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Abstract

Efficient parallel implementation of the boundary element method is crucial for its ap-

plicability to the solution of real world engineering problems. Several approaches to the par-

allelization of BEM are presented in this thesis, including in-core vectorization using SIMD

instruction set extensions, a novel distributed fast boundary element method based on the

cyclic graph decompositions, and parallel space-time Galerkin boundary element method for

the time dependent wave equation utilizing smooth temporal basis functions. In the thesis we

provide a brief introduction to the boundary element method in both space and time, describe

our in-house boundary element environment, in which most of the methods are implemented,

and provide a commentary to author’s published papers in the field.

Key Words: boundary element method, parallel fast BEM, time-domain BEM, HPC,

parallel computing.

Abstrakt

Aby bylo možné metodu hraničńıch prkv̊u využ́ıt pro řešeńı reálných inženýrských úloh, je

potřebná jej́ı efektivńı paralelńı implementace. V předložené disertačńı práci je představeno

několik př́ıstup̊u k paralelizaci této metody — vektorizace pomoćı SIMD instrukčńıch sad

v rámci jednoho jádra, nová distribuovaná rychlá metoda hraničńıch prvk̊u založená na cyk-

lických dekompozićıch graf̊u a paralelńı prostoro-časová Galerkinova metoda hraničńıch prvk̊u

pro řešeńı časově závislé vlnové rovnice s využit́ım hladkých časových bázových funkćı. Práce

obsahuje stručný úvod do metody hraničńıch prvk̊u v prostoru i čase, popisuje námi vyv́ıjený

hraničně prvkový software, ve kterém je většina z výše jmenovaných metod implementována,

a poskytuje komentář k autorovým publikaćım v tomto oboru.

Kĺıčová slova: metoda hraničńıch prvk̊u, paralelńı rychlé metody hračńıch prvk̊u, BEM

pro časově závislé problémy, HPC, paralelńı poč́ıtáńı.
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Introduction

This work is presented in the form of collection of three research papers focusing on the

parallelization of the boundary element method. All of them have been published or accepted

in journals with impact factor. We provide them together with the commentary in Part II

of the thesis. Due to the complexity of the presented topic this main part is preceded by

Part I which provides a brief introduction to the boundary element method and its efficient

implementation.

In the first paper an approach to the acceleration of the boundary element method (BEM)

using the SIMD (single instruction multiple data) capabilities of modern processors is pre-

sented. These vector instruction set extensions enable a concurrent computation on multiple

operands using a single computational core, thus provide an energy efficient way to speed-up

the computation. While the original SSE instruction set extension introduced by Intel in 1999

contained 128-bit wide vector registers supporting a parallel computation on two double and

four single precision operands, the current instruction set architecture available in the Intel

Xeon Phi coprocessors supports a concurrent computation on up to 8 double and 16 single

precision operands. The AVX-512 instruction set extension provides similar capabilities to

the Intel Xeon server processor based on the Skylake architecture. Therefore to exploit the

full potential of current processors one has to modify and optimize his code to enable the

utilization of the SIMD instruction sets. In the presented work we propose an approach to

vectorize BEM computation based on the existing high level C++ library [17]. This relatively

easily enables us to vectorize the original code while keeping its object oriented structure.

The second paper deals with the parallelization of the fast boundary element method.

The boundary element method for the stationary (elliptic) problems is now well established.

There are techniques for ovecoming two main setbacks - the integration of singular kernels

and the dense matter of the system matrices. The former one can be treated using, e.g.,

semi-analytic integration [24] or a fully numerical integration based on Duffy’s substitution

[26, 9, 6]. The latter problem is usually treated using a sparsification technique based on the

low rank approximations of the system matrices, such as the adaptive cross approximation

(ACA) [2, 4, 3, 5], the panel clustering method [16], or the fast multipole method (FMM)

[25, 11]. Yet, to enable the solution of large scale problems, a distribution of the system

1



List of Tables 2

matrices and a parallelization of the solution process is necessary. Parallel implementation

of the fast boundary element method in distributed memory is still an open topic, so far it

has been addressed, e.g., in [4]. In this work we present a new approach for distribution of

the system matrices among nodes of a computational cluster (MPI processes) based on cyclic

graph decompositions.

