivalence class i

correspond to the layers of the factor Si. Therefore, we can conclude
that δ(H)∗ = σ(H). Hence, we have

d|Sv
= d∗v|Sv

⊆ δ(H)∗ = σ(H).

Moreover, by Definition 5.2 of the star factors and since stars are
prime, the number of d|Sv

classes equals the number of prime factors
of H. Hence, it holds that d|Sv

and σ(H) have the same number of
equivalence classes.

By the construction of star factors, the Distance Lemma and Theo-
rem 5.9, we can directly infer the next corollary.

Corollary 5.10. Let G = (V ,E) be an arbitrary given graph, Sv be a PSP

for some vertex v ∈ V and d∗v have k = 1 or 2 equivalence classes. Then

Sv ≃ �
k
i=1Si.

We conclude this section with a last theorem which shows that the
transitive closure of the union d|S(V) over all vertices and its relations
dv, even restricted to Sv, is δ(G)∗.

Theorem 5.11. Let G = (V ,E) be a given graph and d|S(V) = ∪v∈Vd|Sv
.

Then

d|S(V)
∗ = δ(G)∗.

Proof. By definition dv ⊆ δ(G). Moreover, by definition and Lemma
4.4 it holds that d|Sv

⊆ d∗v ⊆ δ(G)∗ for all v ∈ V(G). Thus, d|S(V) ⊆
δ(G)∗, and hence d|S(V)∗ ⊆ δ(G)∗.
Let e, f ∈ E(G) be edges that are in relation δ(G). By definition,

(e, f) ∈ dv for some v ∈ V(G). If e = uv and f = wv are adja-
cent, then e and f are contained in the set Ev of Sv and therefore
in d|Sv

⊆ δ(G)∗. Assume, e = uv and f = xy are opposite edges of
a chordless square containing the edges e, f and g = vx. For contra-
diction, assume (e, f) 6∈ d|S(V)

∗ and hence (e, f) 6∈ d|S(V). Thus, for
each v ∈ V we have (e, f) 6∈ d|Sv

and therefore, by definition, there
is no square spanned by edges e, e ′ ∈ Ev with (e, e ′) 6∈ d∗v such that
f is the opposite edge of e. In particular, this implies (e,g) ∈ d∗v and
hence (e,g) ∈ d|Sv

. Analogously, one shows that (f,g) ∈ d|Sx
. Since

d|Sv
∪ d|Sx

⊆ d|S(V) we can infer that (e, f) ∈ d|S(V)
∗, a contradic-

tion.
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Theorem 5.11 allows us to provide covering algorithms for the
recognition of δ(G)∗ or of δ(H)∗ for subgraphs H ⊆ G that are based
only on coverings by partial star products. Note, if σ(G) = δ(G)∗, then
the covering of G by partial star products would also lead to a valid
prime factorization. However, as most graphs are prime we will in
the next section provide algorithms, based on factorizable parts, i.e.,
of coverings where the PSP’s have more than one equivalence class
d|Sv

, which can be used to recognize approximate products.

5.3 computing the local and global coloring

In previous section we introduced new concept called PSP. In this sec-
tion we use it to recognize δ∗. Note that introduced algorithm plays
an important role in the weak reconstruction as well as in approx-
imate product recognition. Therefore we provide detail analysis of
correctness and time complexity.
For a given graph G, let W ⊆ V(G) be an arbitrary subset of the

vertex set of G such that the induced subgraph 〈W〉 is connected. Our
approach for the computation is based on the recognition of all PSP’s
Sv with v ∈ W, and subsequent merging of their local colorings. The
subroutine computing local colorings calls the vertices in BFS-order
with respect to an arbitrarily chosen root v0 ∈ W.
Let now us briefly introduce several additional notions used in the

PSP recognition algorithm. At the start of every iteration we assign
pairwise different temporary local colors to the primal edges of every
PSP. These colors are then merged in subroutine processes to compute
local colors associated with every PSP. Analogously, we use temporary

global colors that are initially assigned to every edge incident with the
root v0.
For any vertex v of distance two from a PSP center c we

store attributes called first and second primal neighbor, that is, refer-
ences to adjacent primal vertices from which v was "visited" (in
pseudo-code attributes are accessed by v.FirstPrimalNeighbor and
v.SecondPrimalNeighbor). When v is found to have at least two pri-
mal neighbors we add v to Tc, which is a stack of candidates for
non-primal vertices of Sc. Finally, we use incidence and absence lists

to store recognized squares spanned by primal edges. Whenever we
recognize that two primal edges span a square we put them into the
incidence list. If we find out that a pair of primal edges cannot span
a unique chordless square with unique top vertex, then we put it into
the absence list. Note that the above structures are local and are al-
ways associated with a certain PSP recognition subroutine (Algorithm
5.12). Finally, we will "map" local colors to temporary global colors
via temporary vectors which helps us to merge local with global col-
ors.
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Algorithm 5.12 computes a local coloring for given PSP’s and
merges it with the global coloring d|S(W)∗ where W ⊆ V(G) is the
set of treated centers. Algorithm 5.13 summarizes the main control
structure of the local approach.

Algorithm 5.12. (PSP recognition)

Input: Connected graph G = (V ,E), PSP center c ∈ V , global color-

ing d|S(W)∗, where W ⊆ V is the set of treated centers and

where the subgraph induced by W ∪ c is connected.

Output: New temporary global coloring d|S(W ∪ c)∗.

1. Initialization.

2. FOR every neighbor u of c DO:

a) FOR every neighbor w of u (except c) DO:

i. IF w is primal w.r.t. c THEN put pair of primal edges

(cu, cw) to absence list.

ii. ELSEIF w was not visited THEN set

w.FirstPrimalNeighbor = u.

iii. ELSE (w is not primal and was already visited) DO:

A. IF only one primal neighbor v (v 6= u) of w was recog-

nized so far, then DO:

• Set w.SecondPrimalNeighbor = u.

• IF (cu, cv) is not in incidence list, then add w to the

stack Tc and add the pair (cu, cv) to incidence list.

• ELSE (cu and cv span more squares) add pair

(cu, cv) to absence list.

B. ELSE:

• Add all pairs formed by primal edges cv1, cv2, cu to

absence list, where v1, v2 are first and second primal

neighbors of w.

3. Assign pairwise different temporary local colors to primal edges.

4. FOR any pair (cu, cv) of primal edges cu and cv DO:

a) IF (cu, cv) is contained in absence list THEN merge temporary

local colors of cu and cv.

b) IF (cu, cv) is not contained in incidence list THEN merge tempo-

rary local colors of cu and cv.

(Resulting merged temporary local colors determine local colors of pri-

mal edges in Sc. We will reference them in the following steps.).

5. FOR any primal edge cu DO:
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a) IF cu was already assigned some temporary global color d1 THEN

i. IF local color b of cu was already mapped to some tempo-

rary global color d2, where d2 6= d1, THEN merge d1 and

d2.

ii. ELSE map local color b to d1.

6. FOR any vertex v from stack Tc DO:

a) Check local colors of primal edges cw1 and cw2 (where w1,w2

are first and second primal neighbor of v, respectively).

b) IF they differ in local colors THEN

i. IF there was defined temporary global color d1 for vw1

THEN

A. IF local color b of cw2 was already mapped to some

temporary global color d2, where d2 6= d1 THEN merge

d1 and d2.

B. ELSE map local color b to d1.

ii. IF there was already defined temporary global color d1 for

vw2 THEN:

A. IF local color b of cw1 was already mapped to some

temporary global color d2, where d2 6= d1 THEN merge

d1 and d2.

B. ELSE map local color b to d1.

7. Take every edge e of the PSP Sc that was not colored by any temporary

global color up to now and assign it d, where d is the temporary global

color to which the local color of e or the local color of its opposite primal

edge e ′ was mapped.

(If there is a local color b that was not mapped to any temporary global

color, then we create a new temporary global color and assign it to all

edges of color b).

Algorithm 5.13. (Computation of d|S(W)∗)

Input: A connected graph G, W ⊆ V(G) s.t. the induced subgraph

〈W〉 is connected, and an arbitrary vertex v0 ∈ W.

Output: Relation d|S(W)∗.

1. Initialization.

2. Set sequence Q of vertices v0, v1, . . . , vn that form W in BFS-order

with respect to v0.

3. Set W ′ := ∅.
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4. Assign pairwise different temporary global colors to edges incident to

v0.

5. FOR any vertex vi from sequence Q DO:

a) Use Algorithm 5.12 to compute d|S(W
′ ∪ vi)

∗.

b) Add vi to W ′.

In order to show that Algorithm 5.12 correctly recognizes the local
coloring, we define the (temporary) relations αc and βc for a chosen
vertex c: Two primal edges of Sc are

• in relation αc if they are contained in the incidence list and

• in relation βc if they are contained in the absence list

after Algorithm 5.12 is executed for c. Note, we denote by αc the
complement of αc, which contains all pairs of primal edges of PSP Sc
that are not listed in the incidence list.

Lemma 5.14. Let e and f be two primal edges of the PSP Sc. If e and f

span a square with some non-primal vertex w as unique top-vertex, then

(e, f) ∈ αc.

Proof. Let e = cu1 and f = cu2 be primal edges in Sc that span a
square cu1wu2 with unique top-vertex w, where w is non-primal.
Note, since w is the unique top vertex, the vertices u1 and u2 are
its only primal neighbors. W.l.o.g. assume that for vertex w no first
primal neighbor was assigned and let first u1 and then u2 be visited.
In Step 2a vertex w is recognized and the first primal neighbor u1

is determined in Step 2(a)ii. Take the next vertex u2. Since w is not
primal and was already visited, we are in Step 2(a)iii. Since only one
primal neighbor of w was recognized so far, we go to Step 2(a)iiiA.
If (cu1, cu2) is not already contained in the incidence list, it will be
added now and thus, (cu1, cu2) ∈ αc.

Corollary 5.15. Let e and f be two adjacent distinct primal edges of the

PSP Sc. If (e, f) ∈ αc, then e and f do not span a square or span a square

with non-unique or primal top vertex. In particular, αc contains all pairs

(e, f) that do not span any square.

Proof. The first statement is just the contrapositive of the statement
in Lemma 5.14. For the second statement observe that if e = cx and
f = cy are two distinct primal edges of Sc that do not span a square,
then the vertices x and y do not have a common non-primal neighbor
w. It is now easy to verify that in none of the substeps of Step 2 the
pair (e, f) is added to the incidence list, and thus, (e, f) ∈ αc.

Lemma 5.16. Let e and f be two primal edges of the PSP Sc that are in

relation βc. Then e and f do not span a unique chordless square with unique

top vertex.
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Proof. Let e = cu1 and f = cu2 be primal edges of Sc. Then pair (e, f)
is inserted to absence list in:

a) Step 2(a)i, when u1 and u2 are adjacent. Then no square
spanned by e and f can be chordless.

b) Step 2(a)iiiA (ELSE-condition), when (e, f) is already listed in
the incidence list and another square spanned by e and f is
recognized. Thus, e and f do not span a unique square.

c) Step 2(a)iiiB, when e and f span a square with top vertex w

that has more than two primal neighbors and at least one of
the primal vertices u1 and u2 are recognized as first or second
primal neighbor of w. Thus e and f span a square with non-
unique top vertex.

Lemma 5.17. Relation β∗

c contains all pairs of primal edges (e, f) of Sc that

satisfy at least one of the following conditions:

a) e and f span a square with a chord.

b) e and f span a square with non-unique top vertex.

c) e and f span more than one square.

Proof. Let e = cu1 and f = cu2 be primal edges of w[PSP] Sc.

a) If e and f span a square with a chord, then u1 and u2 are ad-
jacent or the top vertex w of the spanned square is primal and
thus, there is a primal edge g = cw. In the first case, we can con-
clude analogously as in the proof of Lemma 5.16 that (e, f) ∈ βc.
In the second case, we analogously obtain (e,g), (f,g) ∈ βc and
therefore, (e, f) ∈ β∗

c.

b) Let e and f span a square with non-unique top vertex w. If
at least one of the primal vertices u1,u2 is a first or second
neighbor of w then e and f are listed in the absence list, as
shown in the proof of Lemma 5.16. If u1 and u2 are neither
first nor second primal neighbors of w, then both edges e and f

will be added to the absence list in Step 2(a)iiiB, together with
the primal edge g = cu3, where u3 is the first recognized pri-
mal neighbor of w. In other words, (e,g), (f,g) ∈ βc and hence,
(e, f) ∈ β∗

c.

c) Let e and f span two squares with top vertices w and w ′, respec-
tively and assume w.l.o.g. that first vertex w is visited and then
w ′. If both vertices u1 and u2 are recognized as first and second
primal neighbors of w and w ′, then (cu1, cu2) is added to the
incidence list when visiting w in Step 2(a)iiiA. However, when
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we visit w ′, then we insert (cu1, cu2) to the absence list in Step
2(a)iiiA, because this pair is already included in the incidence
list. Thus, (e, f) ∈ βc. If at least one of the vertices w,w ′ does
not have u1 and u2 as first or second primal neighbor, then e

and f must span a square with non-unique top vertex. Item b)
implies that (e, f) ∈ β∗

c.

Lemma 5.18. Let f be a non-primal edge and e1, e2 be two distinct primal

edges of Sc. Let (e1, f), (e2, f) ∈ dc. Then (e1, e2) ∈ β∗

c.

Proof. Since the edge f is non-primal, f is not incident with the center
c. Recall, by the definition of dc, two distinct edges can be in rela-
tion dc only if they have a common vertex or are opposite edges in a
square. To prove our lemma we need to investigate the three follow-
ing cases, which are also illustrated in Figure 5:

a) Suppose both edges e1 and e2 are incident with f. Then e1 and
e2 span a triangle and consequently (e1, e2) will be added to
the absence list in Step 2(a)i.

b) Let e1 and e2 be opposite to f in some squares. There are
two possible cases (see Figure 5 b)). In the first case e1 and
e2 span a square with non-unique top vertex. By Lemma 5.17,
(e1, e2) ∈ β∗

c. In the second case e1 and e2 span triangles with
other primal edges e3 and e4. As in Case a) of this proof, we
have (e1, e3) ∈ βc, (e3, e4) ∈ βc, (e4, e2) ∈ βc and consequently,
(e1, e2) ∈ β∗

c

c) Suppose only e1 has a common vertex with f and e2 is oppo-
site to f in a square. Again we need to consider two cases (see
Figure 5 c)). Since e1 and f are adjacent and (e1, f) ∈ dc, we can
conclude that either no square is spanned by e1 and f, or that
the square spanned by e1 and f is not chordless or not unique.
Its easy to see that in the first case the edges e1 and e2 are
contained in a common triangle and thus will be added to the
absence list in Step 2(a)i. In the second case e1, e2 span a square
which has a chord or has a non-unique top vertex. In both cases
Lemma 5.17 implies that e1 and e2 are in relation β∗

c.

Lemma 5.19. Let e and f be distinct primal edges of the PSP Sc. Then

(e, f) ∈ (αc ∪βc)
∗ if and only if (e, f) ∈ d∗c.

Proof. Assume first that (e, f) ∈ αc ∪ βc. By Corollary 5.15, if (e, f) ∈
αc, then e and f do not span a common square, or span a square
with non-unique or primal top vertex. In the first case, e and f are in
relation δG and consequently also in relation dc. On the other hand, if
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(a) Both edges e1 and e2
are adjacent to f.

(b) Both edges e1 and e2
are opposite to f.

(c) Edges e1 and e2 are
adjacent and opposite
to f, respectively.

Figure 5: Proof of Lemma 5.18.

e and f span square with non-unique top vertex then, by Lemma 5.4,
e and f are in relation d∗c as well. Finally, if e and f span a square with
primal top vertex w, then this square has a chord cw and (e, f) ∈ d∗c.
If (e, f) ∈ βc, then Lemma 5.16 implies that e and f do not span a
unique chordless square with unique top vertex. Again, by Lemma
5.4, we infer that (e, f) ∈ d∗c. Hence, αc ∪ βc ⊆ d∗c, and consequently,
(αc ∪βc)

∗ ⊆ d∗c.
Now, let (e, f) ∈ d∗c. Then there is a sequence U = (e =

e1, e2, . . . , ek = f), k > 2, with (ei, ei+1) ∈ dc for i = 1, 2, . . . ,k− 1.
By definition of dc, two primal edges are in relation dc if and only if
they do not span a unique and chordless square. Corollary 5.15 and
Lemma 5.17 imply that all these pairs are contained in (αc ∪ βc)

∗.
Hence, any two consecutive primal edges ei and ei+1 contained in
the sequence U are in relation (αc ∪ βc)

∗. Assume that there is an
edge ei ∈ U that is not incident to the center c and thus, non-primal.
By the definition of dc, and since (ei−1, ei), (ei, ei+1) ∈ dc, we can
conclude that the edges ei−1 and ei+1 must be primal in Sc. Lemma
5.18 implies that ei−1 and ei+1 must be in relation β∗

c. By removing
all edges from U that are not incident with c we obtain a sequence
U ′ = e = e1, e ′2, . . . , e

′

j = f of primal edges. By analogous arguments
as before, all pairs (e ′i, e

′

i+1) of U
′ must be contained in (αc ∪ βc)

∗.
By transitivity, e and f are also in (αc ∪βc)

∗.
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Corollary 5.20. Let e and f be primal edges of the PSP Sc. Then (e, f) ∈
(αc ∪βc)

∗ if and only if e and f have the same local color in Sc.

Proof. This is an immediate consequence of Lemma 5.19, the local
color assignment, and the merging procedure (Step 3 and 4) in Algo-
rithm 5.12.

Lemma 5.21. Let d|S(W)∗ be a global coloring associated with a set of

treated centers W and assume that the induced subgraph 〈W〉 is connected.

Let c be a vertex that is not contained in W but adjacent to a vertex in W.

Then Algorithm 5.12 computes the global coloring d|S(W ∪ c)∗ by taking

W and c as input.

