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Abstract

The thesis is concerned with the graphs that have Cartesian
product like structure, even if they are prime with respect
to the product. In particular, we focus on heuristic methods
that allow embedding of a given graph or at least its subgraph
into a Cartesian product. For these purposes we use a local
approach that covers a graph by small patches that reflect
Cartesian product structure in the neighborhoods of single
vertices. Our research is motivated by practical applications
in the fields of numerical methods, theoretical biology and
engineering.

The prime factorization of a graphG can be represented by
product relation σ on the edge set of a graph, which satisfies
the so-called square property. It is well known that the finest
relation satisfying this property on the edge set of any graph
is δ∗. Based on that we introduce quasi Cartesian products,
that is, graphs with non-trivial δ∗. The thesis shows that
our local method recognizes quasi products in linear time for
graphs with bounded maximal vertex degree. Moreover, by
extension of method (that can be parallelized), we obtain a
new local approach that allows the recognition of Cartesian
products.

The local approach provides a natural way to investigate
approximate Cartesian products, because even if Cartesian
product is disturbed, and thus prime w.r.t. the Cartesian
product, we are able to recognize Cartesian structure in the
parts of the graphs that were not disturbed. Hence, we design
the algorithms that are able to recognize such parts of graphs
and embed them into the Cartesian product. We thus improve
the results of Hagauer and Žerovnik [6], who published an
algorithm for the weak reconstruction of graphs. Our method
promises to get answers also in other fields, such as Cartesian
bundle recognition (see [16] or [26]) or recognition of Cartesian
products of graphs with specified domain [20].
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Abstrakt

Dizertačńı práce se zabývá grafy, které sice maj́ı strukturu
podobnou Kartézskému součinu graf̊u, ale z pohledu Kartézského
násobeńı maj́ı pouze jeden faktor (takovýmto graf̊um ř́ıkáme
aproximované součiny). Konkrétněji se v práci zabýváme heuri-
stickými metodami, které dokáž́ı takovéto grafy (nebo ale-
spoň jejich podgrafy) vnořit do Kartézského součinu graf̊u.
Tyto metody jsou založeny na tzv. lokálńım př́ıstupu, který
pokrývá daný graf malými podgrafy, jež dovoluj́ı rozpoznat
pravidelnou strukturu v okoĺı každého vrcholu grafu.

Lokálńı př́ıstup poskytuje přirozený zp̊usob, jakým lze rozpoz-
nat aproximovaný součin. Hlavńı výhodou je, že jsme schopni
detekovat pouze části grafu, které maj́ı pravidelnou struk-
turu a jsou vnořitelné do Kartézského součinu. Výsledkem
lokálńıho př́ıstupu jsou nové algoritmy pro rozpoznáńı Kartézského
součinu a quasi-Kartézského součinu. Dále metoda vylepšuje
časovou složitost algoritmu pro tzv. slabou rekonstrukci Kartézského
součinu představenou v roce 1999 Hagauerem a Žerovnikem.
V neposledńı řadě navrhujeme několik heuristických metod
pro vnořeńı grafu do Kartézského součinu. Jak ukážeme,
lokálńı metoda se dá i paralelizovat, což za určitých předpoklad̊u
vede k algoritmům se sublineárńı časovou složitost́ı.

Náš výzkum je motivován realnými aplikacemi v oborech
numerických metod, bioinformatiky a inženýringu. Samotné
výsledky dávaj́ı naději pro řešeńı daľśıch problému jako např.
rozpoznáńı Kartézských baĺık̊u nebo Kartézských součin̊u graf̊u
se specifikovanou doménou.

Kĺıčová slova

Kartézský součin graf̊u, aproximace, aproximovaný součin graf̊u,
vnořeńı graf̊u do pravidelné struktury.
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Introduction

Cartesian products of graphs are common in graph theory.
Their popularity is derived from their simplicity and regu-
larity and thus many theoretical results as well as practical
applications are known. As examples of classes of graphs that
are either Cartesian products or closely related to them [8] we
mention hypercubes, Hamming graphs, median graphs or grid
graphs. Moreover the thesis presents a new class of graphs,
so-called quasi Cartesian products, which includes graphs that
have a local product structure, although they might be prime.

The uniqueness of prime factor decomposition w.r.t. Carte-
sian product was proven by Sabidussi [22] in 1960. Note that
the original proofs were difficult and did not provide efficient
algorithms for finding the prime factorization, i.e., the set of
prime factors of a given Cartesian product. With the advent
of complexity theory in the 1970’s the question arose whether
one could find the prime factorization of connected graphs in
polynomial time. This question was many times answered by
several authors (for more details see [5], [25], [3], [14], [1]). The
fastest known algorithm has been obtained by Imrich and Pe-
terin [15], running in O(m) time where m denotes the number
of edges of a given graph.

In 1960 Ulam asked the question [24] whether a graph
G is uniquely determined up to isomorphism by its maximal
subgraphs, i.e., the graphs Gx obtained from G by deleting
a vertex x and all incident edges to it. In 1975 Dörfler [2]

7



8 CONTENTS

proved the validity of Ulam’s conjecture for finite nontriv-
ial Cartesian products, i.e. graphs which are the Cartesian
product of at least two nontrivial factors. As was shown by
Sims [23] the Cartesian product of at least two nontrivial fac-
tors is already uniquely determined by any one of its vertex
deleted subgraphs. In [17] Imrich and Žerovnik showed that
arbitrary nontrivial Cartesian products (finite or infinite) can
be uniquely reconstructed, up to isomorphism, from an arbi-
trary vertex deleted subgraph. An O(mn(∆2+m)) algorithm
for this weak reconstruction was published by Hagauer and
Žerovnik in [6]. Here n denotes the number of vertices and ∆
denotes the maximal degree of the vertices in a given graph.
Let us remark that our thesis presents method that acceler-
ates Hagauer’s and Žerovnik’s approach and improves final
time complexity to O(m∆2 +∆4). Hence we show that weak
reconstruction is possible in linear time with bounded ∆. In
2003 Imrich, Zmazek and Žerovnik extended weak reconstruc-
tion problem [19]. They have proven that a graph G is (up to
isomorphism) uniquely determined by any one of its k-vertex
deleted subgraphs if it has at least k + 1 prime factors on at
least k + 1 vertices each.