The last paper aims at efficient parallel implementation of BEM-based solver for time-

dependent wave scattering modelled by the hyperbolic partial differential equation. Although

the initial ideas about the solution of time dependent problems using the boundary element

method date back to 1960s [15] the research in this field is far less established than in the case

of elliptic problems. The application of BEM on the governing hyperbolic time dependent wave

equation is not as straightforward as in the case of elliptic equations. Besides the collocation

methods, which are hard to analyse mathematically, there are two major approaches in the

field of the time dependent boundary integral equations [8, 12]: the convolution quadrature

method introduced by Lubich [19] and the Galerkin method presented by Bamberger and

Ha Duong [1]. In this work we deal with the latter one. The main drawback of the Galerkin

formulation is a need for a special quadrature when computing the elements of system matrices,

since integration domains are intersections of boundary elements with a discrete light cone.

Therefore we implement the new approach introduced by Sauter and Veit [27] which uses

compactly supported, infinitely smooth basis functions to overcome this problem. Its efficient

parallel implementation, as far as we know, has not yet been presented and tested on large

scale problems.

The outline of this work is as follows: in Part I we provide a brief introduction to the

boundary integral equations for both static and time-dependent problems, focusing on the

Laplace and wave equation. We present the boundary integral equations suitable for the so-

lution of Dirichlet and Neumann problems together with their variational formulations. In

the next chapter we describe the discretization of the problems using the boundary element

method. The spatial discretization for the elliptic problems as well as the space-time Galerkin

method for the solution of the wave equation is described. In the next chapter the parallel

boundary element environment BEM4I, where most of the presented techniques are imple-

mented, is presented. In Part II we provides three of the author’s published or accepted

papers together with the commentary on results and the contribution of the author. The

first paper focuses on the acceleration of BEM using the SIMD instruction set extensions,

the next one presents the new method for a distribution of stationary BEM system matrices

among computational nodes, and the last one describes a new approach for parallel solution

of time-dependent wave equation. In the last chapter we provide conclusion and an outlook

of the future work.



Part I

Introduction to BEM and its

efficient implementation
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Chapter 1

Boundary Integral Equations

Since this thesis deals with the parallelization of the boundary element method for both

stationary and time-dependent problems we focus on the boundary integral equation (BIE)

formulation of the Laplace and time-dependent wave equations. Formulations and theory

concerning the Helmholtz, Lamé, or Stokes equations may be found in [32].

1.1 Laplace equation

In this section we provide a boundary integral formulations suitable for the solution of the

Laplace equation. An interested reader should consult, e.g., [24, 32] for more details. Let

Ω ⊂ R3 be a bounded domain with Lipschitz boundary Γ := ∂Ω. The solution of the Laplace

equation

−△u(x) = 0 for x ∈ Ω (1.1)

is given by the representation formula

u(x) =


Γ
G(x,y)γint1 u(y)dsy −


Γ
γint1,yG(x,y)u(y)dsy, (1.2)

where

G(x, y) :=
1

4π∥x− y∥

is the fundamental solution of the Laplace equation, γint1 : H1
△(Ω) → H−1/2(Γ ) is the interior

conormal derivative operator defined for functions from

H1
△(Ω) :=


v ∈ H1(Ω) : −△v ∈ L2(Ω) in the sense of distributions


and satisfying

γint1 u(x) =
∂u(x)

∂n
for all u ∈ C∞(Ω),x ∈ Γ.

5



Boundary Integral Equations 6

The space H−1/2(Γ ) is the dual of H1/2(Γ ) with respect to the pivot space L2(Γ ). Finally n

denotes the unit outward normal vector to Ω.