Proof. Let W ⊆ V(G) be a set of PSP centers and let c ∈ V(G) be a
given center of PSP Sc where c 6∈ W and 〈W ∪ c〉 is connected. In
Step 2 of Algorithm 5.12 we compute the absence and incidence lists.
In Step 3, we assign pairwise different temporary local colors to any
primal edge adjacent to c. Two temporary local colors b1 and b2 are
then merged in Step 4 if and only if there exists some pair of primal
edges (e1, e2) ∈ (αc ∪βc) where e1 is colored with b1 and e2 with b2.
Therefore, merged temporary local colors reflect equivalence classes
of (αc ∪βc)

∗ containing the primal edges incident to c. By Corollary
5.20, (αc ∪ βc)

∗ classes indeed determine the local colors of primal
edges in Sc.
Note, if one knows the colors of primal edges incident to c, then it

is very easy to determine the set of non-primal edges of Sc, as any
two primal edges of different equivalence classes span a unique and
chordless square. In Step 6, we investigate each vertex v from stack
Tc and check the local colors of primal edges cw1 and cw2, where
w1 and w2 are the first and second recognized primal neighbors of v,
respectively. If cw1 and cw2 differ in their local colors, then vw1 and
vw2 are non-primal edges of Sc, as follows from the PSP construc-
tion. Recall that the stack contains all vertices that are at distance two
from center c and which are adjacent to at least two primal vertices.
In other words, the stack contains all non-primal top vertices of all
squares spanned by primal edges. Consequently, we claim that all
non-primal edges of the PSP Sc are treated in Step 6. Note that non-
primal edges have the same local color as their opposite primal edge,
which is unique by Lemma 5.6.
As we already argued, after Step 4 is performed we know, or can

at least easily determine all edges of Sc and their local colors. Recall
that local colors define the local coloring d|Sc

. Suppose, temporary
global colors that correspond to the global coloring d|S(W)∗ are as-
signed. Our goal is to modify and identify temporary global colors
such that they will correspond to the global coloring d|S(W ∪ c)∗. Let
B1,B2, . . . ,Bk be the classes of d|Sc

(local classes) and D1,D2, . . . ,Dl

be the classes of d|S(W)∗ (global classes). When a local class Bi and a
global class Dj have a nonempty intersection, then we can infer that
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all their edges must be contained in a common class of d|S(W ∪ c)∗.
Note, by means of Lemma 5.7, we can conclude that for each local
class Bi there is a global class Dj such that Bi ∩Dj 6= ∅, see also [18].
In that case we need to guarantee that edges of Bi and Dj will be
colored by the same temporary global color. Note, in the beginning
of the iteration two edges have the same temporary global color if
and only if they lie in a common global class.
In Step 5 and Step 6, we investigate all primal and non-primal

edges of Sc. When we treat first edge e that is colored by some local
color bi, that is e ∈ Bi, and has already been assigned some tem-
porary global color dj, and therefore e ∈ Dj, then we map bi to dj.
Thus, we keep the information that e ∈ Bi ∩Dj. In Step 7, we then
assign temporary global color dj to any edge of Sc that is colored
by the local color bi. If the local color bi is already mapped to some
temporary global color dj, and if we find another edge of Sc that is
colored by bi and simultaneously has been assigned some different
temporary global color dj′, then we merge dj and dj′ in Step 5(a)i. Ob-
viously this is correct, since Bi ∩Dj 6= ∅ and Bi ∩Dj′ 6= ∅, and hence
Dj,Dj′ and Bi must be contained in a common equivalence class of
d|S(W ∪ c)∗. Recall, for each local class Bi there is a global class Dj

such that Bi ∩Dj 6= ∅. This means that every local color is mapped to
some global color, and consequently there is no need to create a new
temporary global color in Step 7.
Therefore, whenever local and global classes share an edge, then

all their edges will have the same temporary global color at the end
of Step 7. On the other hand, when edges of two different global
classes are colored by the same temporary global color, then both
global classes must be contained in a common class of d|S(W ∪ c)∗.
Hence, after the performance of Step 7, the merged temporary

global colors determine the equivalence classes of d|S(W ∪ c)∗.

Lemma 5.22. Let G be a connected graph, W ⊆ V(G) s.t. 〈W〉 is connected,

and v0 an arbitrary vertex of G. Then Algorithm 5.13 computes the global

coloring d|S(W)∗ by taking G, W and v0 as input.

Proof. In Step 2 we define the BFS-order in which the vertices will be
processed and store this sequence in Q. In Step 4 we assign pairwise
different temporary global colors to all edges that are incident with v0.
In Step 5 we iterate over all vertices of the given induced connected
subgraph 〈W〉 of G. For every vertex we execute Algorithm 5.12.
Lemma 5.21 implies that in the first iteration we correctly compute
the local colors for Sv0

, and consequently also d|S({v0})
∗. Obviously,

whenever we merge two temporary local colors of two primal edges
in the first iteration, then we also merge their temporary global col-
ors. Consequently, the resulting temporary global colors correspond
to the global coloring d|S({v0})

∗ after the first iteration. Lemma 5.21

implies that after all iterations are performed, that is, all vertices in
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Q are processed, the resulting temporary global colors correspond to
d|S(W)∗ for the given input setW ⊆ V(G).

For the global coloring, Theorem 5.11 implies that d|S(V(G))∗ = δ∗G.
This leads to the following corollary

Corollary 5.23. Let G be a connected graph and v0 an arbitrary vertex of

G. Then Algorithm 5.13 computes the global coloring δ∗G by taking G, V(G)

and v0 as input.

To prove that our method runs in O(m∆) time we need firstly in-
troduce several temporary structures that help us to achieve desired
complexity. In particular, we present local and global color graph that
helps us to work with temporary local and global colors. Their vertex
sets are the sets of temporary colors in the initial state. In this state the
color graphs have no edges. Every component is a single vertex and
corresponds to an initial temporary color. Recall that we color edges
of graphs, for example the edges of G or Sv. The color of an edge is
indicated by a pointer to a vertex of the color graph. These pointers
are not changed, but the colors will correspond to the components of
the color graph. When two colors are merged, then this reflected by
adding an edge between their respective components.
The color graph is represented by an adjacency list as described in

[12, Chapter 17.2] or [21, pp. 34 -37]. Thus, working with the color
graph needs O(k) space when k colors are used. Furthermore, for
every vertex of the color graph we keep an index of the connected
component in which the vertex is contained. We also store the actual
size of every component, that is, the number of vertices of this com-
ponent.
Suppose we wish to merge temporary colors of edges e and f that

are identified with vertices a, respectively b, in the color graph. We
first check whether a and b are contained in the same connected
component by comparing component indices. If the component in-
dices are the same, then e and f already have the same color, and
no action is necessary. Otherwise we insert an edge between a and
b in the color graph. As this merges the components of a and b we
have to update component indices and the size. The size is updated
in constant time. For the component index we use the index of the
larger component. Thus, no index change is necessary for the larger
component, but we have to assign the new index to all vertices of the
smaller component.
Notice that the color graph remains acyclic, as we only add edges

between different components.

Lemma 5.24. Let G0 = (V ,E) be a graph with V = {v1, . . . , vk} and E =

∅. The components of G0 consist of single vertices. We assign component

index j to every component {vj}. For i = 1, . . . ,k− 1 let Gi+1 denote the

graph that results from Gi by adding an edge between two distinct connected
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components, say C and C ′. If |C| 6 |C ′|, we use the the component index of

C ′ for the new component and assign it to every vertex of C.

Then every Gi is acyclic, and the total cost of merging colors is

O(k log2 k).

Proof. Acyclicity is true by construction.
A vertex is assigned a new component index when its component

is merged with a larger one. Thus, the size of the component at least
doubles at every such step. Because the maximum size of a compo-
nent is bounded by k, there can be at most log2 k reassignments of
the component index for every vertex. As there are k vertices, this
means that the total cost of merging colors is O(k log2 k).

The color graph is used to identify temporary local, resp., global
colors. Based on this, we now define the local and global color graph.
Assigned labels of the vertices of the global color graph are stored

in the edge list, where any edge is identified with at most one such
label. A graph is represented by an extended adjacency list, where for
any vertex and its neighbor a reference to the edge (in the edge list)
that connects them is stored. This reference allows to access a global
temporary color from adjacency list in constant time.
In every iteration of Algorithm 5.13, we recognize the PSP for one

vertex by calling Algorithm 5.12. In the following paragraph we intro-
duce several temporary attributes and matrices that are used in the
algorithm.
Suppose we execute an iteration that recognizes some PSP Sc. To

indicate whether a vertex was treated in this iteration we introduce
the attribute visited, that is, when vertex v is visited in this itera-
tion we set v.visited = c. Any value different from c means that
vertex v was not yet treated in this iteration. Analogously, we intro-
duce the attribute primal to indicate that a vertex is adjacent to the
current center c. The attribute tempLabel maps primal vertices to
the indices of rows and columns of the matrices incidenceList and
absenceList. For any vertex v that is at distance two from the cen-
ter c we store its first and second primal neighbor w1 and w2 in the
attributes FirstPrimalNeighbor and SecondPrimalNeighbor. Fur-
thermore, we need to keep the position of vw1 and vw2 in the edge
list to get their temporary global colors. For this purpose, we use at-
tributes firstEdge and secondEdge. AttributemapLocalColor helps
us to map temporary local colors to the vertices of the global color
graph. Any vertex that is at distance two from the center and has a
least two primal neighbors is a candidate for a non-primal vertex. We
insert them to the stack. The temporary structures help to access the
required information in constant time:

• v.visited = c

vertex v has been already visited in the current iteration.
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• v.primal = c

vertex v is adjacent to center c.

• incidenceList[v.tempLabel,u.tempLabel] = 0

pair of primal edges (cv, cu) is missing in the incidence list.

• absenceList[v.tempLabel,u.tempLabel] = 1

pair of primal edges (cv, cu) was inserted to the absence list.

• v.firstPrimalNeighbor = u

u is the first recognized primal neighbor of the non-primal ver-
tex v.

• v.firstEdge = e

edge e joins the non-primal vertex v with its first recognized
primal neighbor (it is used to get the temporary global color
from the edge list).

• b.mapLocalColor = d

local color b is mapped to temporary global color d (i.e. there
exists an edge that is colored by both colors).

Note that the temporary matrices incidenceList and absenceList

have dimension deg(c)× deg(c) and that all their entries are set to
zero in the beginning of every iteration.

Theorem 5.25. For a given connected graph G = (V ,E) with maximum

degree ∆ and W ⊆ V , Algorithm 5.13 runs in O(|E|∆) time and O(|E|+∆2)

space.

Proof. Let G be a given graph with m edges and n vertices. In Step
1 of Algorithm 5.13 we initialize all temporary attributes and matri-
ces. This consumes O(m + n) = O(m) time and space, since G is
connected, and hence, m > n − 1. Moreover, we set all temporary
colors of edges in the edge list to zero, which does not increase the
time and space complexity of the initial step. Recall that we use an
extended adjacency list, where every vertex and its neighbors keep
the reference to the edge in the edge list that connects them. To create
an extended adjacency list we iterate over all edges in the edge list,
and for every edge uv = e ∈ E(G)we set a new entry for the neighbor
v for u and, simultaneously, we add a reference v.edge = e. The same
is done for vertex v. It can be done in O(m) time and space.
In Step 2 of Algorithm 5.13, we build a sequence of vertices in BFS-

order starting with v0, which is done in O(m + n) time in general.
Since G is connected, the BFS-ordering can be computed in O(m)

time. Step 3 takes constant time. In Step 4 we initialize the global
color graph that has deg(v0) vertices (bounded by ∆ in general). As
we already showed, all operations on the global color graph take
O(∆ log2∆) time and O(∆) space. We proceed to traverse all neigh-
bors u1,u2, . . . ,udeg (v0) of the root v0 ∈ V(G) (via the adjacency list)
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and assign them unique labels 1, 2, . . . , deg(v0) in edge list, that is,
every edge v0ui gets the label i. In this way, we initialize pairwise dif-
ferent temporary global colors of edges incident with v0 , that is, to
vertices of the global color graph. Using the extended adjacency list,
we set the label to an edge in the edge list in constant time. In Step 5

we run Algorithm 5.12 for any vertex from the defined BFS-sequence.
In the remainder of this proof, we will focus on the complexity of

Algorithm 5.12. Suppose we perform Algorithm 5.12 for vertex c to
recognize the PSP Sc. The recognition process is based on temporary
structures. We do not need to reset any of these structures, for any
execution of Algorithm 5.12 for a new center c, except absenceList
and incidenceList. This is done in Step 1. Further, we set here the
attribute tempLabel for every primal vertex v, such that every vertex
has assigned a unique number from {1, 2, . . . , deg(c)}. Finally, we tra-
verse all neighbors of the center c and for each of them we set primal

to c. Hence, the initial step of Algorithm 5.12 is done in O(deg(c)2)
time.
Step 2a is performed for every neighbor of every primal vertex. The

number of all such neighbors is at most deg(c)∆. For every treated
vertex, we set attribute visited to c. This allows us to verify in con-
stant time that a vertex was already visited in the recognition subrou-
tine Algorithm 5.12.
If the condition in Step 2(a)i is satisfied, then we put primal edges

cu and cw to the absence list. By the previous arguments, this can be
done in constant time by usage of tempLabel and absenceList.
If the condition in Step 2(a)ii is satisfied, we set vertex u as first

primal neighbor of vertex w. For this purpose, we use the attribute
firstPrimalNeighbor. We also set w.firstEdge = e, where e is a
reference to the edge in the edge list that connects u and w. This ref-
erence is obtained from the extended adjacency list in constant time.
Recall, the edge list is used to store the labels of vertices of the global
color graph for the edges of a given graph, that is, the assignment of
temporary global colors to the edges. Using w.firstEdge, we are able
to directly access the temporary global color of edge uw in constant
time.
Step 2(a)iii is performed when we try to visit a vertex w from some

vertex u where w has been already visited before from some vertex v.
If v is the only recognized primal neighbor of w, then we we perform
analogous operations as in the previous step. Moreover. if (cu, cv) is
not contained in the incidence list, then we set u as second primal
neighbor of w, add (cu, cv) to the incidence list and add w to the
stack. Otherwise we add (cu, cv) to the absence list. The number of
operations in this step is constant.
If w has more recognized primal neighbors we process case B. Here

we just add all pairs formed by cv1, cv2, cu to absence list. Again,
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the number of operations is constant by usage of tempLabel and
matrices incidenceList and absenceList.
In Step 3, we assign pairwise different temporary local colors to

the primal edges. Assume the neighbors of the center c are labeled
by 1, 2, . . . , deg (c), then we set value u.tempLabel to cu. In Step 4a
we iterate over all entries of the absenceList. For all pairs of edges
that are in the absence list we check whether they still have differ-
ent temporary local colors and if so, we merge their temporary local
colors by adding a respective edge in the local color graph. Analo-
gously we treat all pairs of edges contained in the incidenceList in
Step 4b. Here we merge temporary local colors of primal edges cu

and cv when the pair (cu, cv) is missing. To treat all entries of the
absenceList and incidenceList we need to perform deg(c)2 itera-
tions. Recall, the temporary local color of the primal edge cu is equal
to the index of the connected component in the local color graph,
in which vertex u.tempLabel is contained. Thus, the temporary lo-
cal color of this primal edge can be accessed in constant time. As
we already showed, the number of all operations on the local color
graph is bounded by O(deg(c) log2 deg(c)). Hence, the overall time
complexity of both Steps 3 and 4 is O(deg(c)2).
In Step 5 we map temporary local colors of primal edges to

temporary global colors. For this purpose, we use the attribute
mapLocalColor. The temporary global color of every edge can be
accessed by the extended adjacency list, the edge list and the global
color graph in constant time. Since we need to iterate over all primal
vertices, we can conclude that Step 5 takes O(deg(c)) time.
In Step 6 we perform analogous operations for any vertex from

Stack Tc as in Step 5. In the worst case, we add all vertices that
are at distance two from the center to the stack. Hence, the size of
the stack is bounded by O(deg(c)∆). Recall that the first and sec-
ond primal neighbor w1 and w2 of every vertex v from the stack
can be directly accessed by the attributes firstPrimalNeighbor and
secondPrimalNeighbor. On the other hand, the temporary global
colors of non-primal edges vw1 and vw2 can be accessed directly by
the attributes firstEdge and secondEdge. Thus, all needful informa-
tion can be accessed in constant time. Consequently, the time com-
plexity of this step is bounded by O(deg(c)∆).
In the last step, Step 7, we iterate over all edges of the recog-

nized PSP. Note, the list of all primal edges can be obtained from
the extended adjacency list. To get all non-primal edges we iterate
over all vertices from the stack and use the attributes firstEdge and
secondEdge, which takes O(deg(c)∆) time. The remaining opera-
tions can be done in constant time.
To summarize, Algorithm 5.12 runs in O(deg(c)∆) time. Conse-

quently, Step 5 of Algorithm 5.13 runs in O(
∑

c∈W deg(c)∆) time
which is O(m∆) for any W ⊆ V(G). Clearly, it is most time consum-
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ing step that defines the total time complexity of Algorithm 5.13. The
most space consuming structures are the edge list and the extended
adjacency list (O(m) space) and the temporary matrices absenceList
and incidenceList (O(∆2) space). Hence, the overall space complex-
ity is O(m+∆2).

Let W1,W2, . . . ,Wk ⊆ V(G) be pairwise disjoint vertex sets such
that any induced graph < Wi >, for i ∈ {1, 2, . . . ,k} is connected. In
Section 7.4 we show that computation of all global colorings associ-
ated withW1,W2, . . . ,Wk can be done inO(|E(G)|∆) time as well. For
these purposes we slightly modify Algorithm 5.13.

5.4 parallel processing

The local approach allows the parallel computation of δ∗(G) on multi-
ple processors. Consider a graph G with vertex set V(G). Suppose we
are given a decomposition of V(G) = W1 ∪W2 ∪ · · · ∪Wk into k parts
such, that |W1| ≈ |W2| ≈ · · · ≈ |Wk|, where the subgraphs induced by
W1,W2, . . . ,Wk are connected, and the number of edges whose end-
points lie in different partitions is small (we call such decomposition
good).

Algorithm 5.26. (Parallel recognition of δ∗)

Input: A graph G, and a good decomposition V(G) = W1 ∪W2 ∪
· · · ∪Wk.

Output: Relation δ∗G.

1. FOR every partition Wi concurrently compute global coloring

d|Sv
(Wi) (i ∈ {1, 2, . . . ,k}):

a) Take all vertices of Wi and order them in BFS to get sequence

Qi.

b) Set W ′ := ∅.

c) Assign pairwise different temporary global colors to edges inci-

dent to first vertex in Qi.

d) FOR any vertex v from sequence Qi do:

i. Use Algorithm 5.12 to compute d|Sv
(W ′ ∪ v)∗.

ii. Put all edges that were treated in previous step and have at

least one endpoint not in partition Wi to stack Ti.

iii. Add v to W ′.

2. FOR every partition Wi run concurrently to merge all global colorings

(i ∈ {1, 2, . . . ,k}):

a) FOR each edge from stack Ti, take all its assigned global colors

and merge them.
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(a) Graph G with given partitioning V(G) = W1 ∪W2 ∪
W3 ∪W4.

(b) Computed global coloring
d|S(W1)

∗.
(c) Computed global coloring

d|S(W2)
∗.

(d) Computed global coloring
d|S(W3)

∗.
(e) Computed global coloring

d|S(W4)
∗.

Figure 6: Example - Parallel recognition of δ∗.
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Figure 6 shows an example of decomposed vertex set of a given
graph G. The computation of global colorings associated with single
partitions can be done then in parallel. The edges that are colored by
global color when partition is treated are highlighted by black color.
Thus we can observe that many edges will be colored by more then
one color.
Notice that we do not treat the task of finding a good partition.

With the methods of [11] this is possible with high probability in
O(logn) time, where n is the number of vertices.





Part VI

WEAK RECONSTRUCT ION

In 1999 Johann Hagauer and Janez Žerovnik [10] pub-
lished an algorithm for the weak reconstruction of Carte-
sian product graphs. In the following text we briefly intro-
duce a skeleton of their method and show how its time
complexity can be improved.