In the practical computational problems we often work
with graphs that have a product-like structure even they are
not Cartesian products. Such graphs are known as approxi-
mate products since real Cartesian product can be constructed
from them by adding or deleting by minimal number of ver-
tices or edges. The embedding of such graphs to Cartesian
products allow to apply many theoretical results that are known
for products. To find a closest Cartesian product for a given
arbitrary graph is an NP-complete which follows from [4].
However, we show that for many classes of graphs we are able
to design heuristic methods that give sufficient result. One of
our goals is to provide algorithms that run very fast in practi-
cal applications. As we show our methods run in linear time
for graphs with bounded maximal degree of vertex. Moreover
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we introduce approach that allows parallelization and thus we
are receiving even sublinear time complexity.

Analogous problems, i.e. embedding of graphs to regular
structure, were already solved for strong products. A first
algorithm for approximate strong products recognition was
published by Hellmuth, Imrich, Stadler and Klöckl in [12, 13].
Their method is based on local approach which covers graph
by small patches that help to recognize product structure in
the neighbourhood of any vertex of a given graph. Published
algorithm works for graphs that contains, in particular, all
products of triangle-free graphs on at least three vertices. The
latest and fastest approach that works for all strong product
graphs is due to Hellmuth [10, 9].

Finally, graph bundles generalize the notion of graph prod-
ucts and can also be considered as a special class of approx-
imate products. In [16] it was shown that Cartesian graph
bundles over a triangle-free base can be effectively recognized,
and in [21] it was shown that this can be done in O(mn2)
time.

Chapter 1 introduces basic notions and structures that are
commonly used in the thesis. In particular, we present main
concept of a Cartesian product of graphs and further we in-
troduce several relations that are associated with the topic.

Our local approach is based on the method that covers
graph by small patches. In Chapter 2 we introduced these
subgraphs called partial star products in more detail. We
show that this structure can be used to compute δ∗(G) in
O(m∆) time where δ∗(G) denotes a finest relation that has
so-called square property on the edge set of given graph G.
Moreover presented algorithm can be parallelized.

In Chapter 3 we briefly introduce the method of Hagauer
and Žerovnik [6] for weak reconstruction of Cartesian prod-
uct graphs and further show how its time complexity can be
improved.

Finally, Chapter 4 presents heuristic methods that allow
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the embedding of graphs (or parts of them) into Cartesian
products. At first, we focus on the difference between δ∗ and
product relation σ, and consequently define a new class of
graphs called quasi Cartesian products. Then we introduce
a labeling that is associated with any equivalence relation ρ
satisfying square property. We show that such ρ is product
relation if the associated labeling is consistent. Notice that
the idea of consistent labeling can be extended for global col-
orings. By that we are able to embed a given graph into a
Cartesian product. In the end we focus on approximate prod-
uct recognition and design several heuristic methods that solve
approximation problems.



Chapter 1

Preliminaries

1.1 Cartesian product of graphs

We consider connected finite undirected graphs without loops
and multiple edges. The Cartesian product G1�G2 of graphs
G1 = (V (G1), E(G1)) and G2 = (V (G2), E(G2)) is a graph
with vertex set V (G1) × V (G2), where the vertices (u1, v1)
and (u2, v2) are adjacent if u1, u2 ∈ E(G1) and v1 = v2, or
conversely, if v1, v2 ∈ E(G2) and u1 = u2.

It is easy to show that the Cartesian product is associative,
commutative, and that it has the one-vertex graph K1 as a
unit. A graph G is prime if the identity G = G1�G2 implies
that G1 or G2 is the one-vertex graph K1. A representation of
a graph G as a product G1�G2� . . .�Gk of prime graphs is
called a prime factorization of G. It is well known that every
connected graph G has a unique prime factor decomposition
with respect to the Cartesian product up to isomorphisms and
the order of the factors, see Sabidussi [22].

By the associativity we can write G1� . . .�Gk for a prod-
uct G of graphs G1, . . . , Gk and can label the vertices of G
by the set of all k-tuples (v1, v2, . . . , vk), where vi ∈ Gi for
1 ≤ i ≤ k. Note that v1, v2, . . . , vk are also called coordinates
of v. One says two edges have the same Cartesian color with

11
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(a) Given graphs (factors) G1 and G2.

(b) The Cartesian product G = G1�G2.

Figure 1.1: Example of Cartesian product of two graphs.
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respect to a given representation of G as a Cartesian product,
if their endpoints differ in the same coordinate. If they differ
in coordinate i we say their color is i. It is easy to see that
the edges of color i span a subgraph of G whose connected
components are isomorphic to Gi. We call such connected
components fibers or layers.

The Figure 1.1 shows an example of Cartesian product G
that was created by the Cartesian multiplication of two graphs
G1 and G2. Obviously, the vertex set of G is formed by or-
dered pairs (vi, vj) ∈ V (G1)×V (G2). These pairs derive coor-
dinates of vertices and consequently Cartesian colors of edges
that are highlighted by blue and green colors. We can ob-
serve that connected components of graphs induced by edges
of same color are isomorphic to the original factors G1 and G2.
Let us remark that methods recognizing prime factorization
of a given graph G are usually based on the computation of
Cartesian colors or coordinates w.r.t. the Cartesian product
since they allow to determine original prime factors of G.

The distance dG(x, y) in G is defined as the number of
edges of a shortest path connecting two vertices x, y ∈ V (G).
We define the open k-neighborhood of a vertex v as the set
Nk(v) = {x ∈ V (G) | 0 < dG(v, x) ≤ k}. The closed k-
neighborhood is defined as Nk[v] = Nk(v)∪ {v}. Unless there
is a risk of confusion, an open or closed k-neighborhood is
just called k-neighborhood and a 1-neighborhood just neigh-
borhood, and we write N(v), resp. N [v] instead of N1(v),
resp. N1[v]. To avoid ambiguity, we sometimes write NG

k (v),
resp. NG

k [v], to indicate that Nk(v), resp. Nk[v], is taken with
respect to G.

1.2 A square property and relations

An induced cycle on four vertices is called chordless square.
Let the edges e = vu and f = vw span a chordless square
vuxw. Then f is the opposite edge of xu and the vertex x
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is called top vertex (w.r.t. the square spanned by e and f).
One says e and f span square with unique top vertex x if
|N(x) ∩N(v)| = 2. On the other hand, a top vertex x is not
unique if there are further squares with top vertex x spanned
by the edges e or f together with a third distinct edge g and
thus |N(x) ∩ N(v)| > 2. Analogously, e and f span unique
square if |N(w) ∩N(u)| = 2.

The Figure 1.2 shows several examples of squares and their
classification. In the first case edges e and f span a square
with one chord uw and the top vertex x. The second case
shows a chordless square spanned by e and f . In the third
case we observe three squares spanned by pairs of edges {e, f},
{e, g} and {g, f}, respectively. Notice that these squares have
a common top vertex x. In such case we say that pairs of
edges {e, f}, {e, g} and {g, f} span squares with a non-unique
top vertex. Finally, the last case shows two edges e and f
that span two squares. Then we say that e and f span a
non-unique square.