The mappings

(Ṽ w)(x) :=


Γ
G(x,y)w(y)dsy, Ṽ : H−1/2(Γ ) → H1(Ω) (1.3)

and

(Wv)(x) :=


Γ
γint1,yG(x,y)v(y)dsy, W : H1/2(Γ ) → H1(Ω) (1.4)

are called the single layer potential and the double layer potential, respectively.

Applying the interior trace operator γint0 : H1(Ω) → H1/2(Γ ) to (1.3) we define the single

layer potential operator

V := γint0 Ṽ : H−1/2(Γ ) → H1/2(Γ ).

The operator is bounded, H−1/2(Γ )-elliptic and for w ∈ L∞(Γ ) and x ∈ Γ there holds the

representation [24]

(V w)(x) =


Γ
G(x,y)w(y)dsy. (1.5)

Similarly, applying γint0 to (1.4) we obtain the bounded boundary integral operator

γint0 W : H1/2(Γ ) → H1/2(Γ )

with the representation

γint0 (Wv)(x) = (−1 + σ(x))v(x) + (Kv)(x) (1.6)

for x ∈ Γ and v ∈ H1/2(Γ ). For v ∈ L∞(Γ ) the double layer potential operator K takes the

form

(Kv)(x) =


Γ

∂G

∂ny
(x,y)v(y)dsy. (1.7)

Moreover, σ(x) = 1/2 for x ∈ Γ on a smooth part of the boundary.

Applying the interior trace operator to the representation formula (1.2) and using the

relations (1.5), (1.7), and (1.6) we obtain the boundary integral equation

γint0 u(x) = (V γint1 u)(x) +
1

2
γint0 u(x)− (Kγint0 u)(x) (1.8)

for almost all x ∈ Γ .

Since for w ∈ H−1/2(Γ ) we have △(Ṽ w) = 0 in the sense of distribution, we can apply

the interior conormal derivative operator γint1 to (1.3) to define the bounded boundary integral
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operator

γint1 Ṽ : H−1/2(Γ ) → H−1/2(Γ ).

For w ∈ H−1/2(Γ ) and x ∈ Γ in the smooth part of the boundary there holds the represen-

tation

γint1 (Ṽ w)(x) =
1

2
w(x) + (K ′w)(x),

where K ′ is the adjoint double layer potential operator. For w ∈ L∞(Γ ) we obtain [26]

(K ′w)(x) =


Γ

∂G

∂nx
(x,y)w(y)dsy. (1.9)

Similarly as in the case of (1.8) we derive the second boundary integral equation by

applying the interior conormal derivative operator to the formula (1.2), obtaining

γint1 u(x) =
1

2
γint1 u(x) + (K ′γint1 u)(x) + (Dγint0 u)(x), (1.10)

where D is the hypersingular operator. Since 1
2γ

int
1 u(x)+(K ′γint1 u)(x) are linear and bounded

from H1/2(Γ ) to H−1/2(Γ ), so is D. Moreover, D is H1/2(Γ )-semi-elliptic.

Combining (1.8) and (1.10) the Calderon projector is defined as
γint0 u

γint1 u


=


1
2I −K V

D 1
2I +K ′


γint0 u

γint1 u


. (1.11)

Let us now apply the presented relations to solution of the boundary value problems for

the Laplace equations using both direct and indirect approaches.

1.1.1 Dirichlet boundary value problem

Let us start with the direct formulation of the problem. The solution of the Dirichlet boundary

value problem for the Laplace equation−△u(x) = 0 for x ∈ Ω,

γint0 u(x) = g(x) for x ∈ Γ
(1.12)

is given by the representation formula (1.2). To find the missing Cauchy data we employ the

first equation in (1.11). This leads to the problemFind t ∈ H−1/2(Γ ), such that

(V t)(x) = 1
2g(x) + (Kg)(x) for x ∈ Γ.