6
WEAK RECONSTRUCT ION

6.1 introduction

In this chapter we improve a method introduced by Hagauer and
Žerovnik [10] that reconstructs a Cartesian product G from one of its
vertex deleted subgraphs Gx, i.e. V(G) \V(Gx) = {x}. Their algorithm
consists of three steps. The first one recognizes whether Gx is C8. In
this case G is P3�P3. In the second step a Construction 1 is performed.
If G has at least one K2 factor, then Construction 1 is able to find the
correct extension for Gx to reconstruct G (up to isomorphism). If the
input graph is not C8 and G does not satisfy the condition in Step 2,
then we perform Construction 2 which reconstructs G from Gx.
The first step can be done in constant time. For the second step

we observe that Construction 1 runs in O(|E(G)|) time and has as
argument vertex x ′. If x ′ is a neighbor of x in G such that (Gx)x

′

is of
the form K2�Q, then Construction 1 yields G. To guess x ′ correctly
we need to run Construction 1 for every vertex.
For the third step Construction 2 is used. It assumes that we

are given vertices z,u, v such that zuxv is a Cartesian square in G.
Under this assumption, we are able to reconstruct G from Gx in
O(1)+O(∆2)+O(|E(G)|) time, where ∆ is the maximal vertex degree
in Gx. To find the correct candidates for z,u, v one has to perform
Construction 2 for all triplets of vertices z ′,u ′, v ′, where u ′, v ′ are
adjacent to z ′.
Obviously, Step 3 that performs Construction 2, is most expensive

because the number of candidates for vertices satisfying the given
assumption is O(|V(G)|∆2). The question arises whether there is a
way to decrease their number. Our method focuses on this issue and
bounds the number of candidates by O(∆2).
Recall that two edges e and f have the same Cartesian colors in G if

(e, f) ∈ σ(G). In this text we use temporary functions cc : E(G) → N,
lc : E(G) → N and gc : E(G) → N that are associated with the prod-
uct relation σ(G), a local coloring and a global coloring, respectively.
More precisely, the Cartesian color of an edge e in G is represented
by the value ccG(e). Analogously, we use lcz(e), resp. gcW(e), to get
a local and a global color of e with respect to local coloring d|Sz

and
the global coloring d|S(W)∗, respectively.
Recall that Algorithm 5.13 iteratively treats vertices v1, v2, . . . , vn

sorted in BFS-order. In every iteration it recognizes one PSP Svi
and

merges its local coloring with the already computed global coloring.
If {v1, v2, . . . , vn} = V(G), then the resulting global coloring is equal

55
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to δ(G)∗. We say that a PSP sequence Sv1
,Sv2

, . . . ,Svn
was used to

compute δ(G)∗.
Consider a Cartesian product G and a vertex deleted subgraph Gx.

Let Sz be a PSP in Gx. Then we classify Sz based on the distance
between its center z and the vertex x in G. We say Sz is of type 1 if z
is adjacent to x. Sz is of type 3 if z is at distance 3 from x at least. If
the distance between z and x is 2 and there exists a Cartesian square
zuxv in G, then Sz is of type 2b. A triplet uzv in Gx is then called
a disturbed Cartesian square, edges zu and zv a pair of disturbing edges

(write (zu, zv)), vertex z a disturbing vertex and Sz a disturbing PSP. If
Sz does not contain a disturbed Cartesian square but z is at distance
2 from x we call Sz of type 2a. Based on δ∗ properties we claim that a
PSP can contain at most one disturbed Cartesian square and one pair
of disturbing edges. Denote the set of all pairs of disturbing edges in
Gx by DGx .

Lemma 6.1. Let G be a graph and Gx a vertex deleted subgraph. Then the

set of all pairs of disturbing edges DGx is equal to δ(Gx) \ δ(G).

Proof. Let DGx be the set of all pairs of disturbing edges in Gx and
D ′ = δ(Gx) \ δ(G).

a) “⇒” DGx ⊆ D ′

Let (zu, zv) ∈ DGx . Then zu and zv lie in common Cartesian
square in G. Thus (zu, zv) /∈ σG. Since δ(G) ⊆ σG (zu, zv) can-
not lie in δ(G) as well. Note that edges zu and zv spans just
square zuxv in G and thus they do not span any square in Gx.
By the definition of δ this implies that (zu, zv) ∈ δ(Gx). There-
fore (zu, zv) ∈ D ′.

b) “⇐” D ′ ⊆ DGx

Let (zu, z ′v) lies in δ(Gx) but not in δ(G) ((zu, z ′v) ∈ D ′). Sup-
pose (zu, z ′v) /∈ DGx . Since (zu, z ′v) ∈ δ(Gx) the edges zu

and z ′v are either opposite in the chordless square in Gx or
they are adjacent and do not span any unique chordless square
in Gx. Suppose zu and z ′v are opposite in chordless square
SQ = zuz ′v in Gx. Note that SQ must appear also in G. To sat-
isfy the assumption (zu, z ′v) /∈ δ(G) the square SQ must have a
chord in G. But then an absence of chord in Gx, implies that one
of vertices z,u, z ′, v is equal to x and is missing in Gx, which is
not possible, because SQ would be missing in Gx as well.

Thus zu and z ′v have a common vertex (w.l.o.g let z = z ′) and
do not span any unique chordless square in Gx. On the other
hand zu and z ′v must span a unique chordless square SQ in G

since (zu, z ′v) /∈ δ(G). This occurs only if SQ = uzvx, which
implies that (zu, z ′v) is a pair of disturbing edges and thus
(zu, z ′v) ∈ DGx .
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Consider the Cartesian product G and the vertex deleted subgraph
Gx in the following corollaries of Lemma 6.1.

Corollary 6.2. Let z be an arbitrary vertex of Gx. Then dz \DGx ⊆ δ(Gx)\

DGx ⊆ δ(G) ⊆ σG.

Corollary 6.3. Let d|S(W) be a union of local colorings that does not con-

tain any pair of disturbing edges, where W ⊆ V(Gx). Then d|S(W)∗ ⊆
(δ(Gx) \DGx)∗ ⊆ δ(G)∗ ⊆ σ(G).

Corollary 6.4. Let Sz ⊆ Gx be a non-disturbing PSP, and let e, f be its

primal edges. Then lcz(e) = lcz(f) in Gx implies ccG(e) = ccG(f).

Corollary 6.5. Let Sz ⊆ Gx be a disturbing PSP with a pair of disturbing

primal edges (e, f). Then lcz(e) = lcz(f) in Gx, but ccG(e) 6= ccG(f).

Obviously, any triple of vertices that form a pair of disturbing edges
satisfies the condition of Construction 2. In the following section we
present a method that computes a set C of pairs of edges where at
least one pair is disturbing and |C| 6 O(∆2). We will call C a set of

candidates for Gx.

6.2 basic idea

Our approach is based on Algorithm 5.13 that is slightly modified for
our purposes. First, we define a precoloring phase that is performed
in the beginning of every iteration, that is, in the initial phase of Algo-
rithm 5.12 (see Section 6.3). Further, we change Step 4 of Algorithm
5.12 (see proof of Lemma 6.7). Finally, we terminate Algorithm 5.13

when all temporary global classes are merged, i.e. when the global
color graph has just one connected component. In the text we will
refer to a modified Algorithm 5.13.
For the rest of the chapter consider a non-trivial Cartesian product

G and a vertex deleted subgraph Gx with maximal vertex degree ∆.
As we already remarked, Construction 2 reconstructs G from Gx by
taking vertices z,u, v ∈ V(Gx) as input if (zu, zv) is a pair of disturb-
ing edges. Thus our goal is to find at least one disturbing PSP in Gx,
and to determine its pair of primal edges that are disturbing.

Lemma 6.6. Let Sz ⊆ Gx be a disturbing PSP and Algorithm 5.12 be per-

formed to recognize it. Then the temporary local colors of disturbing primal

edges e, f of Sz will be merged when e and f are treated in Step 4.

Proof. Let (zu, zv) be a pair of disturbing edges of Sz. Then ccG(zu) 6=
ccG(zv). In Step 4 of Algorithm 5.12, we merge temporary local colors
of primal edges to compute resulting local colors. If we treat a pair
of primal edges where at least one of these edges is not disturbing,
by Corollary 6.2, we merge their temporary local colors only if they
have same Cartesian colors in G. Consequently, when zu and zv are
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Figure 7: Basic idea of weak reconstruction.

treated in Step 4, their temporary local colors must still differ, because
zu and zv have different Cartesian colors in G. Since zu and zv do not
span any square in Gx, their temporary local colors are merged.

Lemma 6.7. Let S = Su1
,Su2

, . . . ,Sun
be a sequence of PSPs that is used

to recognize δ(Gx)∗ on the edge set of a given graph Gx. Suppose that

all primal edges of every PSP Sui
from S are colored by temporary global

colors during the first i− 1 iterations of Algorithm 5.13, i.e. all edges uiv ∈
V(Gx) are assigned global colors before the center ui is treated in Step 5

of Algorithm 5.13. Then the set of candidates C for Gx can be computed in

O(|E(G)|∆) time while |C| 6 ∆.

Proof. Let S = Su1
,Su2

, . . . ,Sun
be a sequence of PSPs that is used

to recognize δ(Gx)∗ on the edge set of a given graph Gx. In every
iteration of Algorithm 5.13 we recognize temporary local colors for
one PSP from the sequence. By assumption, in the beginning of ev-
ery iteration all primal edges of the treated PSP are already colored
by temporary global colors. Let Sui

be a first disturbing PSP in the
sequence S. Since S1,S2, . . . ,Sui−1

are non-disturbing PSPs, by Corol-
lary 6.3, any two edges have the same temporary global colors only
if they have the same Cartesian colors in G before Sui

is treated.
Define a set D that will contain all such pairs of primal edges e and

f, whose temporary local colors are merged when e and f are treated
in Step 4 of Algorithm 5.12, while their temporary global colors still
differ. In other words, D collects all pairs of primal edges that cause
a merge of temporary global colors.
Consider an iteration that recognizes the disturbing PSP Sui

. Obvi-
ously, disturbing edges e and f of Sui

have different temporary global
colors in the beginning of iteration since ccG(e) 6= ccG(f). Then by
Lemma 6.6, (e, f) ∈ D. Thus we can write C = D.
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Modify Step 4 of Algorithm 5.12 such that whenever we merge tem-
porary local colors of two primal edges that have different temporary
global colors d1 and d2, we merge d1 and d2 immediately (and not
in Step 5). Note that temporary global colors of edges can be accessed
in constant time by using the extended edge list and the global color
graph. Moreover, merged temporary global colors would be merged
in Step 5 or in Step 6 of Algorithm 5.12 in any case. Thus, modified
Algorithm 5.13 does not affect the resulting global coloring and still
runs in O(|E(G)|∆) time. Obviously, the number of pairs inserted toD

is bounded by the initial number of temporary global colors, which
is ∆.

By the previous lemma we are able to compute the set of candidates
C in the case when we always know the temporary global colors of all
primal edges of PSP before it is recognized. Unfortunately, there can
occur cases when the temporary global colors of primal edges are not
known before recognition of PSP is performed. For these purposes we
are using a Precoloring algorithm that is introduced in the next section.

6.3 precoloring

For all lemmas in this section we will assume the following. Let
S = Su1

,Su2
, . . . ,Sui

, . . . ,Sun−1
be a sequence of PSPs that is used to

compute δ(Gx)∗. Suppose that we performed first i− 1 iterations of
modified Algorithm 5.13 where we recognized non-disturbing PSPs
Su1

,Su2
, . . . ,Sui−1

, and further that we are going to treat first disturb-
ing PSP Sui

in the following iteration. By a level we mean here a
distance level with respect to root u1. We call down-edges of ui all
edges uiv1,uiv2, . . . ,uivk, where the vertices v1, v2, . . . , vk (call them
down-neighbors of ui) lie in a lower level than ui.
In section 4.3 we introduced the concept of layers with respect to

any equivalence relation satisfying square property on the edge set of
a given graph. Based on that we define layers with respect to class ϕr

of δ(G)∗ as the connected components of the induced subgraph 〈ϕr〉.
A layer Hv

r is then the connected component of 〈ϕr〉 that contains
vertex v ∈ V(G). Finally, a unit layer is a layer (with respect to δ(G)∗)
that contains the root.

Lemma 6.8. Suppose a vertex v ∈ V(G) does not lie in a unit layer. Then v

is incident with at least two down-edges that are included in different classes

of δ(G)∗.

Proof. Let ϕ1,ϕ2, . . . ,ϕk be the equivalence classes of δ(G)∗ defined
on E(G). Based on our general assumption, G is a non-trivial Carte-
sian product and thus k > 1. Further assume that a vertex v ∈ V(G)

does not lie in any unit layer. It means that every path between v and
the root contains edges included in at least two different classes. Let
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P = vulul−1 . . . u1 be a shortest path between v and the root u1. Ob-
viously, P contains only edges whose endpoints lie in different levels.
Let vul ∈ ϕi and umum−1 ∈ P be a closest edge to v that is included
in ϕj, where i 6= j. Since edges umum−1 and um+1um lie in differ-
ent classes of δ∗, there must exist a square umum−1u

′

mum+1 where
u ′

mum+1 ∈ ϕj, umum+1 ∈ ϕi. Note that u ′

m and um lie in the same
level. Thus um+1 is incident with at least two down-edges that are
included in different classes. By application of the square property,
vertices v,ul,ul−1, . . . ,um+1 must also be incident with at least two
down-edges that are contained in different classes.

If there was a still unrecognized disturbing PSP in the performed
iterations of Algorithm 5.13, then by Corollary 6.3, we claim that two
already colored edges have identical temporary global colors if and
only if they have identical Cartesian colors in G. We say that no illegal

merge was performed.

Lemma 6.9. Let e = uiv, g = uiw be primal edges of Sui
, where e

is a down-edge of ui. Let ccG(e) 6= ccG(g) and (e,g) be a pair of non-

disturbing edges. Then g has to be already colored by some temporary global

color.

Proof. Since vertex v lies in lower level than ui, PSP Sv was al-
ready recognized. If ccG(e) 6= ccG(g) then, there must exist a Carte-
sian square vuiww ′ where ccG(vui) 6= ccG(vw ′). By Corollary 6.4,
lcv(vui) 6= lcv(vw

′) and the square vuiww ′ must be contained in
PSP Sv. Then the edge g must have been assigned some temporary
global color after Sv was treated.

Corollary 6.10. Let e = uiv, g = uiw be primal edges of Sui
, where e

is a down-edge of ui and ccG(e) 6= ccG(g). If g was not colored by any

temporary global color so far, then (e,g) is a pair of disturbing edges.

Corollary 6.11. Let e = uiv, g = uiw be primal edges of Sui
, where e is

a down-edge of ui and (e,g) is not a pair of disturbing edges. If g was not

colored by any temporary global color so far, then ccG(e) = ccG(g).

Lemma 6.12. Let the center ui of Sui
have at least two down-edges e and

f, and suppose that at least two primal edges h and g of Sui
were not yet

colored by any temporary global colors. Then ccG(e) = ccG(f) = ccG(h) =

ccG(g), and consequently (h,g) is not a pair of disturbing edges.

Proof. Let e = uiv1, f = uiv2,h = uiw1,g = uiw2. Let us assume
that the edge h has a different Cartesian color than the down-edge
e in G. By Corollary 6.10, (h, e) is a pair of disturbing edges. Then
g cannot be disturbing with either e or f. By Corollary 6.11, then
ccG(g) = ccG(e) = ccG(f). Our assumption says ccG(h) 6= ccG(e),
which implies ccG(h) 6= ccG(f). By assumption, (h, e) is a pair of
disturbing edges. But then h cannot be disturbing with f, because
this would contradict Lemma 6.9.
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Lemma 6.12 can be extended for an arbitrary number of uncolored
primal edges (i.e. edges that are missing assigned temporary global
colors).

Lemma 6.13. Let the center ui of Sui
have at least two primal down-edges

e and f, and suppose that there exists exactly one primal edge g of Sui
that

was not yet colored by some temporary global color. Then the following holds:

1. If g does not form a pair of disturbing edges with any primal edge of

Sui
, then ccG(e) = ccG(f) = ccG(g).

2. If edges e and f are colored by identical temporary global colors (which

implies ccG(e) = ccG(f)), then g is disturbing with neither e nor f

and ccG(e) = ccG(f) = ccG(g).

Proof. 1. If g is neither disturbing with some primal edge of Sui
,

nor colored by any temporary global color, then, by Corollary
6.11, ccG(g) = ccG(e) = ccG(f).

2. Assume e and f were colored by identical temporary global
colors. From Corollary 6.3 it follows that ccG(e) = ccG(f).
Assume (g, e) is a pair of disturbing edges. Thus ccG(g) 6=
ccG(e) = ccG(f). But then g cannot be disturbing with f. Then,
by Lemma 6.9, g had to be already colored by some tempo-
rary global color which is a contradiction. Thus g is disturb-
ing with neither e nor f, and consequently, by Corollary 6.11,
ccG(e) = ccG(f) = ccG(g).

Corollary 6.14. If Sui
has at least two primal down-edges e, f, and exactly

one uncolored primal edge g, then (e, f) is not a pair of disturbing edges.

Proof. Suppose (e, f) is a pair of disturbing edges. Consequently,
ccG(e) 6= ccG(f). Then g is not disturbing with some another primal
edge of Sui

. By the first claim of Lemma 6.13 then ccG(e) = ccG(f)

which contradicts our assumption.

Lemma 6.15. Suppose the center ui of PSP Sui
lies in level L > 1. Let ui

have just one down-edge e, and Sui
have at least one uncolored primal edge

g. If no disturbing PSP was treated in previous iterations, then ccG(g) =

ccG(e).

Proof. By general assumption disturbing PSP was still not treated.
Further assume that primal edges g = uiy and e = uiv have dif-
ferent Cartesian colors and span the Cartesian square uiyxv in G. By
Corollary 6.10, (g, e) is a pair of disturbing edges.
At first assume that e does not lie in a unit layer in G. By Lemma

6.8, ui must have one additional down-edge f = uiw (except e) in
G, which is missing in Gx (see Figure 8 a)). This happens only if
w = x and the center ui is adjacent to the removed vertex x. But
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(a) Edge e lies in unit layer. (b) Edge e does not lie in unit layer.

Figure 8: PSP with one uncolored primal edge and one primal down-edge.

then the square uiyxv is not chordless and ccG(g) = ccG(e), which
contradicts our assumption.
Hence edge e lies in a unit layer in G. Then vertex v must have a

down-edge vv ′, where ccG(uiv) = ccG(vv ′) (see Figure 8 b)). Note
that ccG(vx) 6= ccG(uiv) = ccG(v ′v). But then there must exist a
disturbed Cartesian square vv ′x ′x in G. Thus (vv ′, x ′v ′) is a pair of
disturbing edges and consequently Sv ′ is a disturbing PSP. Since ver-
tex v ′ lies in a lower level than ui by our general assumption, we
infer that there was a still unrecognized disturbing PSP, a contradic-
tion.

As we already noted, it might happen that primal edges of PSP
Suk

∈ S are not assigned any temporary global color before Suk

is recognized in one of iteration of modified Algorithm 5.13. Thus
when Suk

is treated it might happen that we will not be able to rec-
ognize which pair of primal edges “causes” a merge of two different
temporary global colors. To avoid that we perform the Precoloring
algorithm in the initial phase of Algorithm 5.12. This step assigns
missing temporary global colors based on the following simple rules.
Let e be a primal edge of treated PSP Suk

that was already colored
in previous iterations of Algorithm 5.13 and let g be a primal edge of
Suk

that was not assigned any temporary global color so far. Then:

1. Assign the temporary global color of e to g.

2. If we cannot guarantee that ccG(e) = ccG(g), then put the pair
of edges (e,g) into the set of candidates.
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Based on these rules and previous lemmas we design the Precoloring
algorithm.

Algorithm 6.16. (Precoloring algorithm)

Input: A center z of a treated PSP.

Output: PSP Sz with colored primal edges, the updated set of candi-

dates C.

1. IF z has at least two down-edges then DO:

a) IF at least two primal edges of Sz are uncolored then DO:

i. Take an arbitrary down-edge of z and assign its temporary

global color to any uncolored primal edge of Sz.

ii. Merge temporary global colors of all down-edges of z.

b) ELSE Sz has just one uncolored primal edge g. THEN:

i. Take two arbitrary down-edges e and f of z.

ii. Assign the temporary global color of e to g.

iii. IF e and f differ in temporary global colors THEN add the

pair of edges (e,g) to C.