There are several basic relations defined on an edge set
of a given graph that play an important role in the field of
Cartesian product recognition. We briefly introduce them in
the following paragraphs.

Definition 1.1 Two edges e, f ∈ E(G) are in the relation
δ(G), if one of the following conditions in G is satisfied:

(i) e and f are adjacent and it is not the case that there is a
unique square spanned by e and f , and that this square
is chordless.

(ii) e and f are opposite edges of a chordless square.

(iii) e = f .

Obviously, relation δ is reflexive and symmetric but not
necessarily transitive in general. We denote its transitive clo-
sure, that is, the smallest transitive relation containing δ(G),
by δ(G)∗.
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(a) Edges e and f span a square
with one chord and the top
vertex x.

(b) Edges e and f span a chord-
less square.

(c) Edges e and f span a square
with non-unique top vertex x.

(d) Edges e and f span two
squares with top vertices x

and y, i.e. e and f does not
span unique square.

Figure 1.2: Classification of squares.
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If adjacent edges e and f are not in relation δ, that is, if
Condition (i) of Definition 1.1 is not fulfilled, then they span
a unique square, and this square is chordless. We call such
a square just unique chordless square (spanned by e and f).
Moreover, if such square has a unique top vertex we analo-
gously extend the claim, that is, e and f span a unique chord-
less square with unique top vertex.

Let us remark, that relation δ is commonly defined with-
out forcing the chordless square in Condition (i), e.g. in [18].
This extra property of δ that requires squares to be unique
is more suitable for our purposes, i.e. recognition of Carte-
sian structure in the neighbourhood of given vertex. More-
over, as shown in [18], any pair of adjacent edges that belong
to different δ∗ classes span a unique chordless square, where
δ is defined without claiming “uniqueness” in Condition (i).
Thus, we can easily conclude that the transitive closure of our
relation δ and the usual one are identical.

We say an equivalence relation ρ defined on the edge set
of a graph G has the square property if any two edges e = uv
and f = uw that belong to different equivalence classes of ρ
span unique chordless square. From the definition of relation
δ(G) it easily follows that δ(G)∗ has the square property.

Finally, two edges e and f are in relation σ(G) if and only
if they have the same Cartesian colors with respect to the
prime decomposition of G. We call σ(G) the product relation.
A square is called Cartesian if every pair of its opposite edges
lies in the same σ(G) class and incident edges lie in different
σ(G) classes.

Based on definition of δ it is easy to show that δ ⊆ σ.



Chapter 2

A local approach

2.1 The partial star product

Let G = (V,E) be a given graph and Ez be the set of all
neighbours of an arbitrary vertex z ∈ V . We define local
relation dz as follows:

dz = ((Ez × E) ∪ (E × Ez)) ∩ δ(G) ⊆ δ(〈NG
2 [z]〉).

In other words, dz is the subset of δ(G) that contains all pairs
(e, f) ∈ δ(G), where at least one of the edges e and f is
incident to z. It is easy to show that d

∗
z is not necessarily

a subset of δ, but it is contained in δ∗.
Let Sz be a subgraph of G that contains all edges incident

to z and all squares spanned by edges e, e′ ∈ Ez, where e
and e′ are not in relation d

∗
z. Then Sz is called a partial start

product (PSP for short). To be more precise:

Definition 2.1 (Partial Star Product (PSP)) Let Fz ⊆
E \Ez be the set of edges which are opposite edges of (chord-
less) squares spanned by e, e′ ∈ Ez that are in different d

∗
z

classes, i.e., (e, e′) 6∈ d
∗
z.

The partial star product is the subgraph Sz ⊆ G with edge
set E′ = Ez ∪ Fz and vertex set V ′ = {u, v|uv ∈ E′}. We call

17
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z the center of Sz, edges in Ez primal edges, edges in Fz non-
primal edges, and the vertices adjacent to z primal vertices
with respect to Sz. Two PSPs are adjacent if their centers are
connected by an edge.

Define a local coloring with respect to PSP Sz as the re-
striction of relation d

∗
z to Sz with

d|Sz
:= d

∗
z|Sz

= {(e, f) ∈ d
∗
z | e, f ∈ E(Sz)}.

In other words, d|Sz
is the subset of d∗z that contains all pairs

of edges (e, f) ∈ d
∗
z where both edges e and f are contained in

Sz. We say edges e, f ∈ Sz have the same local colors in PSP
Sz if and only if they are in relation d|Sz

.
For a given subset W ⊆ V we define

d|S(W ) = ∪v∈W d|Sv

as the union of relations d|Sv
, v ∈ W . Transitive closure

d|S(W )∗ is then called global coloring with respect to W .

2.2 Properties of partial star product

The partial star product has several interesting properties. In
particular, we are interested in such properties that relate to
the Cartesian product and the relation δ∗. We are going to
introduce them in the following text.

Definition 2.2 (ϕ-neighborhood) Let ρ be an equivalence
relation defined on the edge set of a given graph G = (V,E).
For a given equivalence class ϕ of ρ (we write ϕ ⊑ ρ) and a
vertex u ∈ V we denote the set of neighbours of u that are
incident to u via an edge in ϕ by Nϕ(u), i.e.,

Nϕ(u) := {v ∈ V | uv ∈ ϕ} .

The closed ϕ-neighborhood is then Nϕ[u] = Nϕ(u) ∪ {u}.



2.2. PROPERTIES OF PARTIAL STAR PRODUCT 19

Definition 2.3 (Star Factor) Let G = (V,E) be an arbi-
trary given graph and Sv be a PSP for some vertex v ∈ V .
Assume d

∗
v has equivalence classes ϕ1, . . . , ϕn. We define the

star factor Si as the graph with vertex set Nϕi
[v] that con-

tains all primal edges of Ev that are also in the induced closed
ϕi-neighborhood, i.e., E(Si) = E(〈Nϕi

[v]〉) ∩ Ev.

The following theorem shows that each PSP can be isomet-
rically embedded into a Cartesian product of its star factors.
In other words, we are receiving information how the neigh-
borhood of given PSP center can be locally embedded to a
regular structure. Note that this property plays an important
role in the resulting algorithms.

Theorem 2.4 Let G = (V,E) be an arbitrary given graph
and Sv be a PSP for some vertex v ∈ V . Let H = �

k
i=1

Si be
the Cartesian product of the star factors of Sv as in Definition
2.3. Then it holds:

(1) Sv is an isometric subgraph of H and in particular, Sv ≃
〈NH

2
[(v1, . . . , vk)]〉 where vi denotes the star-center of Si,

i = 1, . . . , k.