(1.13)
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Since the operator V is bounded and H−1/2(Γ )-elliptic the problem (1.13) has a unique

solution (see [32], Theorem 3.4). The variational formulation of the problem reads asFind t ∈ H−1/2(Γ ) such that

⟨V t, τ⟩Γ =

(12I +K)g, τ


Γ

for all τ ∈ H−1/2(Γ ).
(1.14)

Here ⟨·, ·⟩ denotes a duality pairing. For g ∈ H1/2(Γ ) this problem admits a unique solution

(see [24], Theorem 1.5).

Using the indirect approach we start from the representation

u(x) = (Ṽ w)(x) for x ∈ Ω,

where w ∈ H−1/2(Γ ) is an unknown density function, and applying the interior trace operator

γint0 we obtain the problem Find w ∈ H−1/2(Γ ), such that

(V w)(x) = g(x) for x ∈ Γ.
(1.15)

Again, from the properties of the integral operator V we conclude a unique solvability of the

problem (1.15).

Using the second equation in (1.11) as well as the properties of the double layer potential

one can analogically derive two integral equations suitable for the solution of the problem

(1.12). For the sake of clarity of this text we ommit these formulations and refer the reader

to [24, 32] for more details.

1.1.2 Neumann boundary value problem

Let us consider the Neumann boundary value problem for the Laplace equation−△u(x) = 0 for x ∈ Ω,

γint1 u(x) = g(x) for x ∈ Γ,
(1.16)

where g satisfies the solvability condition
Γ
g(y)dsy = 0. (1.17)
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In order to find the unknown Dirichlet data we employ the second equation in (1.11), obtaining

the boundary integral equation of the first kindFind ū := γint0 u ∈ H
1/2
∗∗ (Γ ), such that

(Dū)(x) = 1
2g(x)− (K ′g)(x) for x ∈ Γ,

(1.18)

where H
1/2
∗∗ (Γ ) := {v ∈ H1/2(Γ ) : ⟨v, 1⟩Γ = 0}. Alternatively, one can consider the variational

problem Find ū ∈ H
1/2
∗∗ (Γ ) such that

⟨Dū, v⟩Γ =

(12I −K ′)g, v


Γ

for all v ∈ H
1/2
∗∗ (Γ ).

(1.19)

The unique solution ūα = ū + c is obtained afterwards using the scaling condition ⟨ūα, 1⟩ =
Γ ūα(y)dsy = α. Another approach is to solve the extended variational problemFind ū ∈ H1/2(Γ ) such that

⟨Dū, v⟩Γ + ⟨ūα, 1⟩α ⟨v, 1⟩Γ =

(12I −K ′)g + α ⟨v, 1⟩ , v


Γ

for all v ∈ H1/2(Γ ).
(1.20)

For g ∈ H−1/2(Γ ) and α ∈ R the problem (1.20) admits a unique solution ū ∈ H1/2(Γ ).

Moreover, if g satisfies (1.17) then ūα solves (1.18) with the appropriate scaling condition

(see [24], Theorem 1.9).

For a detailed description of the formulation using the second kind boundary integral

equation, as well as the indirect approach, we refer the reader to the above-mentioned litera-

ture.
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1.2 Wave equation

Let us consider the initial boundary value problem for the homogeneous wave equation in an

unbounded domain Ω+ ∈ R3

1
c2

∂2ue

∂t2
(x, t)−△ue(x, t) = 0 for (x, t) ∈ Ω+ × R+,

ue(x, 0) = 0 for x ∈ Ω+,

∂ue

∂t (x, 0) = 0 for x ∈ Ω+,

Bue(x, t) = g(x, t) for (x, t) ∈ Γ × R+,

(1.21)

where c is the speed of sound in a given medium (considered to be 1 in what follows) and

Ω+ := R3 \ Ω−
is the exterior of an open bounded domain Ω− with Lipschitz boundary