2. ELSE z has just one incident down-edge e. THEN:

a) IF z lies in level L = 1 then add pairs of edges (e,gi) to C,

for i = 1, 2, . . . ,k, where g1,g2, . . . ,gk are all uncolored primal

edges of Sz.

b) Assign the temporary global color of e to any uncolored primal

edge of Sz.

Lemma 6.17. Algorithm 6.16 runs in O(d(z)) time for a given center z.

Proof. Let z be the center of a treated PSP Sz. To get the number of
uncolored primal edges of Sz we need to iterate over all neighbors of
z. Recall that the global color of every primal edge can be accessed in
constant time by the extended adjacency list and the extended edge
list. Thus the number of uncolored primal edges can be obtained in
O(d(z)) time. Obviously, the number of down-edges of z can be com-
puted in the same time under the assumption that we set to any ver-
tex of Gx its level in the initial phase of Algorithm 5.13. (It is easy to
show that levels can be assigned to all vertices in O(|E(G)|) time and
O(|V(G)|) space.)
In Step 1a we need to go over all neighbors of z to find at least

one down-edge e of z. A global temporary color of e is then obtained
from the extended edge list in constant time. Then we again iterate
over all neighbors and assign the temporary global color of e to any
uncolored edge. In the end we merge temporary global colors of all
down-edges. In this step we perform O(d(z)) operations.
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Analogously, in Step 1b we iterate over all neighbors of z to get two
its down-edges. The rest of operations can be done in constant time.
In Step 2 we set temporary global colors to uncolored primal edges

and put them together with only down-edge to the set of candidates.
All this can be done in O(d(z)) time.
Notice that merging of temporary global colors is included in the

maintenance of a global color graph. In other words, the time that
is consumed by merging is already considered in the total time com-
plexity of Algorithm 5.13, and thus we exclude it.

Lemma 6.18. Consider an iteration of Algorithm 5.13 that treats a PSP Sz,

where the center z lies in level L > 0. Suppose that there was a still unrecog-

nized disturbing PSP in previous iterations. Let e and f be two primal edges

of Sz that are assigned same temporary global color after precoloring phase.

Then the following holds:

1. If (e, f) is not a pair of disturbing edges and C still does not contain

any pair of disturbing edges, then ccG(e) = ccG(f).

2. If (e, f) is a pair of disturbing edges, then (e, f) was added into the set

of candidates C.

Proof. Suppose Lemma 6.18 holds for all edges that were already col-
ored by temporary global colors before we perform the precoloring
and recognition subroutine for treated PSP Sz.
Step 1 is performed in the case Sz has at least two primal down-

edges. If, moreover, Sz has at least two uncolored primal edges we
perform Step 1a where we merge temporary global colors of all down-
edges of z and further we assign merged temporary global colors also
to all uncolored primal edges of Sz. By Lemma 6.12, all uncolored
primal edges and all down-edges have identical Cartesian color in G

and thus Step 1a does not contradict Lemma 6.18.
If there is just one uncolored primal edge g, then we perform Step

1b. Here we take two arbitrary primal down-edges e and f of z and if
they have identical temporary global colors, then we color g by it. By
Lemma 6.13, in this case ccG(e) = ccG(f) = ccG(g), and thus we did
not contradict Lemma 6.18. If down-edges differ in their temporary
global colors then we cannot guarantee that g is not disturbing with
e or with f. Even then we assign the temporary global color of e
to g, but simultaneously we need to add (g, e) to C to preserve the
correctness of the second claim of Lemma 6.18. Thus, if g is disturbing
with e, then they are listed in C. If (g, e) is not a pair of disturbing
edges, then, by Corollary 6.11, ccG(g) = ccG(e) and thus the first
claim of Lemma 6.18 is still satisfied. Of course, z can be incident with
another primal edge h that has assigned same temporary global color
as e, and consequently h and g have identical temporary global colors
as well. Based on assumption, that no disturbing PSP was treated in
previous iterations, we claim that ccG(h) = ccG(e) (which follows
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from Corollary 6.3). If (g, e) is not disturbing then ccG(g) = ccG(e) =

ccG(h). On the other hand, if (g, e) is disturbing then C contains at
least one pair of disturbing edges. Hence correctness of the first claim
of Lemma 6.18 is still preserved.
If the center z has just one incident down-edge e then we perform

Step 2. Here we color all uncolored primal edges g1,g2, . . . ,gk by the
temporary global color of e. If z lies in level L > 1 and disturbing
PSP was not still recognized then by Lemma 6.15, then ccG(g1) =

ccG(g2) = · · · = ccG(gk) = ccG(e), which means that Lemma 6.18

is not contradicted. If center lies in level L = 1 then any edge gi, for
i = 1, 2, . . . ,k, is either disturbing with e or it is not disturbing with
e, but then by Corollary 6.11 gi and e have identical Cartesian colors
in G. To preserve correctness of Lemma 6.18 we need again to put all
pairs (gi, e) to C.

In other words, if the first illegal merge is done by the precoloring
algorithm then the set of candidates C will contain pair of disturbing
edges.

Lemma 6.19. Let modified Algorithm 5.13 be used to compute δ(Gx)∗ for

a given vertex deleted subgraph Gx. Then the total number of pairs added to

the set of candidates C in all precoloring phases is O(∆2).

Proof. Consider the iteration of modified Algorithm 5.13 that recog-
nizes a PSP Sz. Notice that we add pairs of edges to C just in Steps
1(b)iii and 2a of Algorithm 6.16.

1. In Step 1(b)iii we put a pair of edges (g, e) to C if the center z is
incident with two down-edges e and f = zv that have different
temporary global colors and g = zu is the only uncolored pri-
mal edge of Sz. Then we color g by the temporary global color
of e. Consequently, f and g will differ in the temporary global
color after the precoloring phase.

Assume that the temporary global colors of f and g are not
merged in the remaining part of routine that recognizes Sz.
Then there would have to exist some unique chordless square
zvwu between f and g. Note that f ′ = vw and f = vz are primal
edges of PSP Sv which has been already recognized because
v lies in lower level than z. Obviously, the temporary global
colors of f ′ and f were not merged during recognition of Sv,
otherwise the temporary global colors of f and g would be uni-
fied in the iteration that recognizes Sz. Thus there must exist a
unique chordless square between vw and vz. Obviously, it must
be square zvwu which is included in Sv and thus its all edges
must be colored. Thus g is colored before the iteration recogniz-
ing Sv is performed. But this contradicts our assumption. Conse-
quently, we claim that if the condition in Step 1(b)iii is satisfied



66 weak reconstruction

then there must always occur a merge of temporary global col-
ors (of f and g) in the following PSP recognition. Recall that
modified Algorithm 5.13 terminates when all temporary global
colors are merged. Thus Step 1(b)iii can be performed at most
∆ times which is bounded by the initial number of temporary
global colors. Consequently, the total number of pairs added to
C in Step 1(b)iii is O(∆).

2. If the center z is incident with just one down-edge e, and fur-
thermore lies in level 1 with respect to the root, then we add
all pairs (gi, e) to C, for i = 1, 2, . . . ,k, where g1,g2, . . . ,gk are
all uncolored primal edges of PSP Sz. The number of vertices
included in level 1 is bounded by degree of the root which is
at most ∆. Any vertex v of level 1 has exactly one down-edge
and can have at most ∆ incident uncolored edges before PSP Sv
is recognized. Thus the total number of pairs added to C in all
runs of Step 2a is O(∆2).

Consequently, the total number of pairs added to the set of can-
didates C in all precoloring phases is O(∆2).

The precoloring algorithm assigns temporary global colors to un-
colored primal edges of the PSP that is currently treated. We will
show that the precoloring does not affect the resulting temporary
global colors in the end of the iteration. In other words, Algorithm
5.12, performed with or without precoloring phase, gives always the
same result.

Lemma 6.20. Let e and f be primal edges of a PSP Sz ⊆ G. Let e and f

have temporary global colors d1 and d2, respectively, in the end of iteration

of Algorithm 5.13 that is performed with precoloring phase. Further, let d ′

1

and d ′

2 be temporary global colors that are assigned to e and f in the end

of iteration of Algorithm 5.13 that is performed without precoloring phase.

Then d1 = d2 only if d ′

1 = d ′

2.

Proof. Consider an iteration of Algorithm 5.13 that recognizes PSP Sz.
Let f = zu be a primal edge of Sz that does not have any temporary
global color in the beginning of iteration. Then we choose an arbitrary
down-edge e = zv of z, whose temporary global color is assigned to
f in the precoloring phase. Suppose that e and f would have different
temporary global colors in the end of the iteration if the precolor-
ing phase would be skipped. Then e and f must span some unique
chordless square with unique top vertex zvwu. Note that vw and vz

are primal edges of the PSP Sv that was already recognized since v

lies in lower level than z. Obviously, the square zvwu is not contained
in Sv, because then f would be already colored by temporary global
color. From Definition 5.1 it follows that vw and vz have the same
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local color in Sv and consequently they were colored by the same
temporary global color when Sv was recognized. Since the square
zvwu lies in Sz the edges zu and vw have the same local color in Sz,
and consequently zu and vw will have the same temporary global
color in the end of the iteration. But then f = zu and e = zv have the
same temporary global colors.

6.4 conclusion

Our goal is to obtain the set of candidates C where at least one can-
didate is a pair of disturbing edges. For these purposes we extend
Algorithm 5.13. In the initial phase of every iteration we perform a
precoloring that assigns temporary global color to uncolored primal
edges of the treated PSP. Further we extend Step 4 of Algorithm 5.12.
Here we add to C all pairs of primal edges (e, f) that have different
temporary global colors but the pair (e, f) does not appear in the inci-
dence list or contrary it is contained in the absence list. Moreover we
merge temporary global colors of e and f in this case.
As we have already shown in Lemma 6.20, the precoloring does not

affect the resulting temporary global colors in the end of iteration. Ob-
viously, the same holds also for modification of Step 4 of Algorithm
5.12, since temporary local colors of edges e, f are merged in Step 5

if a pair (e, f) does not appear in the incidence list or appear in the
absence list. Then e and f have the same local colors and thus they
must also have same temporary global colors in the end of iteration.
Let G be a Cartesian product and Gx be a vertex deleted subgraph.

Let S = Su1
,Su2

, . . . ,Sun−1
be a PSP sequence that is used to com-

pute δ(Gx)∗. Further, let Sui
∈ S be a first disturbing PSP in S and

e, f be its disturbing primal edges. Suppose ui 6= u1 (i.e. ui is not a
root). Consider the iteration that recognizes Sui

. If e and f have al-
ready been assigned temporary global colors, then these colors are
different by Corollary 6.3. If at least one of the edges e, f is uncolored
then precoloring assigns them different temporary global colors or
puts them to the set of candidates C, which follows from Lemma 6.18.
In other words, e, f have different temporary global colors after pre-
coloring, or they are already included in C. Obviously, the pair (e, f)
will not appear in the incidence list, since (e, f) do not span a square
(because of the missing vertex x). If e, f still have different temporary
global colors after precoloring, then they will be inserted into the list
in modified Step 4, which follows from the proof of Lemma 6.7. So
far we did not consider the case when ui = u1. To cover also this
case we put all combinations of primal edges of initial PSP Su1

into
the set of candidates. Consequently, we claim that at least one pair of
disturbing edges (e, f) is contained in C after the execution of the i-th
iteration of modified Algorithm 5.13 that recognizes Sui

.
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By Lemma 6.19, we put O(∆2) pairs of edges to C in all precoloring
phases. From Lemma 6.7 it follows that the number of pairs added to
C in Step 4 is bounded by ∆. Note that the number of all combinations
of primal edges of initial PSP Su1

is at most ∆2. Therefore modified
Algorithm 5.13 populates C with O(∆2) candidates.
Finally, by Lemma 6.17 we claim that the precoloring performed

in the initial phase of Algorithm 5.12 does not increase its time com-
plexity. Obviously, the modification of Step 4 of Algorithm 5.13 also
does not increase the total time complexity. Consequently, the time
complexity of modified Algorithm 5.13 is still O(|E(G)|∆).
Let us summarize our results in following theorems.

Theorem 6.21. The set of candidates C containing O(∆2) pairs, where at

least one candidate is pair of disturbing edges, can be found in O(|E(G)|∆)

time.

Theorem 6.22. Let G be a Cartesian product of graphs and Gx be a vertex

deleted subgraph. Then G can be reconstructed from Gx (up to isomorphism)

in O(|E(G)|∆2 + ∆4) time, where ∆ denotes the maximal vertex degree in

G.

Proof. Let a graph G with maximal vertex degree ∆ be given, and let
Gx be a vertex deleted subgraph that is obtained from G by removal
of a vertex x. Our approach is based on the method introduced by Ha-
gauer and Žerovnik. Recall that their algorithm contains three steps.
First, one must check whether given graph Gx is C8. This part of the
reconstruction is done in constant time.
The second step of their method covers the case when K2 is a factor

of G. Here Construction 1 must be performed for at least one vertex
x ′ that is adjacent to x in G. Without restriction of the set of possible
candidates on x ′ we need to perform Construction 1 for every vertex
to be sure that at least one such x ′ is treated. By Theorem 6.21, we are
able to find a set that contains O(∆2) pairs of edges, where at least
one such pair is a pair of disturbing edges. Let uv and vw be such
a pair. Clearly, both u and v are adjacent to x in G. Thus we have
to perform Construction 1 at most O(∆2) times. Since Construction
1 runs in O(|E(G)|) time (which follows from [10]) we are able to
perform step 2 in O(|E(G)|min(∆2, |V(G)|) = O(|E(G)|∆2).
Notice that this slightly improves the time complexity of the second

step of Hagauer and Žerovnik.
If the previous steps did not reconstruct G from Gx, then we per-

form the third step (with Construction 2). Note that G is correctly re-
constructed if Construction 2 is executed for pair of disturbing edges.
Again, without any restriction, we need to treat all pairs of incident
edges to be sure that at least one such pair of disturbing edges was
treated. By Theorem 6.21, we need to check only O(∆2) pairs of edges
that are given by the modified Algorithm 5.13. Note that Construction
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2 runs in O(|E(G)|+∆2) time (see [10]). Hence the third step can be
done in O(∆2(|E(G)|+∆2)) = O(|E(G)|∆2 +∆4) time.
To create the set of candidates we need to call modified Algorithm

5.13 in the beginning of our procedure. As shown, the modified Algo-
rithm 5.13 runs in O(|E(G)|∆) time. Therefore, the total time complex-
ity is O(|E(G)|∆+ |E(G)|∆2 + |E(G)|∆2 +∆4) = O(|E(G)|∆2 +∆4).

Notice, for graphs with bounded ∆ the algorithm is linear in|E(G)|.
Such algorithms are called quasilinear.





Part VII

APPROX IMATE PRODUCTS

In this section, we present heuristic methods that allow
the embedding of graphs (or parts of them) into Cartesian
products. These methods are based on the PSP recognition
and the relation δ∗, which we have introduced in Chap-
ter 5. At first, we focus on the difference between δ∗ and
product relation σ, and consequently define a new class
of graphs called quasi Cartesian products. Then we intro-
duce a labeling that is associated with any equivalence
relation ρ satisfying square property. We show that such ρ

is product relation if the associated labeling is consistent.
Notice that the idea of consistent labeling can be extended
for global colorings. By that we are able to embed a given
graph into a Cartesian product. Finally, we focus on ap-
proximate product recognition and design several heuris-
tic methods that solve approximation problems.





7
RECOGNIT ION OF APPROX IMATE PRODUCT
GRAPHS

7.1 quasi cartesian products

As we have already mentioned, δ∗ is contained in the product relation
σ and in particular that the convex closure of δ∗ yields σ. Naturally,
the question arises in which cases δ∗ = σ. The following section deals
with the special class of graphs that helps us to answer this question.
Recall that the product relation σ satisfies the square property given

by Definition 4.5. Remind, a given graph G is a non-trivial Cartesian
product if σ(G) has at least two classes. In terms of the square prop-
erty we are able generalize the definition of the Cartesian product.
This leads to the introduction of a new class of graphs known as
quasi Cartesian products.

Definition 7.1. Let G be a given graph with non-trivial equivalence relation

ρ that is defined on E(G) and satisfies the square property. Then G is called

a quasi (Cartesian) product.

Since δ∗ is the finest relation that satisfies the square property, and
is thus contained in any such relation ρ, it follows that δ∗ must have
at least two equivalence classes for any non-trivial quasi product. By
Theorem 5.11 we have d|S(V(G))∗ = δ(G)∗ for every graph G. In other
words, quasi products can be defined as graphs where the PSP’s of
all vertices are non-trivial, that is, none of the PSP’s is a star K1,n, and
in addition, where the union over all d|Sv

yields a non-trivial δ∗.

Lemma 7.2. For a given connected graph G = (V ,E) with bounded maxi-

mum degree Algorithm 5.13 (with slight modifications) determines whether

G is a quasi Cartesian product in O(|E|) time and O(|E|) space.

Proof. This follows directly from Theorem 5.25 and Corollary 5.23.

Figure 9 shows a graph G with non-trivial δ∗ defined on E(G). One
can observe thatG locally looks like the Cartesian product of path and
cycle, however it is prime globally. In other words, the example shows
that δ∗ is not equal to σ in general. Note that the graph depicted here
is known as a Möbius band and is considered as a typical example of
the quasi Cartesian product.
Let us remark, that the quasi Cartesian product was first introduced

in [19]. Moreover, the paper is concerned also with the relationship
between quasi products and graph bundles.

73
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Figure 9: Möbius band is quasi Cartesian product.

7.2 a labeling associated with square property

In [1] Aurenhammer, Hagauer and Imrich published an algorithm
that computes a labeling of vertices that reflect the prime factorization
of a given graph G. More precisely, two adjacent vertices u, v ∈ V(G)

are assigned labels that differ only in k-th coordinate if and only if
uv ∈ ϕk ⊑ σ(G). In other words, the computed labeling determines
the product relation.
In this section we are concerned with the opposite problem. Let ρ

be a relation that satisfies the square property on the edge set of a
graph G. We introduce a labeling algorithm that takes ρ and an arbi-
trary vertex as input and computes an associated labeling. Note that
the labeling computed in that way does not need necessarily satisfy
the consistency condition that any two adjacent vertices u, v ∈ V(G)

differ only in k-th coordinate if and only if uv ∈ ϕk ⊑ ρ(G). However
we will show that if this condition is satisfied and if ρ(G) ⊆ σ(G),
then ρ(G) is a product relation. Thus, we open a new way how to
compute prime factorization w.r.t. Cartesian product by a local ap-
proach. Moreover, as we showed in Section 5.4, this local approach
can be parallelized, which allows to perform parallel computation
of the prime factorization at least partially. Finally, note that the pre-
sented labeling algorithm will be generalized in section 7.5 for global
coloring, which helps us to embed a given graph or its subgraph into
a Cartesian product.
Before we introduce the labeling algorithm, let us present the basic

notions and general assumptions for the section. Let G be a given
graph. By ρ we will denote an equivalence relation that satisfies the
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square property on the edge set ofG. Thus, we often write ρ instead of
ρ(G). As in previous chapters we choose an arbitrary starting vertex
r ∈ V(G), call it a root and sort the rest of vertices of G in BFS-order
with respect to it. By Hi we will denote an arbitrary layer (connected
component) of graph induced by class ϕi ⊑ ρ. Analogously as in
Section 6.3, we define as unit layer with respect to ρ (or just unit layer
for short) such a layer that contains the root r. Denote all unit layers
containing r by Hr

1,H
r
2, . . . ,H

r
k. One says a vertex is a unit vertex if it

is included in some unit layer. Analogously, we define a unit edge as
an edge that lies in a unit layer. As introduced in Chapter 4, the label
c(v) of a vertex v is a k-tupel (v1, v2, . . . , vk) where v1, v2, . . . , vk are
called coordinates of v. We define the function level : V(G) → R and
set level(v) = i if a vertex v ∈ V(G) lies in the level Li with respect to
the given root.