(2) d|Sv
⊆ δ(H)∗ ⊆ σ(H).

(3) The product relation σ(H) has the same number of equiv-
alence classes as d|Sv

.

We conclude this section with a last theorem which shows
that the transitive closure of the union d|S(V ) over all vertices
and its relations dv, even restricted to Sv, is δ(G)∗.

Theorem 2.5 Let G = (V,E) be a given graph and d|S(V ) =
∪v∈V d|Sv

. Then

d|S(V )∗ = δ(G)∗.
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2.3 Computing the global coloring

In this section we are going to introduce an algorithm for the
computation of the global coloring. Let us remark that this
method provides a basic skeleton for other presented algo-
rithms.

For a given graph G, let W ⊆ V (G) be an arbitrary subset
of the vertex set of G such that the induced subgraph 〈W 〉 is
connected. Our approach for the computation is based on
the recognition of all PSP’s Sv with v ∈ W , and subsequent
merging of their local colorings. The subroutine computing
local colorings calls the vertices in BFS-order with respect to
an arbitrarily chosen root v1 ∈ W .

Here we provide a brief sketch of algorithm. A more in-
terested reader can study the detail implementation of intro-
duced approach in the thesis.

Algorithm 2.6 (Computation of d|S(W )∗)

Input: A connected graph G, W ⊆ V (G) s.t. the in-
duced subgraph 〈W 〉 is connected, and an arbi-
trary vertex v1 ∈ W .

Output: Relation d|S(W )∗.

1. Set sequence Q of vertices v1, v2, . . . , vn that form W in
BFS-order with respect to v1.

2. Set W ′ := ∅ and d|S(W
′)∗ := ∅.

3. FOR any vertex vi from sequence Q DO:

(a) Compute local coloring d|Svi
.

(b) Compute global coloring d|S(W
′∪vi)

∗ (i.e. (d|S(W
′)∪

d|Svi
)∗.

(c) Add vi to W ′.

The approach uses several special structures that allow to
decrease time complexity of entire algorithm.
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Theorem 2.7 For a given connected graph G = (V,E) with
maximum degree ∆ and W ⊆ V , Algorithm 2.6 runs in O(|E|∆)
time and O(|E|+∆2) space.

As the consequence of Theorems 2.5 and 2.7 we are re-
ceiving an approach that computes δ∗ in O(|E|∆) time and
O(|E|+∆2) space for every connected graph G = (V,E).

2.4 Parallel computation

The local approach allows the parallel computation of δ∗(G)
on multiple processors. Consider a graph G with vertex set
V (G). Suppose we are given a decomposition of V (G) =
W1 ∪ W2 ∪ . . . ∪ Wk into k parts such, that |W1| ≈ |W2| ≈
. . . ≈ |Wk|, where the subgraphs induced by W1,W2, . . . ,Wk

are connected, and the number of edges whose endpoints lie in
different partitions is small (we call such decomposition good).

Algorithm 2.8 (Parallel recognition of δ∗)
Input: A graph G, and a good decomposition V (G) =

W1 ∪W2 ∪ . . . ∪Wk.
Output: Relation δ∗G.

1. FOR every partition Wi concurrently compute global col-
oring d|Sv

(Wi) (i ∈ {1, 2, . . . , k}):

(a) Take all vertices of Wi and order them in BFS to
get sequence Qi.

(b) Set W ′ := ∅.

(c) Assign pairwise different temporary global colors to
edges incident to first vertex in Qi.

(d) FOR any vertex v from sequence Qi do:

i. Compute global coloring d|Sv
(W ′ ∪ v)∗.
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ii. Put all edges that were treated in previous step
and have at least one endpoint not in partition
Wi to stack Ti.

iii. Add v to W ′.

2. FOR every partition Wi run concurrently to merge all
global colorings (i ∈ {1, 2, . . . , k}):

(a) FOR each edge from stack Ti, take all its assigned
global colors and merge them.

Notice that we do not treat the task of finding a good
partition. With the methods of [7] this is possible with high
probability in O(log n) time, where n is the number of vertices.



Chapter 3

Weak reconstruction

3.1 Introduction

In this chapter we improve a method introduced by Hagauer
and Žerovnik [6] that reconstructs a Cartesian product G from
one of its vertex deleted subgraphs Gx, i.e. V (G) \ V (Gx) =
{x} ∈ V (G). Their algorithm consists of three steps. The first
one recognizes whether Gx is C8. In this case G is P3�P3. In
the second step a Construction 1 is performed. If G has at
least oneK2 factor, then Construction 1 is able to find the cor-
rect extension for Gx to reconstruct G (up to isomorphism). If
the input graph is not C8 and G does not satisfy the condition
in Step 2, then we perform Construction 2 which reconstructs
G from Gx.

The first step can be done in constant time. For the second
step we observe that Construction 1 runs in O(|E(G)|) time
and has as argument vertex x′. If x′ is a neighbor of x in G
such that (Gx)x

′

is of the form K2�Q, then Construction 1
yields G. To guess x′ correctly we need to run Construction 1
for every vertex.

For the third step Construction 2 is used. It assumes that
we are given vertices z, u, v such that zuxv is a Cartesian
square in G. We call such square zuxv a disturbing and its
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edges zu and zv a pair of disturbing edges. When a pair of
disturbing edges is known one can reconstruct G from Gx

in O(1) + O(∆2) + O(|E(G)|) time, where ∆ is the maximal
vertex degree in Gx. To find the correct candidates for a pair
of disturbing edges we have to perform Construction 2 for all
triplets of vertices z′, u′, v′, where u′, v′ are adjacent to z′.

Obviously, Step 3 that performs Construction 2, is most
expensive because the number of candidates for vertices sat-
isfying the given assumption is O(|V (G)|∆2). The question
arises whether there is a way to decrease their number. Our
method focuses on this issue and bounds the number of can-
didates by O(∆2).

3.2 Recognition of candidates

Recall that Algorithm 2.6 iteratively treats vertices v1, v2, . . . , vn
sorted in BFS-order w.r.t. v1. In every iteration it recognizes
one PSP Svi and merges its local coloring with the already
computed global coloring. If {v1, v2, . . . , vn} = V (G), then
the resulting global coloring is equal to δ(G)∗. We say that a
PSP sequence Sv1 , Sv2 , . . . , Svn was used to compute δ(G)∗.