Γ := ∂Ω−. Let g(x, t) := 0 for t ≤ 0 and g(x, t) := −Buinc for t > 0. In this case the solution

u of (1.21) represents the wave scattered off Ω− when being hit by an incoming wave uinc

(see Figure 1.1). The boundary operator B corresponds to the different kinds of scatterers:

in the case of Dirichlet boundary condition (i.e., Bu := u) we call the scatterer acoustically

soft, whereas in the case of Neumann boundary condition (i.e., Bu := ∂u
∂n , where n is the unit

outer normal vector to Γ ) we call the scatterer acoustically hard. The case of the absorbing

scatterer (i.e., Bu := ∂u
∂n− α

c
∂u
∂t , α > 0) is not considered in this work. For results on solvability

of the problem and uniqueness of the solution, see [1].

Following the methodology presented in the original work by Bamberger and Ha-Duong

[1, 13, 12, 14] we aim to solve the problem (1.21) using the method of retarded potentials. To

do this one can either use a direct approach, when the appropriate integral equations stem

from the representation formula, or indirect approach, when the solution is expressed using

the surface retarded potentials. Although we will mainly focus on the latter one, we start by

Figure 1.1: Wave scattered off a domain Ω−
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recalling the representation formula in order to introduce the surface potential operators for

the wave equation.

Let u be the solution of the wave equation in R3 \ Γ satisfying u = ui in Ω− and u = ue

in Ω+. Then for all (x, t) from (R3 \ Γ )× R+ the so-called Kirchhoff’s formula holds

u(x, t) =− 1

4π


Γ

ny(x− y)

∥x− y∥


φ(y, τ)

∥x− y∥2 +
φ̇(y, τ)

∥x− y∥


dsy

+
1

4π


Γ

p(y, τ)

∥x− y∥dsy,
(1.22)

where

φ := ui − ue, p :=
∂ui

∂n
− ∂ue

∂n

are the jumps of u and ∂u
∂n defined on Γ × R+ and

τ := t− ∥x− y∥

is the retarded time. Finally, we denote φ̇ := ∂φ
∂t the time derivative of φ.

The integral

Lp(x, t) :=
1

4π


Γ

p(y, τ)

∥x− y∥dsy, (x, t) ∈ (R3 \ Γ )× R+ (1.23)

occuring in (1.22) is called the single layer retarded potential, whereas the double layer re-

tarded potential is defined for all (x, t) in (R3 \ Γ )× R+ by the integral

Mφ(x, t) :=
1

4π


Γ

ny(x− y)

∥x− y∥


φ(y, τ)

∥x− y∥2 +
φ̇(y, τ)

∥x− y∥


dsy. (1.24)

1.2.1 Time domain boundary integral operators

Similarly as in the case of the Laplace equation we define the following well known time

domain retarded potential operators for appropriate densities p, φ on Γ × R in order to take

the limits of L,M as x → Γ :

• single layer boundary integral operator

Sp(x, t) :=
1

4π


Γ

p(y, τ)

∥x− y∥dsy

• double layer boundary integral operator

Ktp(x, t) :=
1

4π


Γ

nx(x− y)

∥x− y∥


p(y, τ)

∥x− y∥2
+

ṗ(y, τ)

∥x− y∥


dsy
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• adjoint double layer boundary integral operator

K ′
tφ(x, t) :=

1

4π


Γ

ny(x− y)

∥x− y∥


φ(y, τ)

∥x− y∥2
+

φ̇(y, τ)

∥x− y∥


dsy

• hypersingular boundary integral operator

Dtφ(x, t) := lim
Ω∋x′→x∈Γ

nx · ∇x′


− 1

4π


Γ
ny · ∇x′


φ(y, t− ∥x′ − y∥)

∥x′ − y∥


dsy



The limit in the definition of D′
t is taken in the sense of distributions. For the sake of simplicity

we will skip the subscript t when no confusion is caused.