Lemma 7.3. Let v ∈ V(G) be a non-unit vertex. Then v is incident with at

least two down-edges that are included in different classes of ρ.

Proof. Proof directly follows from the proof of Lemma 6.8.

Based on Lemma 7.3, we define the labeling algorithm with respect
to ρ.

Algorithm 7.4. (Labeling algorithm)

Input: A graph G, ρ defined on E(G) and root r ∈ V(G).

Output: A labeling with respect to ρ.

1. Set the label of root c(r) = (0, 0, ..., 0).

2. Assign to any unit vertex v ∈ V(Hr
i) (except root) the unique integer

ni
v > 0 in the unit layer V(Hr

i) such that level(v) < level(u) im-

plies ni
v < ni

u for any pair of vertices u and v included in the same

unit layer.

(Note that a vertex v can have assigned more integers in the case it is

included in more unit layers.)

3. Set i-the coordinate of any unit vertex v ∈ V(Hr
i) (except root) such

that ci(v) = ni
v.

4. Set all unset coordinates of unit vertices to zero, i. e. ci(v) = 0 implies

v 6∈ V(Hr
i).

5. FOR any unlabeled vertex v of level k = 2, 3, . . . , respectively, DO

a) Find two down-neighbors u,w of v such that vu and vw are

included in different classes of ρ.

b) Set ci(v) = max{ci(u), ci(w)} for any coordinate vi of v.
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Notice that every unit vertex v ∈ Hr
i has assigned an integer n

i
v > 0

in Step 2. We call this integer a name of v in unit layer Hr
i . As was

remarked any unit vertex can have assigned more such names in the
case it is included in more unit layers. Since every unit vertex has
always assigned a unique name in unit layer there are no two unit
vertices that would receive same label.

Figure 10: Example - Labeled graph according to ρ.

On Figure 10 we can observe a graph G that was labeled according
to ρ. Recall that ρ is a relation defined on E(G) that satisfy square
property which follows from general assumption. The given graph
has two ρ classes that are highlighted by colors (magenta and orange).
Note that in this case ρ = σ(G). The chosen root is labeled by (0, 0)
and other unit vertices have one non-zero and one zero coordinate.

Definition 7.5. A labeling computed by Algorithm 7.4 is called consistent
if endpoints of any edge uv ∈ ϕi ⊑ ρ differ only in the i-th coordinate.

We say a relation ρ is consistent if Algorithm 7.4 computes a consistent

labeling for it.

In the remainder of the section we will consider only consis-
tent ρ. Let uvwx be a square, where uv and ux belong to differ-
ent ρ-classes ϕi and ϕj, respectively. Let the labels of u and w

be known. Then the labels of v and x are uniquely determined by
the consistency of ρ. More precisely, if c(u) = (u1,u2, . . . ,uk) and
c(w) = (w1,w2, . . . ,wk), then c(v) = (u1,u2, . . . ,wi, . . . ,uj, . . . ,uk)

and c(x) = (u1,u2, . . . ,ui, . . . ,wj, . . . ,uk), where ci(u) 6= ci(w),
cj(u) 6= cj(w) and cl(u) = cl(w) for all l 6= i, j. We call this prop-
erty the rule of opposite vertices.

Lemma 7.6. Any layer of consistent ρ is induced.

Proof. Let u, v be an arbitrary pair of vertices included in layer Hi

w.r.t. the consistent relation ρ and let there exists an edge uv that lies
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Figure 11: Proof - Lemma 7.9.

in a different layer Hj, i. e. uv ∈ E(Hj), where i 6= j. Since u, v are
contained in the same layer Hi, there must be a path P ⊆ Hi that
connects u and v. By consistency of labeling, endpoints of all edges
of P must have the same j-th coordinates. Consequently, u and v have
the same j-th coordinate and thus uv /∈ E(Hj).

From proof of Lemma 7.6 follows the following corollary.

Corollary 7.7. Let u, v be an arbitrary pair of vertices included in layer Hi

of consistent ρ. Then their labels differ at most in the i-th coordinate.

Lemma 7.8. Let v ∈ V(G) be a unit vertex that lies in a unit layer Hr
i ⊆ G

with respect to consistent ρ. Let v be not a root. Then ci(v) 6= 0 and cj(v) =

0 for every j 6= i.

Proof. By Corollary 7.7, v ∈ Hr
i differs from a root r at most in the i-th

coordinate. By Step 3 of Algorithm 7.4 every unit vertex has assigned
at least one non-zero coordinate. Consequently, ci(v) 6= 0.

Lemma 7.9. Let ρ be consistent on E(G) and let u and v be unit vertices

included in unit layers Hr
i ,H

r
j ⊆ G, respectively, where i < j. Further let

c(u) = (0, 0, . . . ,ni
u, . . . , 0) and c(v) = (0, 0, . . . ,nj

v, . . . , 0). Then there

exists a vertex with label (0, 0, . . . ,ni
u, . . . ,n

j
v, . . . , 0).
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Proof. Let Pr = ru1u2 . . . ul ⊆ Hr
i and Rr = rv1v2 . . . vm ⊆ Hr

j be
paths that connect root r with unit vertices u and v, respectively (see
Figure 11). Thus u = ul and v = vm. Let c(ul) = (0, 0, . . . ,ni

ul
, . . . , 0)

and c(vm) = (0, 0, . . . ,nj
vm
, . . . , 0). Since ru1 and rv1 lie in different

classes of ρ, there must exist exactly one square ru1u
′

1v1. This fol-
lows from the square property. Note that v1u ′

1 is actually a copy of
edge ru1 through rv1 into the layer H

v1

i . Analogously, we get a copy
Pv1 = v1u

′

1u
′

2 . . . wl ⊆ Hv1

i of path Pr, where u ′

k is adjacent to uk for
k = 1, 2, . . . , l. Let Pv2 ,Pv3 , . . . ,Pvm be paths obtained by copying Pr

through edges of Rr as well as Pv1 . Obviously, non-unit endpoints of
these paths are included in the layerHul

j . Let x be a non-unit endpoint
of Pvm . Thus x lies in the layers Hvm

i and Hul

j . Then, by Corollary 7.7,

x must have label (0, 0, . . . ,ni
u, . . . ,n

j
v, . . . , 0) .

Lemma 7.9 and its proof can very easily be extended for an arbi-
trary number of unit vertices in the following way. Let w be an arbi-
trary unit vertex of Hr

h with label c(w) = (0, 0, . . . ,nh
w, . . . , 0), where

h 6= i, j. Let Sr ⊆ Hr
h be a path connecting root r with w. At first copy

Sr through edges of Rr and then through edges of Pvm (take paths
Rr and Pvm from the previous proof). We get a path Sx ⊆ Hx

h with
endpoints x and y. By Corollary 7.7, labels of x and y can differ only
in h-th coordinate. Note that we copied Sr through edges that are not
included in ρ-class ϕh. Thus endpoints of copies of Sr have same h-th
coordinates. Consequently, c(y) = (0, 0, . . . ,ni

u, . . . ,n
j
v, . . . ,nh

w, . . . , 0).
W.l.o.g. we may assume that i < j < h.
We have shown, that for any 3-tupel of vertices u ∈ Hr

i ,
v ∈ Hr

j and w ∈ Hr
h there exists a vertex in G with label

(0, 0, . . . ,ni
u, . . . ,n

j
v, . . . ,nh

w, . . . , 0). Analogously, we can add the rest
of unit layers one by one and thus formulate a generalization of
Lemma 7.9.

Lemma 7.10. Let ρ be consistent on E(G) and have k equivalence classes.

Furthermore, let v1, v2, . . . , vk ∈ V(G) be arbitrary unit vertices included

in unit layers Hr
1,H

r
2, . . . ,H

r
k ⊆ G, respectively. Then there exists a vertex

with label (n1
v1
,n2

v2
, . . . ,nk

vk
).

Lemma 7.11. Let ϕ1,ϕ2, . . . ,ϕk be classes of consistent ρ on E(G), and let

u ∈ V(G) be a non-unit vertex. Then, if the i-th coordinate of u is nonzero,

then u must have down-neighbor v such that uv ∈ ϕi, where 1 6 i 6 k.

Proof. Let P be a shortest path between u and the root. Further
let the i-th coordinate of u be nonzero. Since the i-th coordinate
of the root is equal to zero, P must contain a nonempty set of
edges F = {v1w1, v2w2, . . . , vjwj} for whose i-th coordinates ci(u) =
ci(v1) 6= ci(w1) = ci(v2) 6= ci(w2) = · · · = ci(vj) 6= ci(wj) = 0. By
consistency, F ⊆ ϕi ⊑ ρ. Thus P contains at least one edge that lies in
ϕi. Consequently, it is not difficult to show (by arguing as in the proof
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of Lemma 7.3) that u must be incident at least with one down-edge
included in ϕi.

Lemma 7.12. Let uv ∈ E(G) be a down-edge included in a class ϕj of

consistent ρ, where level(u) = i + 1 and level(v) = i. Then the j-th

coordinates of u and v satisfy the inequality cj(u) > cj(v).

Proof. From the labeling algorithm it follows that Lemma 7.12 holds
for all unit down-edges. Hence all down-edges having top vertex
in the first level satisfy the inequality. Suppose that all down-edges
whose top vertices lie in level i satisfy Lemma 7.12 too. Further as-
sume, on the contrary, that there exists a down-edge uv ∈ ϕj such
that level(u) = i+ 1, level(v) = i and cj(u) < cj(v). Recall that the
inequality holds for all unit edges and thus uv cannot be a unit edge.
In other words, uv 6∈ E(Hr

j ). Since v is not included in Hr
j , by Lemma

7.3, v must have a neighbor w in level i− 1 such that vw /∈ ϕj. Then
there must exists a square uvwx, where level(x) = i and xw ∈ ϕj. By
consistency, cj(x) = cj(u) and cj(w) = cj(v) and thus cj(x) < cj(w),
which leads to a contradiction.

Corollary 7.13. Let v ∈ V(G) be a non-unit vertex. Then v has at least two

non-zero coordinates.

Proof. By Lemma 7.3, v has two down-neighbours u and w such that
uv ∈ ϕi ⊑ ρ and uw ∈ ϕj ⊑ ρ where i 6= j. By Lemma 7.12, we have
ci(v) > ci(u) and cj(v) > cj(u). Obviously, computed coordinates by
labeling algorithm cannot be negative. Thus ci(v) > 0 and cj(v) >

0.

Corollary 7.14. Let v ∈ V(G) be a vertex that is not a root. Then v is a

unit vertex if and only if v has exactly one non-zero coordinate.

Proof. It follows from Lemma 7.8 and Corollary 7.13.

Let v be a vertex with non-zero i-th coordinate. By Lemma 7.11 and
Lemma 7.12, there must exist a sequence of vertices v = u1,u2, . . . ,ul,
where uj is up-neighbor of uj+1, for j = 1, 2, . . . , l− 1, and ci(v) =

ci(u1) > ci(u2) > · · · > ci(ul) = 0. We summarize this observation
by the following lemma.

Lemma 7.15. Let v be a vertex included in a layer Hi ⊆ G w.r.t. consistent

ρ. Then there exists a shortest path P ⊆ Hi that contains only down-edges

and connects v with vertex v0 ∈ V(Hi), where v0 has zero i-th coordinate,

and does not have any down-neighbor w such that v0w ∈ Hi.

Call the vertex v0 ∈ Hi from the previous lemma a lowest vertex of
layer Hi.

Lemma 7.16. Let uv be an edge included in class ϕi of consistent ρ.

Then there exists a unit edge u ′v ′, where c(u ′) = (0, 0, . . . ,ui, . . . , 0) and

c(v ′) = (0, 0, . . . , vi, . . . , 0).
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Proof. Let uv ∈ ϕi ⊑ ρ be an edge whose endpoints have coordinates
(u1,u2, . . . ,ui, . . . ,uk) and (u1,u2, . . . , vi, . . . ,uk), respectively. Fur-
ther let J = {j1, j2, . . . , jk−1} = {1, 2, . . . ,k}\i. By Lemma 7.15, there
must exist a path P = Pj1 ∪ Pj2 ∪ · · · ∪ Pjk−1

, where Pj1 ⊆ Hj1 is a
path connecting u with lowest vertex vj1 of layer Hj1 and further, the
path Pjl ⊆ Hjl is a path that connects lowest vertex vjl−1

of Hjl−1
with

lowest vertex vjl of Hjl , for l = 2, 3, . . . ,k− 1. Note that vjk−1
= u ′ has

coordinates (0, 0, . . . ,ui, . . . , 0). By Corollary 7.14, u ′ is a unit vertex.
Let P = uw1w2 . . . whu

′. By the square property, there must exist a
path R = vw ′

1w
′

2 . . . w
′

hv
′, where u ′ is adjacent to v ′, wl is adjacent

to w ′

l and wlw
′

l ∈ ϕi for l = 1, 2, . . . ,h. By application of the rule of
opposite vertices we infer c(v ′) = (0, 0, . . . , vi, . . . , 0).

Call the path P from the previous proof a projection path to unit
layer Hr

i . Note that E(P) ∩ϕi = ∅. Let P = w1,w2, . . . ,wk and R =

w ′

1,w
′

2, . . . ,w
′

k be projection paths to Hr
i . Then we say P and R are

adjacent if wlw
′

l ∈ ϕi ⊑ ρ, for l = 1, 2, . . . ,k. From Lemma 7.16 it
follows that for any non-unit vertex v there exists a projection path
that projects v into any unit layer. Let v be projected by a projection
path P to v ′ ∈ V(Hr

i) (we say v ′ is a projection of v to Hr
i ). From

the square property it follows that for any incident unit edge v ′u ′ ∈
V(Hr

i) there must exist a projection path R that is adjacent to P and
connects u ′ with u, where u is a neighbor of v. By the square property
and consistency, vu ∈ ϕi and ci(u) = ci(u

′). We formulate this as a
corollary:

Corollary 7.17. Let v be a vertex included in layer Hi. Let v be projected by

a projection path P into unit vertex v ′ ∈ V(Hr
i). Further, let u ′

1,u
′

2, . . . ,u
′

k

be all neighbors of v ′ in Hr
i . Then v must have neighbors u1,u2, . . . ,uk ∈

V(Hi) such that ci(ul) = ci(u
′

l), for l = 1, 2, . . . ,k.

By Lemma 7.16 and its Corollary 7.17, we claim that two vertices
u, v ∈ V(Hi) are adjacent if and only if their projections in unit layer
u ′, v ′ ∈ V(Hr

i) are adjacent.
Let v ∈ V(Hi) have two neighbors u and w, where uv,wv ∈ E(Hi)

and c(u) = c(w). Further let v ′ ∈ V(Hr
i) be a projection of v and

P be a projection path connecting v ′ and v. Then there must exist
projection paths Ru and Rw adjacent to P that connect u and w with
unit vertices u ′ and w ′, respectively. Note that unit vertices u ′ and
w ′ have same coordinates, which implies that u ′ = w ′. Thus Ru and
Rw have at least one common vertex x ′ (see Figure 12). Since Ru and
Rw are adjacent projection paths to P there must exist an edge x ′x

where x ∈ V(P). Let x ′ have two up-neighbours y ′ ∈ V(Rw) and y ′′ ∈
V(Ru). Again, both vertices y ′ and y ′′ must have neighbour y ∈ V(P)

such that xy ∈ E(P). By the definition of adjacent projection paths
x ′x,yy ′,yy ′′ ∈ ϕi ⊑ ρ, while xy, x ′y ′, x ′y ′′ ∈ ϕj ⊑ ρ, where i 6= j.
Recall that any two adjacent edges included in different classes of ρ
must span exactly one chordless square. But then y = y ′′ ,otherwise
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Figure 12: Proof - Corollary 7.18.

xx ′ and xywould span two squares. By induction we receive Ru = Rw

and consequently u = w. The above observation is summarized in the
next corollary of Lemma 7.16.

Corollary 7.18. If vertex v has two neighbors u and w that have same

coordinates, then u = w.

Notice, in the end we will show that there do not exist distinct
vertices with the same coordinates in a consistent labeling.

Lemma 7.19. Let v and u be vertices of a graph G and let ρ be consistent

on E(G). Then equality c(v) = c(u) implies v = u.

Proof. Let v and u be vertices that have identical coordinates. Further
let P = vw1w2 . . . wkr be a path connecting a vertex v with the root
r. Let us remark, that u must be projected into the same unit ver-
tices as v. By Lemma 7.16 and Corollary 7.17, vertices with the same
projections must have neighbors with identical coordinates. Conse-
quently, u must have neighbor w ′

1 such that c(w1) = c(w ′

1). Analo-
gously, we can find the sequence of vertices w ′

1,w
′

2, . . . ,w
′

k, where
c(wl) = c(w ′

l), for l = 1, 2, . . . ,k. Note that w ′

k is adjacent to the root.
Thus there exists a path R = vw ′

1w
′

2 . . . w
′

kr. Then r has two neigh-
bours wk and w ′

k with identical labels. From Corollary 7.18 it follows
that wk = w ′

k. By induction we receive P = R. Hence v = u.
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Theorem 7.20. Let G be a given graph with consistent relation ρ ⊆ σ(G)

that is defined on the edge set E(G) and satisfies the square property. Then

ρ is a product relation.

Proof. Let ρ be consistent on the edge set of a graph G and
have classes ϕ1,ϕ2, . . . ,ϕk. Further assume that ρ ⊆ σ(G). Let
Hr

1,H
r
2, . . . ,H

r
k be unit layers with respect to the root r ∈ V(G).

Substitute all vertices of any unit layer by their names. Let H =

Hr
1�Hr

2� . . .�Hr
k. Recall that V(H) = V(Hr

1)× V(Hr
2)× · · · × V(Hr

k).
Now define the mapping χ : V(H) → V(G) and for any vertex
u ∈ V(H) set χ(u) = v, where u = c(v). By Lemma 7.10 and Corollary
7.18, we claim that χ is a bijection. From Lemma 7.16 and Corollary
7.17 it follows that two vertices u, v ∈ ϕi are adjacent if and only
if their projections u ′, v ′ ∈ Hr

i are adjacent. But this condition also
governs the adjacency of origins χ−1(u),χ−1(v). Consequently, χ is
an isomorphism and thus we claim that G ⋍ H. In other words, χ
determines factorization of G w.r.t. the Cartesian product. Since by
assumption σ(G) is not finer than ρ, we claim that ρ = σ(G), i. e. ρ
determines the prime factorization of G.

The following corollaries follow from previous theorem and the
fact that σ(G) is always a consistent relation satisfying the square
property on the edge set of G.

Corollary 7.21. The product relation σ(G) is the finest consistent relation

that is defined on E(G) and satisfies the square property.

Corollary 7.22. The relation δ∗(G) is consistent if and only if δ∗(G) =

σ(G) and thus, if and only if δ∗(G) determines the prime factorization of G.