Let G be a non-trivial Cartesian product and Gx be one
of its vertex deleted subgraph. Further let Sv1 , Sv2 , . . . , Svn−1

be a PSP sequence that is used to compute δ(Gx)∗. In the
first iteration of Algorithm 2.6 we receive an initial global col-
oring that is modified in the following iterations by adding of
newly computed local colorings. In every iteration we might
preserve or decrease the number of classes of computed global
coloring. In other words, the initial number of classes of com-
puted global coloring is decreased in some of the following
iterations. The main idea of our approach is based on the
investigation of all such iterations and PSP’s that are recog-
nized during them. The result of our method is the set of
candidates C that contains pairs of edges where at least one
of them is a pair of disturbing edges. More precisely:
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Theorem 3.1 The set of candidates C containing O(∆2) pairs,
where at least one candidate is pair of disturbing edges, can be
found in O(|E(G)|∆) time.

By the application of our method we improve the result of
Hagauer and Žerovnik.

Theorem 3.2 Let G be a Cartesian product of graphs and Gx

be a vertex deleted subgraph. Then G can be reconstructed from
Gx (up to isomorphism) in O(|E(G)|∆2 +∆4) time, where ∆
denotes the maximal vertex degree in G.
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Chapter 4

Approximate products

4.1 Quasi Cartesian Products

As we have already mentioned, δ∗ is contained in the product
relation σ. It is well-known that the convex closure of δ∗ yields
σ. Naturally, the question arises in which cases δ∗ = σ. The
following section presents the special class of graphs that helps
us to answer this question.

Let us remark that product relation σ satisfies the square
property. A given graphG is considered as a non-trivial Carte-
sian product if σ(G) has at least two classes. In terms of the
square property we are able generalize the definition of the
Cartesian product. This leads to the introduction of a new
class of graphs known as quasi Cartesian products.

Definition 4.1 Let G be a given graph with non-trivial equiv-
alence relation ρ that is defined on E(G) and satisfies the
square property. Then G is called a quasi (Cartesian) product.

Since δ∗ is the finest relation that satisfies the square prop-
erty, and is thus contained in any such relation ρ, it follows
that δ∗ must have at least two equivalence classes for any non-
trivial quasi product. By Theorem 2.5 we have d|S(V (G))∗ =
δ(G)∗ for every graph G. In other words, quasi products can
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be defined as graphs where the PSP’s of all vertices are non-
trivial, that is, none of the PSP’s is a star K1,n, and in addi-
tion, where the union over all d|Sv

yields a non-trivial δ∗.

Lemma 4.2 For a given connected graph G = (V,E) with
bounded maximum degree Algorithm 2.6 (with slight modifica-
tions) determines whether G is a quasi Cartesian product in
O(|E|) time and O(|E|) space.

4.2 A labeling based on square property

In [1] Aurenhammer, Hagauer and Imrich published an al-
gorithm that computes a labeling of vertices that reflect the
prime factorization of a given graph G. More precisely, two
adjacent vertices u, v ∈ V (G) are assigned labels that differ
only in k-th coordinate if and only if uv ∈ ϕk ⊑ σ(G). In
other words, the computed labeling determines the product
relation.

In this section we are concerned with the opposite problem.
Let ρ be a relation that satisfies the square property on the
edge set of a graph G. We introduce a labeling algorithm that
takes ρ and an arbitrary vertex as input and computes an
associated labeling. Note that the labeling computed in that
way does not need necessarily satisfy the consistency condition
that any two adjacent vertices u, v ∈ V (G) differ only in k-th
coordinate if and only if uv ∈ ϕk ⊑ ρ(G). However we will
show that if this condition is satisfied and if ρ(G) ⊆ σ(G),
then ρ(G) is a product relation.

Before we introduce the labeling algorithm, let us present
the basic notions and general assumptions for the section. Let
G be a given graph. By ρ we will denote an equivalence re-
lation that satisfies the square property on the edge set of G.
Thus, we often write ρ instead of ρ(G). As in previous chap-
ters we choose an arbitrary starting vertex r ∈ V (G), call it
a root and sort the rest of vertices of G in BFS-order with
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respect to it. An arbitrary connected component of graph in-
duced by class ϕi ⊑ ρ we call a layer and denote it by Hi.
We define as unit layer with respect to ρ (or just unit layer
for short) such a layer that contains the root r. Denote all
unit layers containing r by Hr

1
, Hr

2
, . . . , Hr

k . One says a vertex
is a unit vertex if it is included in some unit layer. Analo-
gously, we define a unit edge as an edge that lies in a unit
layer. A label c(v) of a vertex v is a k-tupel (v1, v2, . . . , vk)
where v1, v2, . . . , vk are called coordinates of v w.r.t. ρ. We
define a function level : V (G) → R and set level(v) = i for a
vertex v ∈ V (G) if dG(r, v) = i, i.e. v lies in distance level Li

w.r.t. r.

Algorithm 4.3 (Labeling algorithm)
Input: A graph G, ρ defined on E(G) and root r ∈

V (G).
Output: A labeling with respect to ρ.

1. Set the label of root c(r) = (0, 0, ..., 0).

2. Assign to any unit vertex v ∈ V (Hr
i ) (except root) the

unique integer ni
v > 0 in the unit layer V (Hr

i ) such that
level(v) < level(u) implies ni

v < ni
u for any pair of ver-

tices u and v included in the same unit layer.
(Note that a vertex v can have assigned more integers in
the case it is included in more unit layers.)

3. Set i-the coordinate of any unit vertex v ∈ V (Hr
i ) (except

root) such that ci(v) = ni
v.

4. Set all unset coordinates of unit vertices to zero, i.e.
ci(v) = 0 implies v 6∈ V (Hr

i ).

5. FOR any unlabeled vertex v of distance level Lk with k =
2, 3, . . ., respectively, DO :
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(a) Find two neighbors u,w of v such that level(u) =
level(w) = level(v) + 1 and vu, vw are included in
different classes of ρ.

(b) Set ci(v) = max{ci(u), ci(w)} for any coordinate vi

of v.

Definition 4.4 A labeling computed by Algorithm 4.3 is called
consistent if endpoints of any edge uv ∈ ϕi ⊑ ρ differ only in
the i-th coordinate.

We say a relation ρ is consistent if Algorithm 4.3 computes
a consistent labeling for it.

Theorem 4.5 Let G be a given graph with consistent relation
ρ ⊆ σ(G) that is defined on the edge set E(G) and satisfies
the square property. Then ρ is a product relation.

The following corollaries follow from previous theorem and
the fact that σ(G) is always a consistent relation satisfying
the square property on the edge set of G.