Taking the limits of L,M and their normal derivatives for x̃ approaching Γ we obtain

lim
Ω−∋x̃→x∈Γ

(Lp)(x̃, t) = lim
Ω+∋x̃→x∈Γ

Lp(x̃, t) = Sp(x, t),

lim
Ω−∋x̃→x∈Γ

∂(Lp)(x̃, t)

∂n
= (I/2 +K)p(x, t),

lim
Ω+∋x̃→x∈Γ

∂(Lp)(x̃, t)

∂n
= (−I/2 +K)p(x, t),

lim
Ω−∋x̃→x∈Γ

(Mφ)(x̃, t) = (−I/2 +K ′)φ(x, t),

lim
Ω+∋x̃→x∈Γ

(Mφ)(x̃, t) = (I/2 +K ′)φ(x, t),

lim
Ω−∋x̃→x∈Γ

∂(Mφ)(x̃, t)

∂n
= lim

Ω+∋x̃→x∈Γ

∂(Mφ)(x̃, t)

∂n
= Dφ(x, t).

(1.25)

In the following subsections we apply these formulas to derive boundary integral equations

suitable for the solution of (1.21) with Dirichlet and Neumann boundary conditions.

1.2.2 Function spaces

Before providing the boundary integral equations let us define suitable Sobolev spaces in

which we will search for the solution. Let E be a Hilbert space and D′
+(E), S ′

+(E) the sets of

distributions and tempered distributions, respectively, on R with the values in E and support

in [0,∞). We define

LT (σ,E) := {f ∈ D′
+(E) : e−σtf ∈ S ′

+(E)}

and the set of Laplace transformable distributions

LT (E) :=

σ∈R

LT (σ,E).
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A Fourier-Laplace transform of f ∈ LT (E) is defined as

f̂(ω) := F(e−σtf)(η), (1.26)

where ω := η + iσ and (F(u(t)))(η) :=
∞
−∞ eiηtu(t) dt is the Fourier transform of a given

function u(t).

Let us define the following Hilbert space [13]

Hs
σ(R+, E) :=


f ∈ LT (σ,E) : e−σtΛsf ∈ L2(R, E)


,

where s ∈ R, σ > 0, and ˆΛsf := (−iω)sf̂(ω).

In what follows we will also make use of the following space

H1,1
σ (Ω) :=


u ∈ LT (σ,H1(Ω)) :

 +∞+iσ

−∞+iσ
∥û∥1,ω,Ω dω < +∞


,

where ∥f∥1,ω,Ω :=

Ω(|∇u(x)|2 + |ωf(x)|2) dx. Let us note that using the Parceval theorem

one obtains u ∈ H1,1
σ (Ω) if and only if e−2σt∇u ∈ L2(R, L2(Ω)) and e−2σtu ∈ L2(R, L2(Ω))

(see [12]). By L(R, X), where X is a Hilbert space, we mean the space of strongly measurable

functions f with values in L2(Ω) such that (see [18])

∥f∥L2(R,X) :=


R
∥f(t)∥X dt

1/2

< +∞. (1.27)

Space L2(R, X) with this norm is a Hilbert space. Using this one can define

Hm(R, X) :=


f : f, f (1) :=

∂f

∂t
, . . . , f (m) :=

∂mf

∂tm
∈ L2(R, X)


,

which is a Hilbert space equipped with the scalar product
m

j=0


R(f

(j)(t), g(j)(t))X dt. Spaces

L2([a, b], X) and Hm([a, b], X) can be defined in a similar manner [18].

To define the trace spaces we consider a finite covering of Γ by open sets (Oi)
I
i=1, a smooth

partition of unity (αi)
I
i=1 subordinate to this covering, and diffeomorphisms (φi)

I
i=1 mapping

Oi to Q := {(x1, x2, x3) : −1 < xj < 1}, Oi ∩Ω into Q+ := {x ∈ Q : x3 > 0}, and Oi ∩ Γ into

Σ := {x ∈ Q : x3 = 0}. We define

|f |1/2,ω,Γ :=


I

i=1


R2

(|ω|2 + |ξ|2)1/2|ϕif(ξ)|2 dξ ,
with (ϕif)(x

′) := (αif) ◦ φ−1
i (x′, 0) defined for x′ ∈ Σ.