The introduced labeling associated with the relation ρ gives us the
possibility to embed a given graph or its part to Cartesian or quasi
Cartesian products. This will be studied more precisely in Section 7.5.
Moreover, based on Corollaries 7.21 and 7.22, we can extend Algo-

rithm 5.13 by a routine that performs the consistency check for any
two adjacent vertices u and v. Then, if consistency is not satisfied, i. e.
u and v differ in j-th coordinate, while uv ∈ ϕk ⊑ δ∗(G) and k 6= j, we
merge classes ϕj and ϕk. In this way we obtain the finest consistent
relation that satisfies square property in G, since it contains δ(G)∗. By
Corollary 7.21, such relation is equal to σ(G).
It is worth to mention that the fastest algorithm for the prime fac-

torization runs in O(|E(G)|) time [22]. In contrast, our method which
is based on Algorithm 5.13 is a local approach runs in O(|E(G)|∆),
which is only slightly worse than the fastest one. Note, it is not the
scope of this thesis to provide a faster PFD algorithm, since we are
focused on approximating products rather than finding the PFD in
general and must therefore take into account all local factorizable
structures.
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7.3 approximate products and global coloring

So far we did not provide an exact definition of the concept of approx-

imate Cartesian product, which can be considered as a graph G that has
a product-like structure. It means that there exists a graph H that is a
non-trivial product and a good approximation of G in the sense that
H can be reached from G by a small number of additions or deletions
of edges and vertices. To be more precise we defined in [16] the edit

distance d(G,H) between two graphs G and H as the smallest integer
k such that G and H have representations G ′, H ′, that is vertices in
V(G) are identified with vertices in V(H), for which the sum of the
symmetric differences between the vertex sets of the two graphs and
between their edge sets is at most k. That is, if

|V(G ′)△V(H ′)|+ |E(G ′)△E(H ′)| 6 k.

A graph G is a k-approximate graph product if there is a non-trivial
product H such that

d(G,H) 6 k.

Here k need not be constant, it can be a slowly growing function
of |E(G)|. The next results illustrate the complexity of recognizing
approximate graph products.

Lemma 7.23 ([16]). For fixed k all Cartesian k-approximate graph products

can be recognized in polynomial time in n.

Without the restriction on k the problem of finding a product of
closest distance to a given graph G is NP-complete for the Cartesian
product [5]. However, even then we are able to find sufficiently good
approximations for a large class of graphs.
The number of classes contained in equivalence relation ρ is called

an order of relation and is denoted by |ρ|. Consider the PSP Sz and the
associated local coloring d|Sz

, where z ∈ V(G). As we have shown in
Theorem 5.9, d|Sz

provides information how the neighborhood of the
center z can be embedded into the Cartesian productHwith |δ(H)∗| =

|d|Sz
|. We are going to extend this idea to the set of PSPs.

Let W = {v1, v2, . . . , vk} ⊆ V(G) be set of centers and RW =

{Sv1
,Sv2

, . . . ,Svk
} be the set of corresponding PSPs. Denote by GW

the subgraph of G that is formed by the union of all PSPs from RW ,
i.e.: GW =

⋃
v∈W Sv. We call W a PSP part (or just part for short)

if the induced graph 〈W〉 is connected. Suppose there is a graph H

that contains GW , where d|S(W)∗ ⊆ δ(H)∗ and where d|S(W)∗ and
δ(H)∗ are of the same order. If d|S(W)∗ has at least two classes, then
H is Cartesian product or quasi Cartesian product and we call H an
δ-approximation of G.
Figure 13 shows a graph G and one of its δ-approximations (graph

H). On the figure we can observe blue vertices that form partW. The
black centers are not included in W because associated PSPs detect
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(a) Approximate product G. (b) Close Cartesian product H.

Figure 13: Example of δ-approximation of graph G.

just one class in their neighborhoods, which is not desired. The classes
of the global coloring d|S(W)∗ are highlighted by magenta and orange
color on the figure. Simultaneously, all colored edges form the graph
GW that corresponds to the part W. The graph H is an example of
a δ-approximation of G. Obviously, H contains GW and |d|S(W)∗| =

|δ(H)∗| where d|S(W)∗ ⊆ δ(H)∗.
Let us remark that the resulting δ-approximation from the previous

example is the best possible with respect to given graph G. In other
words, graph H is the closest Cartesian product to G. As we have
already mentioned, it is not possible to find a best approximation for
any given graph in polynomial time. However we are able to find at
least sufficiently close solution for large class of graphs.

7.4 optimal part

In order to find a "sufficient" δ-approximation for a given graph G

we search for a large part W ⊆ V(G) that produces a global color-
ing |d|S(W)∗| > 1. Clearly, the term "sufficient" depends on the re-
quirements one has if one wants to find product-like structures. For
instance one might want to recognize a k-approximate product. How-
ever, this might be not "sufficient", depending on the application, as
one might want to find a largest subgraph of G that is a Cartesian
product or if one wants to compute an embedding of G into a close
Cartesian product H. One might also provide additional information
about the possibly underlying product structure in order to obtain
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better or faster results. To summarize, there is no standart or estab-
lished way, howW should be computed.
To find a way to computeW in a meaningful way we therefore start

with a preprocessing on the graph G under investigation. In particu-
lar, we first compute several large product-like subgraphs, which are
called consistent parts. Those subgraphs are unions of PSP’s, where
only those PSP’s are joined, whenever they give rise to a connected
subgraph and when the PSP’s have the same number of d|Sv

-classes.
Thus, the resulting subgraphs can then independently be embedded
into a Cartesian product with a maximal number of factors. All these
subgraphs that form together G, can then be used for a heuristic to
computeW.

Definition 7.24. We say two adjacent PSPs Su and Sv are consistent if

|d|Su
| = |d|Sv

| = |(d|Su
∪ d|Sv

)∗|.

A given part W = {v1, v2, . . . , vk} and the corresponding set of PSPs

RW = {Sv1
,Sv2

, . . . ,Svk
} is consistent if |d|Sv1

| = |d|Sv2
| = · · · = |d|Svk

| =

|d|S(W)∗|.

Naturally, one can ask whether there exists such a partitioning of
the vertex set V(G) = W1 ∪W2 ∪ · · · ∪Wk for any given graph G

where centers of every pair of consistent PSPs lie in common con-
sistent part. If such partitioning really exists then we say G has best

consistent partitioning. Then W1,W2, . . . ,Wk are called best consistent

parts. However as Figure 14 shows any given graph does not need to
have best consistent partitioning. We observe here the consistent part
W = {v4, v5, v6}. However, although Sv2

and Sv5
are consistent we can-

not add v2 toW, since (v1v3, v3v6) ∈ d|Sv2
and (v1v3, v3v6) 6∈ d|S(W)∗.

Consequently, |d|S(W ∪ v2)
∗| < |d|Sv6

|. In other words,W ∪ v2 is not a
consistent part and thus, not every pair of consistent PSPs lie in com-
mon consistent part. Hence, no best consistent partitioning exists.

Lemma 7.25. Let G be a graph, W ⊆ V(G) be a consistent part and uv ∈
E(G) be an edge of graph G where v 6∈ W, u ∈ W. Then W ′ = W ∪ v is

consistent part if and only if |d|S(W)∗| = |d|S(W
′)∗| = |d|Sv

|.

Proof. It follows from Definition 7.24.

Lemma 7.26. Let W,W ′ ⊆ V(G) be parts in a graph G such that W ′ is a

non empty subset of W. Then |d|S(W
′)∗| > |d|S(W)∗|.

Proof. Let W ⊆ V(G) be a part and let W ′ be a non empty subpart
of W, i. e. W ′ ⊆ W and 〈W ′〉 is an induced connected subgraph.
Assume that the global coloring d|S(W

′)∗ has less classes than the
global coloring d|S(W)∗. Obviously, d|S(W ′) ⊆ d|S(W). Moreover by
Lemma 5.7, every vertex from W ′ meets all classes of d|S(W)∗. Thus
every vertex v ′i ∈ W ′ must produce local coloring d|Sv ′

i

with at least

|d|S(W)∗| classes. Since d|S(W
′)∗ has less classes than |d|S(W)∗| there

must exist a pair of edges e and f such that (e, f) ∈ d|S(W
′) but
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(e, f) 6∈ d|S(W). However it contradicts an assumption that d|S(W ′) ⊆
d|S(W).

Lemma 7.27. Let W ⊆ V(G) be a consistent part in a graph G. Then every

part W ′ ⊆ W is also consistent.

Proof. Let W ′ be an arbitrary subpart of a consistent part W =

{v1, v2, . . . , vk} ⊆ V(G) in a given graph G. It implies that d|S(W ′)∗ ⊆
d|S(W)∗. By Lemma 7.26, we can write |d|S(W

′)∗| > |d|S(W)∗| =

|d|Sv1
| = |d|Sv2

| = · · · = |d|Svk
|. Assume W ′ is not consistent. In other

words, we assume that |d|S(W ′)∗| > |d|S(W)∗| = |d|Sv1
| = |d|Sv2

| =

· · · = |d|Svk
|.

Let v ∈ W ′. Based on definition of the part induced graph 〈W ′〉
is connected. Then by Lemma 5.7, v meets every equivalence class of
d|S(W

′)∗. By assumption, |d|Sv
| = |d|S(W)∗| < |d|S(W

′)∗|. Since d|Sv

has less classes than d|S(W
′)∗ but v meets all classes of d|S(W ′)∗ then

Sv must contain a pair of primal edges e and f such that (e, f) ∈ d|Sv

and (e, f) 6∈ d|S(W
′)∗. In other words, d|Sv

6⊆ d|S(W
′)∗ which leads to

contradiction v 6∈ W ′.

Corollary 7.28. Let W be a consistent part in a graph G. Then for every

pair of adjacent centers u, v ∈ W holds that Su and Sv are consistent.

Lemma 7.29. Let G be a graph with best consistent partitioning. Let W ⊆
V(G) be a consistent part and W ′ ⊆ V(G) be a best consistent part where

W ∩W ′ 6= ∅. Then W ⊆ W ′.

Proof. LetW andW ′ be subsets of V(G) with non-empty intersection.
Let W ′ be a best consistent part and W be consistent part. By def-
inition, 〈W〉 and 〈W ′〉 are connected. Since W ∩W ′ 6= ∅ there is a
path P in 〈W ∪W ′〉 that connects arbitrary vertices u ′ and v ′ where
u ′ ∈ W ′ ∩W, v ∈ W and v 6∈ W ′ and moreover contains an edge
uv where u ∈ W ′ ∩W, v 6∈ W ′ and v ∈ W. Since W is consistent,
Corollary 7.28 implies that the PSPs Su and Sv are consistent as well.
By definition of the best consistent partition we have v ∈ W ′ which is
a contradiction.

Corollary 7.30. Let G be a graph with best consistent partitioning and let

W ⊆ V(G) be a consistent part. Then there exists such best consistent part

W ′ where W ⊆ W ′ ⊆ V(G).

In other words it means that:

Corollary 7.31. Every best consistent part is maximal w.r.t. inclusion.

Lemma 7.32. Let G be a graph with the best consistent partitioning and let

W ⊆ V(G) be a consistent part. Let u, v ∈ V(G) be centers of consistent

PSPs such that u ∈ W and v 6∈ W. Then W ∪ v is consistent.
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Figure 14: Example of inconsistent partitioning.

Proof. Suppose G is a graph that has best consistent partitioning. Let
u, v ∈ V(G) be centers of consistent PSPs and let W ⊆ V(G) be such
consistent part where u ∈ W and v 6∈ W. Obviously, there exists best
consistent part W ′ that contains u and v. By Lemma 7.29, W ⊆ W ′.
Since alsoW ∪ v ⊆ W ′ we claim thatW ∪ v is consistent which follows
from Lemma 7.27.

In the first step of a procedure that computes “sufficient” part for
a given graph G we wish to split a vertex set V(G) to best consistent
parts. Note that even G does not have the best consistent partitioning
we perform a following algorithm to split V(G) into consistent parts
at least. In such case we are not able to compute a unique partitioning
of V(G) and moreover computed parts do not need to be maximal
w.r.t. inclusion but the computed result is still sufficient for a further
processing.

Algorithm 7.33. (Computation of consistent parts)

Input: Connected graph G, root v0 ∈ V(G)

Output: Consistent parts W1,W2, . . . ,Wk.

1. Set S := {v0}.

2. Set i := 0.

3. WHILE S is not empty, DO

a) Take out an arbitrary vertex v from S.

b) IF v was already added to some part THEN go to Step 3.

c) Set i := i+ 1

d) Set Wi = {v} and d|S(Wi)
∗ = d|Sv

.
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e) Add all neighbours of v to Ti except these that are already in-

cluded in some part.

f) WHILE Ti is not empty, DO

i. Take out an arbitrary vertex u from Ti.

ii. IF u was already treated in this iteration of loop (Step 3)

THEN go to Step 3f.

iii. IF |d|S(Wi)
∗| = |d|S(Wi ∪ u)∗| = |d|Su

| THEN

A. Set d|S(Wi)
∗ := d|S(Wi ∪ u)∗.

B. Add u to Wi.

C. Add all neighbours of u to Ti except these that already

lie in some part.

iv. ELSE put u to S.

Lemma 7.34. Algorithm 7.33 computes pairwise disjoint consistent parts

W1,W2, . . . ,Wk for a given graph G where W1 ∪W2 ∪ · · · ∪Wk = V(G).

Proof. In the first step of Algorithm 7.33 we add an arbitrarily chosen
vertex v0 to stack S. Note that S collects all such vertices that cannot
be added to already computed consistent parts in previous iterations
of a main loop (Step 3)
Every iteration of the main loop (Step 3) computes one consistent

partWi. In the initial step of the main loop we take an arbitrary vertex
v from stack S and continue if v is still not assigned to any partition.
Further we create a new empty partition Wi and put v there. Since
Wi contains only v we set d|S(Wi)

∗ := d|Sv
which is a correct step. In

the end we add all such neighbours of v to Ti that are not included
in any other partition.
In a nested loop (Step 3f) we iterate over all vertices added to Ti

which are such vertices that are adjacent with at least one vertex from
Wi. SinceWi is extended only by these vertices we can say that 〈Wi〉
is always connected. In every iteration we take an arbitrary vertex u

from Ti and check whether it can be added to Wi. Firstly, we check
whether u was not already treated in this iteration of the main loop
that computes Wi (u can be a neighbour of more vertices that were
already added to Wi and thus it might happen that u was already
treated) and further we check whetherWi ∪u is still a consistent part
(note that by the mathematical induction we can assume that Wi is
consistent). By Lemma 7.25, it suffices to check that |d|S(Wi)

∗| = |d|Su
|

and |d|S(Wi ∪ u)∗| = |d|S(Wi)
∗| (Step 3(f)iii). For these purposes we

slightly modify Algorithm 5.12 which is called with arguments u

and d|S(Wi)
∗. Firstly, we obtain the number of local colors of Su (i.e.

|d|Su
|) which helps us to verify the first equality. To check weather

|d|S(Wi ∪ u)∗| = |d|S(Wi)
∗| we observe all cases when two global col-

ors are merged. In other words, the second equality is satisfied if we
don’t perform any single merge of global colors during this step. Let



7.4 optimal part 89

us remark that we interrupt Algorithm 5.12 before such merge is per-
formed since then we want to preserve global colors that correspond
to d|S(Wi)

∗.
If Wi ∪ u is consistent we add u to Wi, update d|S(Wi)

∗ by calling
Algorithm 5.12 for u and d|S(Wi)

∗ and further add all neighbours of
u to Si that are not included in some part. If Wi ∪ u is not consistent
then u cannot be added to Wi. Thus we add u to S for a further
processing. The nested loop terminates when Ti is empty. Obviously,
it occurs only if there are no other vertices that can be added to Wi,
i.e. there does not exist any such vertex u without assigned part that
is adjacent to some vertex v ∈ Wi whileWi ∪ u is consistent.
Let us summarize previous paragraphs. In Steps 3e and 3(f)iiiC we

add to stack Ti (for i ∈ {1, 2, . . . ,k}) all neighbours of every treated
vertex except these that were already treated. Such that we iteratively
go over all vertices of a graph. Obviously, every vertex is added to
at least one part in one of Steps 3d or 3(f)iiiB. Simultaneously, every
vertex is not added to more than one part by application of conditions
in Steps 3e and 3(f)iiiC. Further we claim that every computed part is
consistent (by condition in 3(f)iii). Obviously, every 〈Wi〉 is connected
which means thatWi is really a part.

Lemma 7.35. Let G be a graph with the best consistent partitioning. Then

Algorithm 7.33 splits V(G) to best consistent parts.

Proof. Lemma 7.34 proves that Algorithm 7.33 computes set of con-
sistent parts. Thus it suffices to show that centers of every pair of
consistent PSPs lie in a common computed part.
To contradict our claim let us consider a first occurrence of the case

when two centers u and v of consistent PSPs are added to different
parts. W.l.o.g. assume that u is added to some consistent partition,
say Wi, earlier than v. Consider an iteration of the main loop that
computesWi. Then there are two cases that must be investigated:

• Suppose u is treated in the iteration earlier than v. When u is
treated we add it to Wi (it follows from the assumption) and
further we put v to Ti since v is a neighbour of u and moreover
v was not still assigned to any part. When v is treated in a fur-
ther iteration of the nested loop we add it to Wi since Wi ∪ v is
consistent. It follows from Lemma 7.32 and the assumption that
Su and Sv are consistent.

• Suppose v is treated in the iteration earlier than u. It means that
v must have another neighbour w that was already added to
Wi. Clearly, Sv and Sw are not consistent otherwise v would
be inserted to Wi based on Lemma 7.32. After that u is treated
and added to Wi. Since Su and Sv are consistent then Wi ∪ v is
consistent which follows again from Lemma 7.32. By Corollary
7.30 and the assumption, there exists a best consistent part W ′
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that contains u and v. Moreover Lemma 7.29 implies that Wi ∪
v ⊆ W ′. But then w and v lie in a common consistent part.
Consequently, Sw and Sv must be consistent which follows from
Corollary 7.28.

Thus we claim that any two centers of consistent PSPs are added to a
common part in Algorithm 7.33.

Lemma 7.36. Algorithm 7.33 runs in O(|E(G)|∆2) time and O(|E(G)|∆)

space for a given graph G with the maximal vertex degree ∆.

Proof. Unlike Algorithm 5.13, we compute here a global coloring
d|S(Wi)

∗ for every part Wi with i ∈ {1, 2, . . . ,k}. To get the maximal
total number of global colors suppose that every part contains just
one vertex, i.e. k = |V(G)|. Recall that the number of all operations on
a color graph is bounded by l log(l) using O(l) space where l is the
number of initial colors. Note that a global coloring that corresponds
to the part Wi = {v} has deg(v) initial colors. Then the number of all
operations on all global color graphs is bounded by O(|E(G)| log(∆))
time and O(|E(G)|) space. As we will show this is not a most ex-
pensive part of Algorithm 7.33. Every global coloring d|S(Wi)

∗ uses
unique global colors that form a range associated with d|S(Wi)

∗. If
an edge is colored by a color that is out of this range we consider
the edge uncolored with respect to d|S(Wi)

∗. Note that we compute
global colorings in series. Thus we can use just one extended edge
list that stores temporary global colors of edges. Notice that we in-
troduced most space consuming structures that use O(|E(G)|) space
altogether.
Every iteration of a main loop (Step 3 of Algorithm 7.33) builds one

part Wi for i ∈ {1, 2, . . . ,k}. The main loop starts by taking out of an
arbitrary vertex v from stack S. Then we create a new part Wi and
put v there if v is still not assigned to any other part. In other words,
every vertex v is added to some part when it appears in S. Thus it
suffices to put v to S just one time which can be guaranteed by a
temporary attribute v.addedToS (we put v to S only if v.addedToS is
not set). Recall that a vertex is added to S when it cannot be added
to already computed parts. In worst case, every vertex of V(G) is
added to S which means that the main loop is repeated at most |V(G)|

times. Except Step 3f all steps of the main loop can be done for the
treated vertex v in O(deg(v)∆) time where a most time consuming
step is computation of local coloring d|Sv

(Step 3d). Thus Step 3 runs
in O(|E(G)|∆) time when its nested loop (Step 3f) is excluded.
In the worst case every vertex v is added to stack Ti, for i ∈

{1, 2, . . . ,k}, whenever one of its neighbours is added to some part.
It follows that v appears in Ti at most deg(v) times in all iterations
of the main loop. In the nested loop (Step 3f) we need to compute
a local coloring d|Sv

and merge it with the global coloring d|S(Wi)
∗.