Corollary 4.6 The product relation σ(G) is the finest consis-
tent relation that is defined on E(G) and satisfies the square
property.

Corollary 4.7 The relation δ∗(G) is consistent if and only if
δ∗(G) = σ(G) and thus, if and only if δ∗(G) determines the
prime factorization of G.

The introduced labeling associated with the relation ρ
gives us the possibility to embed a given graph or its part to
Cartesian or quasi Cartesian products. This will be studied
more precisely in Section 4.5.

Moreover, based on Corollaries 4.6 and 4.7, we can ex-
tend Algorithm 2.6 by a routine that performs the consistency
check for any two adjacent vertices u and v. Then, if consis-
tency is not satisfied, i.e. u and v differ in j-th coordinate,
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while uv ∈ ϕk ⊑ δ∗(G) and k 6= j, we merge classes ϕj and
ϕk. In this way we obtain the finest consistent relation that
satisfies square property in G, since it contains δ(G)∗. By
Corollary 4.6, such relation is equal to σ(G). Thus, we open a
new way how to compute prime factorization w.r.t. Cartesian
product by a local approach. Moreover, as we showed in Sec-
tion 2.4, this local approach can be parallelized, which allows
to perform parallel computation of the prime factorization at
least partially.

4.3 Approximate products and global col-

oring

So far we did not provide an exact definition of the concept
of approximate Cartesian product, which can be considered as
a graph G that has a product-like structure. It means that
there exists a graph H that is a non-trivial product and a
good approximation of G in the sense that H can be reached
from G by a small number of additions or deletions of edges
and vertices. To be more precise we defined in [11] the edit
distance d(G,H) between two graphs G and H as the smallest
integer k such that G and H have representations G′, H ′,
that is vertices in V (G) are identified with vertices in V (H),
for which the sum of the symmetric differences between the
vertex sets of the two graphs and between their edge sets is
at most k. That is, if

|V (G′)△V (H ′)|+ |E(G′)△E(H ′)| ≤ k.

A graph G is a k-approximate graph product if there is a
non-trivial product H such that

d(G,H) ≤ k.

Here k need not be constant, it can be a slowly growing func-
tion of |E(G)|. The next results illustrate the complexity of
recognizing approximate graph products.
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Lemma 4.8 ([11]) For fixed k all Cartesian k-approximate
graph products can be recognized in polynomial time in n.

Without the restriction on k the problem of finding a prod-
uct of closest distance to a given graph G is NP-complete for
the Cartesian product [4]. However, even then we are able
to find sufficiently good approximations for a large class of
graphs.

The number of classes contained in equivalence relation ρ is
called an order of relation and is denoted by |ρ|. Consider the
PSP Sz and the associated local coloring d|Sz

, where z ∈ V (G).
As we have shown in Theorem 2.4, d|Sz

provides information
how the neighborhood of the center z can be embedded into
the Cartesian product H with |δ(H)∗| = |d|Sz

|. We are going
to extend this idea to the set of PSPs.

Let W = {v1, v2, . . . , vk} ⊆ V (G) be set of centers and
RW = {Sv1 , Sv2 , . . . , Svk} be the set of corresponding PSPs.
Denote by GW the subgraph of G that is formed by the union
of all PSPs from RW , i.e.: GW =

⋃
v∈W Sv. We call W a

PSP part (or just part for short) if the induced graph 〈GW 〉
is connected. Suppose there is a graph H that contains GW ,
where d|S(W )∗ ⊆ δ(H)∗ and where d|S(W )∗ and δ(H)∗ are of
the same order. If d|S(W )∗ has at least two classes, then H is
Cartesian product or quasi Cartesian product and we call H
an δ-approximation of G.

Figure 4.1 shows a graphG and one of its δ-approximations
(graph H). On the figure we can observe blue vertices that
form part W . The black centers are not included in W be-
cause associated PSPs detect just one class in their neighbor-
hoods, which is not desired. The classes of the global coloring
d|S(W )∗ are highlighted by magenta and orange color on the

figure. Simultaneously, all colored edges form the graph GW

that corresponds to the part W . The graph H is an example
of a δ-approximation of G. Obviously, H contains GW and
|d|S(W )∗| = |δ(H)∗| where d|S(W )∗ ⊆ δ(H)∗.

Let us remark that the resulting δ-approximation from the
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(a) Approximate product G. (b) Close Cartesian product H.

Figure 4.1: Example of δ-approximation of graph G.

previous example is the best possible with respect to given
graph G. In other words, graph H is the closest Cartesian
product to G. As we have already mentioned, it is not possible
to find a best approximation for any given graph in polynomial
time. However we are able to find at least sufficiently close
solution for large class of graphs.

4.4 Sufficient part

In order to find a ”sufficient” δ-approximation for a given
graph G we search for a large part W ⊆ V (G) that pro-
duces a global coloring |d|S(W )∗| > 1. Clearly, the term ”suf-
ficient” depends on the requirements one has if one wants to
find product-like structures. For instance one might want to
recognize a k-approximate product. However, this might be
not ”sufficient”, depending on the application, as one might
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want to find a largest subgraph of G that is a Cartesian prod-
uct or if one wants to compute an embedding of G into a close
Cartesian product H. One might also provide additional in-
formation about the possibly underlying product structure in
order to obtain better or faster results. To summarize, there is
no standart or established way, how W should be computed.

To find a way to computeW in a meaningful way we there-
fore start with a preprocessing on the graph G under investiga-
tion. In particular, we first compute several large product-like
subgraphs, which are called consistent parts. Those subgraphs
are unions of PSP’s, where only those PSP’s are joined, when-
ever they give rise to a connected subgraph and when the
PSP’s have the same number of d|Sv

-classes. Thus, the re-
sulting subgraphs can then independently be embedded into
a Cartesian product with a maximal number of factors. All
these subgraphs that form together G, can then be used for a
heuristic to compute W .

Definition 4.9 We say two adjacent PSPs Su and Sv are
consistent if |d|Su

| = |d|Sv
| = |(d|Su

∪ d|Sv
)∗|.

A given part W = {v1, v2, . . . , vk} and the corresponding
set of PSPs RW = {Sv1 , Sv2 , . . . , Svk} is consistent if |d|Sv1

| =
|d|Sv2

| = . . . = |d|Svk

| = |d|S(W )∗|.