Boundary Integral Equations 14

This allows us to define the spaces

H1/2,1/2
σ (Γ ) :=


u ∈ LT (σ,H1/2(Γ )) :

 +∞+iσ

−∞+iσ
|û|21/2,ω,Γ dω < +∞


and

H−1/2,−1/2
σ (Γ ) :=


u ∈ LT (σ,H−1/2(Γ )) :

 +∞+iσ

−∞+iσ
|û|2−1/2,ω,Γ dω < +∞


,

where |f |−1/2,ω,Γ is the dual norm to |f |1/2,ω,Γ , i.e.,

|f |−1/2,ω,Γ := sup
0̸=u∈H1/2,1/2

σ (Γ )

|f(u)|
|u|1/2,ω,Γ

.

Again, from Parceval theorem we get that u ∈ H
1/2,1/2
σ (Γ ) if and only if

e−σtu ∈ L2(R, H1/2(Γ )) ∩H1/2(R, L2(Γ )),

where

H1/2(R, L2(Γ )) := {f : (1 + |η|2)1/2f̂ ∈ L2(R, L2(Γ ))}.

Finally we denote

Hk,1/2,1/2
σ (Γ ) :=


f :

∂kf

∂tk
∈ H1/2,1/2

σ (Γ )


the Hilbert space equipped with the norm

∥u∥
H

k,1/2,1/2
σ (Γ )

:=

 +∞+iσ

−∞+iσ
|ω|k|û|21/2,ω,Γ dω.

1.2.3 Dirichlet boundary value problem and its variational formulation

A complete overview of boundary integral equations suitable for the solution of (1.21) with

Bu := u together with the analysis of the solvability is available, e.g., in [7, 12]. In what

follows we focus on the first kind retarded potential boundary integral formulation using the

representation by the single layer potential

u(x, t) = Lp(x, t) =
1

4π


Γ

p(y, t− ∥x− y∥)
∥x− y∥ dsy, t > 0,x /∈ Γ.
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The unknown density p representing the jump of normal derivatives of u passing Γ is obtained

by solving the retarded potential boundary integral equationFind p ∈ H
−1/2,−1/2
σ (Γ ), such that

(Sp)(x, t) = g(x, t) for (x, t) ∈ Γ × R+.
(1.28)

As it is usual in the case of the retarded potential boundary integral equations, the

theoretical results concerning the uniqueness and solvability are obtained by transforming

the problem into the frequency domain by the Laplace-Fourier transform. The results are

then transferred back to the time-domain using the inverse transform and the Paley-Wiener

theorem [12, 7].

Theorem 1.1 (Paley-Wiener). The following statements are equivalent.

(i) h(ω) = f̂(ω) for f ∈ LT (E)

(ii) h is holomorphic in a semi-plane {Imω > ωI
0} and

∃σ′ > ωI
0 , C > 0, k ∈ N s.t. ∀ω ∈ {Imω ≥ σ′} : ∥h(ω)∥E ≤ C(1 + |ω|)k

Applying the Laplace-Fourier transform to the original Dirichlet problem we obtain the

Helmholtz equation in a frequency domain
Find û(ω,x) ∈ H1(Ω+), such that

△û(ω,x) + ω2û(ω,x) = 0 for x ∈ Ω+,

û(ω,x) = ĝ(ω,x) for x ∈ Γ.