For these purposes we call Algorithm 5.12 that runs in O(deg(v)∆)
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time. In remaining steps of the nested loop we add all neighbours of
v to Ti except these that were already added to some part. This can
be done in O(deg(v)) time. Thus we perform O(deg(v)2∆) operations
for vertex v ∈ V(G) in Step 3f. It means that entire time complexity of
Step 3f is O(|E(G)|∆2).
Therefore we claim that Algorithm 7.33 runs in O(|E(G)|∆2) and

O(|E(G)|) space.

By Algorithm 7.33 we are able to recognize subgraphs of a given
graph that are formed by PSP’s that reflect same number of Carte-
sian factors. As we mentioned this information can be a good start-
ing point for following heuristic methods that compute a “suffi-
cient” part W. As an example of such heuristic we introduce an ap-
proach that computes suchW that is associated with a global coloring
d|S(W)∗ with at least b > 1 classes. Moreover we require that W con-
tains a largest consistent part Wi provided by Algorithm 7.33 with
|d|S(Wi)

∗| > b. Every part that satisfies given conditions is called op-

timal (with respect to b).
Note that two partitions Wi,Wj ⊆ V(G) are considered as adjacent

in a given graph G if there exists an edge uv ∈ E(G) such that u ∈ Wi

and v ∈ Wj. The following algorithm takes a largest consistent part
Wi (computed by Algorithm 7.33) that satisfies |d|S(Wi)

∗| > b and
add it toW. Note thatW was empty so far and thusW = Wi. Further
we try to joinW with adjacent consistent parts based on their size. We
always check whether a global coloring associated withW has at least
b classes. We finish a procedure when there is no other adjacent part
that could be added toW.

Algorithm 7.37. (Computation of optimal part)

Input: A connected graph G, minimal number of classes b > 1, a set

of consistent pairwise disjoint parts P = {W1,W2, . . . ,Wk}

where at least one part corresponds to global coloring with at

least b classes

Output: A computed part W with |d|S(W)∗| > b.

1. Set S := ∅ and W := ∅.

2. FOR every part Wi DO :

a) Compute a global coloring d|S(Wi)
∗.

b) Set Ei := ∅.

c) FOR every edge e that is contained in some class ϕd ⊑ d|S(Wi)
∗

DO :

i. Add pair (e,d) to Ei.

3. Remove from P every such part Wi where |d|S(Wi)
∗| < b.
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4. Take a largest part Wi of P, i.e. such part Wi ∈ P where |Wi| =

maxW ′∈P |W ′|, and add it to S.

5. FOR every edge e ∈ E(G) set e.resultColor := none.

6. Initialize a global color graph CW with no vertices.

7. DO till S is not empty:

a) Take out largest part Wi from S.

b) Take every pair (e,d) from Ei and set d.mappedColor :=

none.

c) DO for every pair (e,d) from Ei:

i. IF e.resultColor 6= none and d.mappedColor = none

then set d.mappedColor := e.resultColor.

ii. ELSEIF e.resultColor 6= none and d.mappedColor 6=
none then join vertices e.resultColor and

d.mappedColor in the color graph CW if they do

not lie in the same connected component.

d) IF CW has no vertex or has at least b connected components

THEN :

i. FOR every pair (e,d) from Ei DO

A. IF d.mappedColor = none then create a new vertex

x in CW and set d.mappedColor := x.

B. Set e.resultColor := d.mappedColor.

ii. Add all adjacent parts of Wi to S except these that were

already added there.

e) ELSE DO :

i. Remove all edges from CW that were created in loop Step

7(c)ii.

Algorithm 7.37 produces a set of vertices W. In order to show that
W is a part and that a corresponding global coloring d|S(W)∗ has at
least b classes we formulate following lemma.

Lemma 7.38. Let P = {W1,W2, . . . ,Wk} be a set of consistent pairwise

disjoint parts that split a vertex set of a given graph G. Let at least one part

from P determines a global coloring with at least b classes. Then Algorithm

7.37 computes a part W ⊆ V(G) with |d|S(W)∗| > b by taking P and b > 1

as input.

Proof. Let G be a given graph with partitioning P = {W1,W2, . . . ,Wk}

where W1,W2, . . . ,Wk ⊆ V(G) be pairwise disjoint parts. Suppose
we call Algorithm 7.37 for P and an arbitrary integer b > 1.
In the first step we initialize a part W and a list S. In the following

Step 2 we compute a global coloring for every partWi ⊆ P. The com-
puted global colors are stored as pairs (e,d) in list Ei. More precisely,
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we put pair (e,d) to Ei when an edge e ∈ E(G) is contained in a class
ϕd ⊑ d|S(Wi)

∗. In Step 3 we remove all such parts Wi from P that
determine global colorings with less than b classes. This optimization
step removes all parts that cannot be joined to the resulting part W
since the number of classes of d|S(W)∗ would be less than b. It fol-
lows from Lemma 5.7 and transitive properties of global colorings.
Now all parts in P determine global colorings with at least b classes.
We take a largest part from P and put it to empty list S. Moreover
we initialize a global color graph CW that is associated with d|S(W)∗

and further we initialize an attribute e.resultColor := none for ev-
ery edge e ∈ E(G). Notice that the attribute e.resultColor physically
stores a pointer to some vertex x of CW . Recall that a global color of
e with respect to d|S(W)∗ is then defined by an index c of connected
component which the color graph vertex x lies in. For simplicity we
write just e.resultColor = c when e ∈ ϕc ⊏ d|S(W)∗.
In every iteration of a loop (Step 7) we take out one part Wi

from S and check whether |d|S(W ∪Wi)
∗| > b. In order to verify

this condition we firstly map global colors of d|S(Wi)
∗ to global

colors of d|S(W)∗ in Steps 7b and 7c analogously as in Algorithm
5.12. For these purposes we use an attribute mappedColor. We set
d.mappedColor := c when a global color d (of d|S(Wi)

∗) is mapped
to a global color c (of d|S(W)∗). In other words, d.mappedColor = c

means that ϕd ∩ϕc 6= ∅ where ϕd ⊑ d|S(Wi)
∗ and ϕc ⊑ d|S(W)∗.

More precisely, in Step 7c we iterate over all pairs (e,d) ∈ Ei, i.e. all
edges contained in classes of d|S(Wi)

∗. Suppose we treat a pair (e,d).
If e.resultColor is set to some value c then e is already contained
in some class ϕc ⊑ d|S(W)∗. Thus e ∈ ϕd ∩ ϕc 6= ∅ which means
that both classes are contained in a common class in d|S(W ∪Wi)

∗. If
d.mappedColor is not set so far (Step 7(c)i) we map a global color d
to c (we set d.mappedColor := c). Then the unification of classes ϕd

and ϕc is done in Step 7(d)iB by recoloring of all edges of class ϕd by
global color c if condition in Step 7d is satisfied. If d.mappedColor is
already set to some value c ′ (Step 7(c)ii) then moreover ϕd ∩ϕc ′ 6= ∅
where ϕc ′ ⊑ d|S(W)∗. But then c and c ′ are merged since ϕc and ϕc ′

must lie in a common class in d|S(W ∪Wi)
∗. Since d.mappedColor =

c ′ and since global colors c and c ′ are merged all classes ϕd, ϕc and
ϕc ′ will be contained in a common computed class of d|S(W ∪Wi)

∗

if again the condition in Step 7d is satisfied. Hence we claim that
classes ϕd ⊑ d|S(Wi)

∗ and ϕc ⊑ d|S(W)∗ are merged in Steps 7(c)ii
and 7(d)iB (if Step 7(d)iB is performed) whenever ϕc ∩ϕd 6= ∅.
Suppose we treat a part Wi in the first iteration of loop (Step 7).

Obviously, the global color graph CW has no vertex and thus Step
7d is performed. Notice that no edge e ∈ E(G) has set the attribute
resultColor. Consequently, no global color d of d|S(Wi)

∗ is mapped
to some global color of d|S(W)∗. Therefore when we iterate over all
pairs (e,d) ∈ Ei we create a new vertex in CW for every global color
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d of d|S(Wi)
∗ (see Step 7(d)iA). Further we assign newly created tem-

porary global colors (vertices of CW) to all edges included in classes
of d|S(Wi)

∗ (Step 7(d)iB). By that we set d|S(W)∗ := d|S(Wi)
∗ and

W := Wi. Since d|S(Wi)
∗ must have at least b classes (by Step 3) we

have |d|S(W)∗| > b. In Step 7(d)ii we add all adjacent parts of Wi to
S. In general S collects all parts that are adjacent to W. Thus we can
claim that 〈W〉 is always connected. In other words, computed set of
verticesW is a part.
Suppose the first iteration of loop was already performed. Every

following iteration tries to join part W with some adjacent part Wi.
Obviously, there must exist an edge uv ∈ E(G) where u ∈ W and
v ∈ Wi. Then by Lemma 5.7 and the square property, u meets all
classes of the global coloring d|S(Wi)

∗. In other words, if we take any
pair (e,d) ∈ Ei then there must exist an edge f ∈ ϕd ⊑ d|S(Wi)

∗ that
is incident with u. Note that such edge f must have set the attribute
resultColor since all edges incident to u are included in some class
of d|S(W)∗. But then we set d.mappedColor := f.resultColor in Step
7(c)i. Consequently, every global color d of d|S(Wi)

∗ is mapped to
some global color of d|S(W)∗ and thus condition in Step 7(d)iA is
never satisfied. It means that the number of connected components
CW determines the number of classes of |d|S(W ∪Wi)

∗| in the end of
Step 7c. Thus condition in Step 7d is satisfied only if |d|S(W ∪Wi)

∗| >

b.
If |d|S(W ∪Wi)

∗| > b we set correctly attribute e.resultColor := d

for every edge e ∈ ϕd ⊑ W. By that we obtain d|S(W)∗ = d|S(W ∪
Wi)

∗. Otherwise, we preserve global coloring and remove all edges
from CW that were added in Step 7(c)ii. Consequently, the global
color graph CW will correspond again to the global coloring d|S(W)∗.
We showed that the resulting vertex setW is a part with |d|S(W)∗| >

b. Moreover every edge e that is contained in some class of
d|S(W)∗ has stored resulting temporary global color in attribute
e.resultColor.

Consider a set of consistent parts computed by Algorithm 7.33. Let
at least one of these parts is associated with a global coloring that
has at least b classes where b is an arbitrary number greater than 1.
As shown above, Algorithm 7.37 computes part W that determines
a global coloring d|S(W)∗ satisfying condition |d|S(W)∗| > b. It can
be easily shown that algorithm does not compute always a largest
possible part that satisfies given condition. However W will always
contain a largest possible consistent part. Thus computed W is op-
timal. In the remainder of the section we show that Algorithm 7.37

runs in O(|E(G)|∆) time and space.

Lemma 7.39. Every edge e ∈ E(G) is contained in at most O(∆) PSP’s.
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Proof. Let e = uv be an edge of a graph G. Then e is a primal edge
in two PSP’s Su and Sv. Moreover e can appear as non-primal edge
in all such PSP’s where u or v is primal vertex. The number of such
PSP’s is bounded by d(u) + d(v). Thus we write e is contained in at
most O(∆) PSP’s.

Corollary 7.40. Let G be a given graph with maximal vertex degree ∆. Let

W1,W2, . . . ,Wk ⊆ V(G) be pairwise disjoint parts and e ∈ E(G) be an

arbitrary edge. Then e is contained in at most O(∆) classes of all global

colorings d|S(W1)
∗, d|S(W2)

∗, . . . , d|S(Wk)
∗.

Lemma 7.41. Let G be a graph on n vertices with vertex set V(G) split to

pairwise disjoint non-empty parts W1,W2, . . . ,Wk ⊆ V(G). Let I be set of

all distinct sizes of parts W1,W2, . . . ,Wk, i.e. |Wi| ∈ I, for i = 1, 2, . . . ,k
and contrary for every j ∈ I there exists i ∈ {1, 2, . . . ,k} where |Wi| = j.

Then I has O(
√
n) elements.

Proof. Let I be set of all distinct sizes of pairwise disjoint non-empty
parts W1,W2, . . . ,Wk ⊆ V(G) that form vertex set of given graph G.
Thus we can write n = |W1| + |W2| + · · · + |Wk| where n = |V(G)|.
Obviously, I has the maximal number of elements in the case when
|Wi| = i for i = 1, 2, . . . ,k, i.e. case when sizes of parts form sequence
1, 2, . . . ,k. Then n = 1+ 2+ · · ·+ k and |I| = k. By formula for sum-
ming of arithmetic sequence, we write 2n = k2 + k which implies k
is bounded by O(

√
n).

Lemma 7.42. Let G be a graph with m edges and the maximal vertex degree

∆. Let P = {W1,W2, . . . ,Wk} be a set of pairwise disjoint consistent parts

that form a vertex set V(G). Then Algorithm 7.37 runs in O(m(∆+
√
n))

time and O(m∆) space by taking P and an arbitrary integer b > 1 as input.

Proof. Let G be a given graph with n vertices, m edges and the max-
imal vertex degree ∆. Let P = {W1,W2, . . . ,Wk} be a set of pairwise
disjoint consistent parts where V(G) = W1 ∪W2 ∪ · · · ∪Wk. Suppose
we call Algorithm 7.37 for P and an arbitrary integer b > 1.
In Step 2 we compute a global coloring for every part from P. Anal-

ogously as in Algorithm 7.33, we build a global color graph for ev-
ery global coloring. As we have mentioned in the proof of Lemma
7.36, the maintenance of all such global color graphs can be done
in O(m log(∆)) time and O(m) space. In order to compute a global
coloring for part Wi we iteratively call Algorithm 5.12 for every ver-
tex of Wi (as in Algorithm 5.13). As was explained in the proof of
Lemma 7.36, every computed global coloring d|S(Wi)

∗ is associated
with unique global colors that form a range. Then an edge e is con-
sidered as colored with respect to d|S(Wi)

∗ only if e is colored by a
color that is within the range. Since we compute global colorings in
series we can use only one extended edge list for storing all computed
global colors. The global color ranges allow usage of extended edge
list without reinitialization before a next global coloring is computed.
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Then the computation of d|S(Wi)
∗ can be done in O(

∑
v∈Wi

deg(v)∆)
time (it follows from complexity of Algorithm 5.12, see proof of The-
orem 5.25) excluding the time complexity consumed by a merging of
temporary global colors. These operations are included in the main-
tenance of global color graphs. Thus we claim that computation of
all global colorings in Step 2a of Algorithm 7.37 takes O(m∆) time
and O(m) space. Note that whenever some edge e ∈ E(G) is colored
by temporary global color d that is associated with computed global
coloring d|S(Wi)

∗ we add a pair (e,d) to list Ei. When Step 2c is fin-
ished every such list Ei contains all edges of G that are colored by
some temporary global color associated with d|S(Wi)

∗. By Corollary
7.40, we claim that all lists Ei, for i = 1, 2, . . . ,k, can be computed in
O(m∆) time and space.
As we mentioned, every consistent part has only one vertex in the

worst case. Then Steps 3, 4 and 5 are done in O(n+m) = O(m) time
and space.
In Step 6 we initialize a global coloring d|S(W)∗ := ∅ and a global

color graph CW in constant time. We will show that CW can have at
most ∆ vertices and thus the number of all operations performed on
CW is bounded by O(∆ log(∆)) time and O(∆) space.
In Step 7 we iterate over all parts added to S. Since every part is

added to S at most one time we perform at most n iterations of Step 7.
Note that a stack S is formed by buckets where every such bucket Sj

(j is called an index of bucket) contains all consistent parts Wi added
to S whose size is j, i.e. |Wi| = j. It means that wee need to collect all
possible sizes of parts and create for them buckets in the beginning of
Step 7. By Lemma 7.41, the number of buckets is O(

√
n) however in

order to collect all sizes we need to go over all parts which is done in
O(n) time. Moreover we sort buckets from the highest to the lowest
index which can be done in O(

√
n log(

√
n)) time and O(

√
n) space.

Further we create references to buckets which helps us to insert every
part with a given size to appropriate bucket in constant time. Note
that references are stored in a vector whose j-th entry refers to the
bucket Sj if such exists. To build the vector of references costs O(n)

time and space since n is the maximal possible size of part.
In Step 7a we search for the largest part in S. It can be done such

that we go over sorted buckets Sj from the highest index to the lowest
one. When we meet the first non-empty bucket we choose an arbitrary
part from it. Hence this step runs in O(n

√
n) time over all iterations

of Step 7.
By Corollary 7.40, the number of created pairs (e,d) is O(m∆).

Hence Step 7b runs in O(m∆) time and space over all iterations of
Step 7. Analogously, Step 7c is bounded by O(m∆) if we exclude op-
erations on the color graph CW .
Again in Step 7(d)i we go over all pairs (e,d) from Ei. Moreover

we create new vertices in CW if condition in Step 7(d)iA is satisfied.
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As we have shown in the proof of Lemma 7.38 it happens only in the
first iteration of Step 7 when CW is empty. Notice that we create a
new vertex for every class ϕd of d|S(Wi)

∗ (global color d) where Wi

is a first treated part. Consequently, the global color graph CW has
at most ∆ vertices. Thus Step 7(d)i runs in O(m∆) time and space
excluding operations on CW .
Finally, in Step 7(e)i we remove edges added to CW in Step 7(c)ii.

These reverse operations do not increase the time complexity that are
consumed by the global color graph maintenance.
Let’s summarize previous paragraphs. Algorithm 7.37 runs in

O(m∆+n
√
n) = O(m(∆+

√
n)) time and O(m∆) space.

Figure 15 shows how an optimal part can be computed for a given
graph G. At first we use Algorithm 7.33 to split a vertex set V(G)

to consistent parts W1,W2,W3,W4 (see case 15a). In this case, com-
puted consistent parts are best. Note that parts W1 and W3 derive
global colorings with three classes (cases 15b and 15d) while parts
W2 and W4 are associated with global colorings that have only two
classes (cases 15c and 15e). In other words, parts W1 and W3 reflect
three factors in subgraphs highlighted by blue and magenta edges.
On the other hand, edges highlighted by green and red colors detect
only two factors. In order to compute an optimal part that derives a
global coloring with at least two factors we call Algorithm 7.37 where
parts W1,W2,W3,W4 and b = 2 are taken as input. Recall that the
method starts to build a resulting part from the largest input partWi

that satisfies |d|S(Wi)
∗| > b = 2. Since every associated global color-

ing has at least two classes and |W1| = |W2| = |W4| > |W3| we can
treat an arbitrary part from {W1,W2,W4} in the first iteration. Sup-
pose we choose part W1 as the initial one. In the second iteration we
join W2 since |d|S(W1 ∪W2)

∗| > 2 and thus we have W = W1 ∪W2.
Analogously, we joinW3 toW. In the end we try to add partW4 how-
ever in this time we would get just one class. Thus we conclude with
W = W1 ∪W2 ∪W3. The resulting global coloring d|S(W)∗ is shown
in the case 15f. Let us remark that we would get a different result-
ing part if part W4 would be treated as the first one. Hence example
shows that Algorithm 7.37 does not compute the unique result.
We can observe that the computed optimal part W (on Figure 15)

derives an edge set of a closest Cartesian product H. More precisely,
H = ∪v∈WSv is the closest Cartesian product to the original graph
G. However G cannot be embedded to H because H ⊂ G. From this
point of view a Cartesian product P2�P2�P7 would be more suitable.
Clearly, one can define a different method that will be more success-
ful in that way for G. In general, we can design various heuristic
methods that satisfy extra requirements for special classes of graphs.
Then Algorithm 7.33 providing consistent (or even best consistent)
parts seems to be the good preprocessing for them.
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(a) Graph G with vertex set split to consistent partsW1,W2,W3,W4.