Naturally, one can ask whether there exists such a par-
titioning of the vertex set V (G) = W1 ∪ W2 ∪ . . . ∪ Wk for
any given graph G where centers of every pair of consistent
PSPs lie in common consistent part. If such partitioning re-
ally exists then we sayG has best consistent partitioning. Then
W1,W2, . . . ,Wk are called best consistent parts. However as
Figure 4.2 shows any given graph does not need to have best
consistent partitioning. We observe here the consistent part
W = {v4, v5, v6}. However, although Sv2 and Sv5 are con-
sistent we cannot add v2 to W , since (v1v3, v3v6) ∈ d|Sv2

and
(v1v3, v3v6) 6∈ d|S(W )∗. Consequently, |d|S(W ∪v2)

∗| < |d|Sv6
|.

In other words, W ∪ v2 is not a consistent part and thus, not
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Figure 4.2: Example of inconsistent partitioning.

every pair of consistent PSPs lie in common consistent part.
Hence, no best consistent partitioning exists.

In the first step of a procedure that computes “sufficient”
part for a given graph G we wish to split a vertex set V (G)
to best consistent parts if a given graph has such partitioning.
In the thesis we present such method in more detail. Note
that even G does not have the best consistent partitioning we
can perform provided algorithm to split V (G) into consistent
parts at least. In such case we are not able to compute a
unique partitioning of V (G) and moreover computed parts do
not need to be maximal w.r.t. inclusion but the computed
result is still sufficient for a further processing.

Theorem 4.10 Let G be a graph with the best consistent par-
titioning. Then the vertex set V (G) can be split to best con-
sistent parts in O(|E(G)|∆2) time and O(|E(G)|∆) space.

Finally, the thesis presents an example of heuristical method
that takes a vertex set of a given graph split to consistent parts
as the input and compute resulting part W . More precisely,
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(a) Graph G with vertex set split to consistent parts W1,W2,W3,W4.

(b) Computed optimal part.

Figure 4.3: Example - the computation of an optimal part with at
least two factors.

we introduce an approach that computes such W that is as-
sociated with a global coloring d|S(W )∗ with at least b > 1
classes. Moreover we require that W contains a largest con-
sistent part Wi computed by algorithm for the recognition of
best consistent parts with |d|S(Wi)

∗| ≥ b. Every part that
satisfies given conditions is called optimal (with respect to b).
Let us remark that presented algorithm runs in O(|E(G)|∆)
time and space.

Figure 4.3 shows how an optimal part can be computed
for a given graph G. At first we split a vertex set V (G) to
consistent parts W1,W2,W3,W4 (see case 4.3a) that are high-
lighted by blue, green, magenta and red vertices, respectively.
In this case, computed consistent parts are best. Note that
parts W1 and W3 derive global colorings with three classes
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while parts W2 and W4 are associated with global colorings
that have only two classes. In other words, parts W1 and W3

reflect three factors while parts W2 and W4 detect only two
factors. In order to compute an optimal part that derives a
global coloring with at least two factors we use our heuristical
method where parts W1,W2,W3,W4 and b = 2 are taken as
input. One of the possible resulting global colorings d|S(W )∗

is shown in the case 4.3b where W = W1 ∪ W2 ∪ W3. Note
that d|S(W )∗ has two classes that are formed by orange and
black edges, respectively.

4.5 Embedding of graph to product

In Section 4.2 we introduced the labeling algorithm that com-
putes a labeling with respect to equivalence relation ρ(G)
where ρ(G) satisfies the square property on the edge set of
a given graph G. We showed that ρ(G) is equal to product
relation σ(G) if ρ(G) ⊆ σ(G) and moreover if ρ(G) produces
a consistent labeling (via Algorithm 4.3). Recall that a label-
ing associated with ρ(G) is considered as consistent if every
pair of adjacent vertices u, v ∈ V (G), where uv ∈ ϕk ⊑ ρ,
obtain labels that differ only in k-th coordinate. Note that
any consistent labeling defines an isomorphic embedding of G
to Cartesian product H.

In order to embed any given graph (or at least its sub-
graph) to some Cartesian product we extend the labeling al-
gorithm for global colorings. Our method tries to compute a
consistent labeling with respect to global coloring d|S(W )∗ for

all vertices of GW = ∪v∈WSv ⊆ G.

Note that this goal cannot always be achieved. In [8, p.
280 et seqq.] a way is shown how to avoid those inconsis-
tencies. In this approach colors of edges with “inconsistent”
vertices are merged to one color. However, if the graph un-
der investigation is only slightly perturbed, but prime, this
approach would merge all colors to one. This is what we
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want to avoid. Instead of merging colors and hence, in or-
der to preserve a possibly underlying product structure, we
remove those edges and vertices from GW where consistency
fails. This leads to a subgraph H ⊆ GW where the edges are
still d|S(W )∗-colored w.r.t. GW and have the desired coor-
dinates. For more detail about modified labeling algorithm
that computes consistent coordinates based on given global
coloring we refer to the thesis.

In Algorithm 4.11 we finally compute factors Hi based on
computed coordinates and the edges of ϕi ⊑ (d|S(W )∗)|H ,
1 ≤ i ≤ k. Hence, the connected component of H induced by
the edges of ϕi ⊑ d|S(W )∗ are subgraphs of layers Hi of the

Cartesian product �k
i=1

Hi and therefore, H can be embedded
into �

k
i=1

Hi.

Algorithm 4.11 (Embedding of H into Cartesian product)
Input: A graph H with consistently coordinatized ver-

tices.
Output: Factors Hi and Cartesian product �r

i=1
Hi where

H can be embedded into.

1. FOR each position i = 1 to k of coordinates do:

(a) Initialize graph Hi = ∅.

(b) FOR each vertex v ∈ V (H) do:

i. IF ci(v) /∈ V (Hi) THEN add ci(v) to V (Hi).

2. FOR each position i = 1 to k of coordinates do:

(a) FOR each edge (v, u) ∈ E(G) do:

i. IF ci(v) 6= ci(u) and edge ci(v)ci(u) /∈ E(Hi)
THEN add (ci(v), ci(u)) to E(Hi).

Lemma 4.12 Given a graph G with maximum degree ∆ ob-
tained from modified labeling algorithm with consistently co-
ordinatized vertices. Then Algorithm 4.11 computes factors
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Hi such that G can be embedded into �
k
i=1

Hi in O(|E(G)|∆)
time.