(b) Global coloring d|S(W1)
∗.

(c) Global coloring d|S(W2)
∗.

(d) Global coloring d|S(W3)
∗.

(e) Global coloring d|S(W4)
∗.

(f) Computed optimal part.

Figure 15: Example - the computation of an optimal part with at least two
factors.
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7.5 embedding of graph to cartesian product

In Section 7.2 we introduced the labeling algorithm that computes a
labeling with respect to equivalence relation ρ(G)where ρ(G) satisfies
the square property on the edge set of a given graph G. We showed
that ρ(G) is equal to product relation σ(G) if ρ(G) ⊆ σ(G) and more-
over if ρ(G) produces a consistent labeling (via Algorithm 7.4). Recall
that a labeling associated with ρ(G) is considered as consistent if ev-
ery pair of adjacent vertices u, v ∈ V(G), where uv ∈ ϕk ⊑ ρ, obtain
labels that differ only in k-th coordinate. Note that any consistent la-
beling defines an isomorphic embedding of G to Cartesian product
H.
In order to embed any given graph (or at least its subgraph) to

some Cartesian product we extend the labeling algorithm for global
colorings. Our method tries to compute a consistent labeling with re-
spect to global coloring d|S(W)∗ for all vertices of GW = ∪v∈WSv ⊆ G.
Note that this goal cannot always be achieved. In [12, p. 280 et
seqq.] a way is shown how to avoid those inconsistencies. In this
approach colors of edges with “inconsistent” vertices are merged to
one color. However, if the graph under investigation is only slightly
perturbed, but prime, this approach would merge all colors to one.
This is what we want to avoid. Instead of merging colors and hence,
in order to preserve a possibly underlying product structure, we re-
move those edges and vertices from GW where consistency fails. This
leads to a subgraph H ⊆ GW where the edges are still d|S(W)∗-
colored w.r.t. GW and have the desired coordinates. In Algorithm
7.46 we finally compute Hi based on these coordinates and the edges
of ϕi ⊑ (d|S(W)∗)|H, 1 6 i 6 k. Hence, the connected component of
H induced by the edges of ϕi ⊑ d|S(W)∗ are subgraphs of layers Hi

of the Cartesian product �k
i=1Hi and therefore, H can be embedded

into �k
i=1Hi.

Algorithm 7.43. (Compute vertex coordinates of H ⊆ GW ⊆ G)

Input: A graph G, a part W ⊆ V(G) and an arbitrary vertex v0 ∈
V(G).

Output: A graph H with coordinatized vertices.

1. Compute d|S(W)∗ and GW by calling Algorithm 5.13 with input

G,W.

2. Set numClass = |d|S(W)∗|.

3. Set H := GW = ∪v∈WSv (note W ⊆ V(H)).

4. Set the label of root c(v0) = (0, 0, ..., 0).

5. Set Li := {v ∈ V(H) | dH(v0, v) = i} for i = 1, . . . ,dmax.
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6. FOR i = 1, . . . ,dmax DO:

a) FOR every vertex v ∈ Li DO

i. IF v has two already labeled neighbours u,w such that vu ∈
ϕj and vw ∈ ϕk where j 6= k and ϕj,ϕk ⊑ d|S(W)∗ THEN:

A. Set coordinates ck(v) := ck(u) and cj(v) := cj(w).

B. Set coordinates cl(v) := cl(w) for all l =

1, . . . ,numClass, l 6= j,k.

ii. ELSEIF v has at least one neighbor u with assigned label

where vu ∈ ϕj ⊑ d|S(W)∗ THEN:

A. Set coordinate cj(v) := nj(v) where nj(v) > 0 is

unique unused name (analogously as in Algorithm 7.4).

B. Set coordinates ck(v) := ck(u) for all k =

1, . . . ,numClass, k 6= j.

iii. ELSE remove v and all edges incident to v from H.

iv. Call ConsistencyCheck for v and vertices that already ob-

tained coordinates.

When any vertex v gets assigned coordinates in Algorithm 7.43 we
call for it consistency check (Algorithm 7.44). This subroutine ensures
that no two vertices obtain identical coordinates and adjacent vertices
differ in exactly one coordinate. In other words, by calling of Algo-
rithm 7.44 we ensure consistency of computed labeling.

Algorithm 7.44. (Consistency check)

Input: A vertex v ∈ V(H).

Output: All assigned labels satisfy consistency, i.e.: no two vertices

obtain identical coordinates and adjacent vertices differ in ex-

actly one coordinate.

1. FOR all u ∈ V(H), v 6= u that already obtained coordinates do:

(Consistency check that no two vertices obtain the same coordi-

nates.)

a) IF cj(v) = cj(u) for all j = 1 to numClass THEN

i. Remove v and all edges incident to v from H.

ii. Remove v from Li.

iii. Break for loop.

(Consistency check that two adjacent vertices differ only in one

j-th coordinate.)

b) ELSEIF vu is edge contained in some ϕj and cj(v) = cj(u) or

ck(v) 6= ck(u) for some k ∈ {1, . . . ,numClass}, k 6= j

i. Remove edge uv from H.
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ii. Break for loop.

Lemma 7.45. Given a graph G with maximum degree ∆ and a part W ⊆
V(G), then Algorithm 7.43 computes the coordinates of a subgraph H ⊆ G

with H ⊆ GW = ∪v∈WSv such that

1. no two vertices of H are assigned identical coordinates and

2. adjacent vertices u and v with uv ∈ ϕj ⊑ d|S(W)∗ differ exactly in

the j-th coordinate.

The time complexity of Algorithm 7.43 is O(∆(|E(G)|+ |V(G)|2)).

Proof. The initial steps (Steps 1 - 5) include the computation of
d|S(W)∗, H = GW and distance levels Li w.r.t. the root v0 ∈ W.
In Step 6 we scan all vertices in breadth-first search order w.r.t. to

the root v0, beginning with vertices in L2, and assign coordinates to
them. This is iteratively done for all vertices in level Li which either
obtain coordinates based on the coordinates of adjacent vertices
or are removed from graph H and level Li. In particular, in the
subroutine ConsistencyCheck (Algorithm 7.44) we might also delete
vertices and therefore we have to consider three cases.

First Case (Step 6(a)i): Let u,w be neighbors of v such that u and
w have already assigned coordinates and the edges vu and vw lie in
different equivalence classes. Assume (v,u) ∈ ϕj and (v,w) ∈ ϕk,
j 6= k. Keep in mind that v should then differ from u and w only in
the j-th and in the k-th position of its coordinates, respectively. Thus,
we set coordinate cj(v) := cj(w) and ck(v) := ck(u). The remaining
coordinates of v are chosen to be identical to the coordinates of u.
Note, we basically follow in this case the strategy to coordinatize
vertices as proposed in [1].

Second Case (Step 6(a)ii): We assume that all neighbors of a chosen
vertex v ∈ Li that already obtained coordinates are contained in
the same layer Hv

j . Hence, the coordinates of v should differ from
their neighbor’s coordinates in the j-th position. This is achieved by
setting cj(v) to the unique unused name nj(v) and the rest of its
coordinates identical to its neighbors.

Third Case (Step 6(a)iii): It might happen that vertex v does not have
any neighbor with assigned label, that is, either those neighbors of
v are removed from H and Lj, j 6 i in some previous step, or they
have not obtained coordinates so far. If this case occurs, then we also
remove vertex v from H and Li, since no information to coordinatize
vertex v can be inferred from its neighbors.

In order to ensure that no two vertices obtained the same coordi-
nates or that two adjacent vertices differ in exactly one coordinate
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we provide a consistency check in Step 6(a)iv and Algorithm 7.44.
If v has the same coordinate as some previous coordinatized ver-
tex we remove v from H and Li. If v has a neighbor u such that
uv ∈ ϕj ⊑ d|S(W)∗ and u and v do not differ only in j-th coordinate
we delete the edge vu from H.
To summarize, we end up with a subgraph H ⊆ ∪v∈WSv, such that

the vertices of H are uniquely coordinatized and such that adjacent
edges (u, v) ∈ ϕj ⊑ d|S(W)∗ differ exactly in the j-th position of their
coordinates.
We complete the proof by determining the time complexity of Al-

gorithm 7.43. Theorem 5.25 implies that Algorithm 5.13 determines
d|S(W)∗ and GW in O(|E(G)|∆) time.
Computing distances from v0 to all other vertices and the compu-

tation of Li can be achieved via breadth-first search in O(|E(G)| +

|V(G)|) = O(|V(G)|∆) time.
Consider now the two for-loops in Steps 6 and 6a. Each vertex is

traversed exactly once. Hence these for-loops runO(|V(G)|) times. For
each vertex v in each distance levels we check whether there are two
incident edges vu and vw that lie in different classes of d|S(W)∗ (Step
6(a)i). To check all such pairs takes O(deg(v)2) time. The derivation
of a label of v is done in O(∆). Obviously, steps 6(a)ii and 6(a)iii are
not more time consuming.
The consistency check (Algorithm 7.44) runs in O(|V(G)|(∆+∆)) =

O(|V(G)|∆) time. Hence, the overall time complexity of the for-loop
in Step 6 is O(|E(G)|∆+ |V(G)|2∆).
Combining these results, one can conclude that the time complexity

of Algorithm 7.43 is O(∆(|E(G)|+ |V(G)|2)).

Algorithm 7.46. (Embedding of H into Cartesian product)

Input: A graph G with coordinatized vertices

Output: Factors Hi and Cartesian product �r
i=1Hi where G can be

embedded into.

1. FOR each position i = 1 to k of coordinates do:

a) Initialize graph Hi = ∅.

b) FOR each vertex v ∈ V(G) do:

i. IF ci(v) /∈ V(Hi) THEN add ci(v) to V(Hi).

2. FOR each position i = 1 to k of coordinates do:

a) FOR each edge (v,u) ∈ E(G) do:

i. IF ci(v) 6= ci(u) and edge ci(v)ci(u) /∈ E(Hi) THEN add

(ci(v), ci(u)) to E(Hi).

Lemma 7.47. Given a graph G with maximum degree ∆ obtained from

Algorithm 7.43 with coordinatized vertices. Then Algorithm 7.46 computes

factors Hi such that G can be embedded into �k
i=1Hi in O(|E(G)|∆) time.
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Proof. After running Algorithm 7.43 we obtain a graph G such that
vertices v ∈ V(G) have consistent coordinates c(v) = (v1, . . . , vk), i.e,
no two vertices of G have identical coordinates and adjacent vertices
v and u with vu ∈ ϕi differ only in the i-th position of their coordi-
nates.
We first compute empty graphs H1, . . . ,Hk and add for each ver-

tex v and for each ci(v) of its coordinates c(v) = (v1, . . . vk) the
vertex ci(v) to Hi. Different vertices ci(v) and ci(u) are connected
in Hi whenever there is an edge vu ∈ E(G). We define a map
γ : V(G) → V(H) with v 7→ c(v). Since no two vertices of G have
identical coordinates γ is injective. Furthermore, since adjacent ver-
tices v and u that differ only in one, say the i-th, position of their
coordinates are mapped to the edge ci(v)ci(u) contained in factor Hi

and by definition of the Cartesian product, we can conclude that the
map γ is a homomorphism and hence, an embedding of G into H.
The first two for-loops run |E(G)| times. The second two for-

loops run |E(G)|∆ times, hence we end in overall time complexity
of O(|E(G)|∆).

Figure 16 presents a process that embeds given graph G (or at least
its subgraph) to a Cartesian product. Suppose we have given part
W ⊆ V(G) that is formed by blue vertices (see case 16a). As we can ob-
serve d|S(W)∗ has two classes ϕ1 and ϕ2 highlighted by magenta and
orange colors, respectively. Note that W can be computed by Algo-
rithm 7.37 introduced in previous section. At first we use Algorithm
7.43 that computes coordinates based on global coloring d|S(W)∗.
In the beginning we choose arbitrary vertex v0 ∈ W and label it by

coordinates (0, 0). After that we iteratively treat distance levels with
respect to v0 and derive coordinates for their unlabeled vertices. In
the first iteration we derive labels for neighbours u, w and x of v0
(see case 16b). Notice that all these vertices are unit and have just one
labeled neighbour, the root v0. Since edges uv0 and xv0 are included
in class ϕ1 we set c2(u) = c2(x) = c2(v0) = 0. First labels of both
vertices then receive unique unused values for the first class. Thus
c1(u) = 1 and c1(x) = 2. Analogously, we set c1(w) = c1(v0) = 0 be-
cause wv0 ∈ ϕ2 and second coordinate of w gets new unused value
c2(w) = 1 for the second class. In the third level we meet again two
vertices that have just one labeled neighbour. Analogously as in the
first iteration we set them coordinates (4, 1) and (0, 3) (case 16c). In
the last iteration we label a vertex w with coordinates (4, 3) (see case
16d). As one can observe, w is connected to vertex x with coordinates
(5, 2). Then the edge wx is removed during the consistency check (Al-
gorithm 7.44) because w and x differ in more than one coordinate.
Obviously, we remove also an edge between vertices labeled by (5, 3)
and (4, 2). When all iterations are performed we are receiving a la-
beling where any two adjacent labeled vertices u and v differ exactly
in i-th coordinate if uv ∈ ϕi ⊑ d|S(W)∗. Moreover there are no two
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(a) Given part W ⊂ V(G) formed by
blue vertices derives global coloring
with two classes.

(b) Labeling of vertices of first level.

(c) Labeling of vertices of third level. (d) Labeling of vertices of fifth level (re-
moved edges between vertices that
differ in more than one coordinate).

(e) Embedding of graph H ⊂ G to Cartesian prod-
uct.

Figure 16: Example - embedding of subgraph of G to Cartesian product.
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labeled vertices in G that would obtain identical coordinates. Thus
we can call Algorithm 7.46 that embeds the resulting graph H ⊆ G in-
duced by labeled vertices to a Cartesian product. Note that the result-
ing product can be shown in Figure 16e where computed coordinates
define an embedding of H to the product.





Part VIII

SUMMARY

Summary and outlook for further research.





8
SUMMARY

8.1 theoretical results

Our research is motivated by applications that wish to embed a given
graph or at least a large subgraph to a regular structure, such as
the Cartesian product. The local approach introduced in this thesis is
based on the idea to recognize the Cartesian structure reflected in the
vicinity of every vertex. For these purposes we define a partial star
product (PSP) whose definition is based on a local relation d. We show
that the partial star product is, besides trivial cases such as squares,
one of the smallest non-trivial subgraphs that can be isometrically
embedded into the product of stars, even if the respective induced
neighborhoods are prime. Note that every PSP produces a local col-
oring d|Sv

, which is a relation that reflects the Cartesian structure in
the neighborhood of the PSP center.
Let W = {v1, v2, . . . , vk} ⊆ V(G) be a set of centers in a graph G.

By merging of local colorings d|Sv1
, d|Sv2

, . . . , d|Svk
we obtain a global

coloring d|S(W)∗. Note that the global coloring d|S(V(G))∗ is equal
to δ(G)∗, which is the finest relation defined on E(G) that satisfies
the square property. Since the product relation σ(G) that determines
the prime factorization of a graph G also satisfies the square property
on E(G), one can naturally ask whether δ(G)∗ = σ(G). This is not
true in general, as the example of the Möbius band (see Figure 9)
shows. It has non-trivial δ∗, while σ has just one class. This example
gives rise to a class of graphs called quasi Cartesian products that is
formed by all graphs that have non-trivial δ∗. In order to embed a
graph G into the Cartesian product we design a labeling algorithm
that is determined by ρ(G), where ρ(G) is an equivalent relation that
satisfies the square property on the edge set E(G). We show that if the
computed labeling is consistent, i. e. every two adjacent vertices u, v ∈
V(G) differ only in i-th coordinate if and only if uv ∈ ϕi ⊑ ρ(G), and
ρ(G) ⊆ σ(G), then ρ(G) = σ(G). In other words, we prove that σ(G) is
the finest consistent relation satisfying the square property on E(G).

8.2 designed algorithms

The thesis introduces several algorithms that help us to reach the
main objectives of our research. First of all we present an algorithm
for PSP recognition that computes the local coloring d|Sv

for a given
vertex v ∈ V(G) in (deg(v)∆) time, where ∆ denotes the maximal ver-
tex degree in the graph G. This subroutine forms the base of a local
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algorithm that determines the global coloring d|S(W)∗ for any subset
W of a vertex set of a graph G in O(|E(G)|∆) time. By small modifica-
tions of the local algorithm we obtain a method that computes a set
of so-called candidates for disturbing edges. It helps us to improve
the algorithm for weak reconstruction introduced by Hagauer and
Žerovnik [10]. Thus resulting time complexity of weak reconstruction
is improved from O(|E(G)||V(G)|(∆2 + |E(G)|)) to O(|E(G)|∆2 +∆4).
The main goal of the thesis is to design a method that allows the

embedding of a given graph (or its subgraph) into a Cartesian prod-
uct. As one might have to consider many different requirements on
the results computed by such procedure, we do not design a general
approximation algorithm. One must realize that the recognition of ap-
proximate products is NP-complete problem and thus we need very
often additional information about the graph that is under investiga-
tion. Despite this, we present anO(|E(G)|∆) algorithm that recognizes
consistent parts, that is, subgraphs of a given graph that reflect same
number of factors. The computed subgraphs can be embedded into
Cartesian products or we can join them to get a larger subgraph or
even entire graph that has still a non-trivial global coloring. Again
joining of consistent parts may provide non-unique result, and as one
can expect, the computation of a “best” result can be very expensive.
Thus, we provide possible heuristic methods that compute so-called
optimal parts in O(|E(G)|∆) time. Notice that an optimal part con-
tains a largest consistent partition and further other adjacent parts
such that the associated global coloring still has the desired number
of classes. Notice that the computation of consistent parts seems to
be appropriate preprocessing for any other heuristic approximation
method.
The previous methods provide a set of centers (part) that receive a

global labeling which has the desired number of classes and covers
a large part of a graph. In the end we design an algorithm that com-
putes a generalized consistent labeling based on given global coloring
in O(|E|∆+ |V |2∆2) time. The resulting labeling allows embedding of
a given graph or its subgraph to a Cartesian product.
Last not least, we show how the local approach can be parallelized,

and thus provide a possibility to solve the introduced problems in
parallel.

8.3 outlook

The computation of δ∗ in O(m∆) time opens the possibility to pose
several questions: Is it possible to use the local approach for the recog-
nition of graph bundles (see [25] or [41])? Can we apply the local
approach on problems that study multiplication of graphs with spec-
ified domain [28]? Is it possible to parallelize the computation of a
consistent labeling w.r.t. a global coloring, and consequently paral-
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lelize the computation of Cartesian and approximate products? We
wish to answer these questions in the subsequent papers.
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