Figure 4.4 presents a process that embeds given graph G
(or at least its subgraph) to a Cartesian product. Suppose we
have given part W ⊆ V (G) that is formed by blue vertices
(see case 4.4a). As we can observe d|S(W )∗ has two classes ϕ1

and ϕ2 highlighted by magenta and orange colors, respectively.
Note that W can be computed by heuristical algorithm men-
tioned in previous section. At first we use modified labeling
algorithm that computes coordinates based on global coloring
d|S(W )∗. We receive a subgraph H ⊂ G induced by labeled
vertices consistently coordinatized with respect to d|S(W )∗,
i.e. any two adjacent labeled vertices u and v differ exactly in
i-th coordinate if uv ∈ ϕi ⊑ d|S(W )∗ (see case 4.4b). More-
over there are no two labeled vertices in G that would obtain
identical coordinates. As one can observe, the subgraph H
is missing two edges highlighted by dotted line. We removed
them during the labeling process since they connected two
vertices that differ in more than one coordinate.

Finally, we can call Algorithm 4.11 that embeds the result-
ing graph H to a Cartesian product. Note that the resulting
product can be shown in Figure 4.4c where computed coordi-
nates define an embedding of H to the product.
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(a) Given part W ⊂ V (G) formed
by blue vertices derives global
coloring with two classes.

(b) A subgraph H ⊂ G with con-
sistently coordinatized vertices
(removed edges between ver-
tices that differ in more than
one coordinate).

(c) Derivation of factors and embedding of graph H

to Cartesian product.

Figure 4.4: Example - embedding of subgraph of G to Cartesian
product.



Chapter 5

Summary

5.1 Theoretical results

Our research is motivated by applications that wish to em-
bed a given graph or at least a large subgraph to a regular
structure, such as the Cartesian product. The local approach
introduced in the thesis is based on the idea to recognize the
Cartesian structure reflected in the vicinity of every vertex.
For these purposes we define a partial star product (PSP)
whose definition is based on a local relation d. We show
that the partial star product is, besides trivial cases such as
squares, one of the smallest non-trivial subgraphs that can be
isometrically embedded into the product of stars, even if the
respective induced neighborhoods are prime. Note that every
PSP produces a local coloring d|Sv

, which is a relation that re-
flects the Cartesian structure in the neighborhood of the PSP
center.

Let W = {v1, v2, . . . , vk} ⊆ V (G) be a set of centers in a
graph G. By merging of local colorings d|Sv1

, d|Sv2
, . . . , d|Svk

we obtain a global coloring d|S(W )∗. Note that the global col-
oring d|S(V (G))∗ is equal to δ(G)∗, which is the finest relation
defined on E(G) that satisfies the square property. Since the
product relation σ(G) that determines the prime factorization

41
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of a graph G also satisfies the square property on E(G), one
can naturally ask whether δ(G)∗ = σ(G). This is not true
in general, as the example of the Möbius band shows. It has
non-trivial δ∗, while σ has just one class. This example gives
rise to a class of graphs called quasi Cartesian products that
is formed by all graphs that have non-trivial δ∗. In order to
embed a graph G into the Cartesian product we design a la-
beling algorithm that is determined by ρ(G), where ρ(G) is
an equivalent relation that satisfies the square property on
the edge set E(G). We show that if the computed labeling is
consistent, i.e. every two adjacent vertices u, v ∈ V (G) differ
only in i-th coordinate if and only if uv ∈ ϕi ⊑ ρ(G), and
ρ(G) ⊆ σ(G), then ρ(G) = σ(G). In other words, we prove
that σ(G) is the finest consistent relation satisfying the square
property on E(G).

5.2 Designed algorithms

The thesis introduces several algorithms that help us to reach
the main objectives of our research. First of all we present an
algorithm for PSP recognition that computes the local color-
ing d|Sv

for a given vertex v ∈ V (G) in (deg(v)∆) time, where
∆ denotes the maximal vertex degree in the graph G. This
subroutine forms the base of a local algorithm that determines
the global coloring d|S(W )∗ for any subset W of a vertex set of
a graph G in O(|E(G)|∆) time. By small modifications of the
local algorithm we obtain a method that computes a set of so-
called candidates for disturbing edges. It helps us to improve
the algorithm for weak reconstruction introduced by Hagauer
and Žerovnik [6]. Thus resulting time complexity of weak re-
construction is improved from O(|E(G)||V (G)|(∆2+ |E(G)|))
to O(|E(G)|∆2 +∆4).

The main goal of the thesis is to design a method that
allows the embedding of a given graph (or its subgraph) into
a Cartesian product. As one might have to consider many
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different requirements on the results computed by such pro-
cedure, we do not design a general approximation algorithm.
One must realize that the recognition of approximate prod-
ucts is NP-complete problem and thus we need very often ad-
ditional information about the graph that is under investiga-
tion. Despite this, we present an O(|E(G)|∆) algorithm that
recognizes consistent parts, that is, subgraphs of a given graph
that reflect same number of factors. The computed subgraphs
can be embedded into Cartesian products or we can join them
to get a larger subgraph or even entire graph that has still a
non-trivial global coloring. Again joining of consistent parts
may provide non-unique result, and as one can expect, the
computation of a “best” result can be very expensive. Thus,
we provide possible heuristic methods that compute so-called
optimal parts in O(|E(G)|∆) time. Notice that an optimal
part contains a largest consistent partition and further other
adjacent parts such that the associated global coloring still has
the desired number of classes. Notice that the computation
of consistent parts seems to be appropriate preprocessing for
any other heuristic approximation method.

The previous methods provide a set of PSP centers (part)
that receive a global labeling which has the desired number of
classes and covers a large part of a graph. In the end we design
an algorithm that computes a generalized consistent labeling
based on given global coloring in O(|E|∆+ |V |2∆2) time. The
resulting labeling allows embedding of a given graph or its
subgraph to a Cartesian product.

Last not least, we show how the local approach can be par-
allelized, and thus provide a possibility to solve the introduced
problems in parallel.

5.3 Outlook

The computation of δ∗ in O(|E|∆) time opens the possibility
to pose several questions: Is it possible to use the local ap-
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proach for the recognition of graph bundles (see [16] or [26])?
Can we apply the local approach on problems that study mul-
tiplication of graphs with specified domain [20]? Is it possible
to parallelize the computation of a consistent labeling w.r.t. a
global coloring, and consequently parallelize the computation
of Cartesian and approximate products? We wish to answer
these questions in the subsequent papers.
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icated to P. Erdős on his 60th birthday), Vol. I, pages
361–363. Colloq. Math. Soc. János Bolyai, Vol. 10. North-
Holland, Amsterdam, 1975.

[3] T. Feder. Product graph representations. Journal of
graph theory, 16(5):467–488, 1992.

[4] J. Feigenbaum and R. A. Haddad. On factorable exten-
sions and subgraphs of prime graphs. SIAM J. Discrete
Math., 2:197–218, 1989.

[5] J. Feigenbaum, J. Hershberger, and A. A. Schäffer. A
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