Representing the solution using the single layer potential

û(ω,x) = (Sωp)(x) :=


Γ

eiω∥x−y∥

4π∥x− y∥p(y) dsy, x /∈ Γ,

the problem in the frequency domain can be solved using the first kind boundary integral

equation

(Sωp)(x) = ĝ(ω,x), x ∈ Γ, (1.29)

which is the Fourier-Laplace transform of the equation in (1.28). Multiplying (1.29) by −iωq,

q ∈ H−1/2(Γ ), one obtains the variational problemFind p ∈ H−1/2(Γ ), such that

aω(p, q) := ⟨−iωSωp, q⟩ = ⟨−iωf, q⟩ ∀q ∈ H−1/2(Γ ).
(1.30)
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As it is shown in [12] and [1] the sesquilinear form aω is bounded and coercive and the problem

(1.30) admits a unique solution. Using this in combination with the Paley-Wiener theorem

one can derive the following result in the time domain.

Theorem 1.2. If g ∈ H
1,1/2,1/2
σ (Γ ) := {f : ḟ ∈ H

1/2,1/2
σ (Γ )} then the equation (1.28) has a

unique solution p satisfying

∥p∥
H

−1/2,−1/2
σ (Γ )

≤ C∥ġ∥
H

1/2,1/2
σ (Γ )

.

The variational formulation in time domains stems from the problem (1.30). Note that

from the definition (1.26) one can see that −iωSωp̂ is the transformation of Sṗ. The variational

formulation reads
Find ṗ ∈ H−1/2,−1/2(Γ ), such that∞
0 e−2σt


Γ q(x, t)Sṗ(x, t) dsx dt =

∞
0 e−2σt


Γ ġ(x, t)q(x, t) dsxdt

∀q ∈ H−1/2,−1/2(Γ ).

1.2.4 Neumann boundary value problem and its variational formulation

Focusing now on the Neumann problem we set Bu := ∂u
∂n in (1.21) and express the solution

using the double layer potential

u(x, t) =
1

4π


Γ
ny · ∇x


φ(t− ∥x− y∥,y)

∥x− y∥


dsy

=
1

4π


Γ

ny · (y − x)

∥x− y∥2

∂φ

∂t
(t− ∥x− y∥,y) + φ(t− ∥x− y∥,y)

∥x− y∥


dsy.

Recall that φ represents the jump of u across boundary Γ . The unknown φ can be obtained

by solving the boundary integral equation

Dφ = f,

where D is the hypersingular boundary integral operator defined in Section 1.2.1. It is

known [13] that D is linear and continuous operator from H2
σ(R+, H1/2(Γ ) to the space

H0
σ(R+, H−1/2(Γ )). The operator satisfies the coercivity property +∞

−∞
e−2σt ⟨Dφ(·, t), φ̇(·, t)⟩ dt ≥ C|φ|2σ,0,1/2 ∀φ ∈ H2

σ(R+, H1/2(Γ )), σ > σ0 > 0,



Boundary Integral Equations 17

where C only depends on Γ and σ0. This motivates the variational formulation
Find φ ∈ H2

σ(R+, H1/2(Γ )), such that +∞
−∞ e−2σt⟨Dφ(·, t), ψ̇(·, t)⟩ dt =

 +∞
−∞ e−2σt⟨f(·, t), ψ̇(·, t)⟩ dt

∀ψ ∈ H2
σ(R+, H1/2(Γ )).

(1.31)

Here

⟨Dφ(·, t), ψ(·, t)⟩ := 1

4π


Γ


Γ

nx · ny

∥x− y∥ φ̈(y, t− ∥x− y∥)ψ(x, t)

+
curlΓ φ(y, t− ∥x− y∥) curlΓ ψ(x, t)

∥x− y∥ dsxdsy

comes out from treating the hypersingularity in the operator D using the theory of distribu-

tions.





Chapter 2

Boundary Element Method

In the following part we discuss the discretization of the variational formulations presented in

the previous chapter using the Galerkin boundary element method. Since the discretization

of the stationary problems is widely described in numerous literature (see, e.g., [26, 32, 24])

we do not intend to go into comprehensive details on this subjects. Rather we will focus

on the discretization of the space-time variational formulation for the wave equation which

is less known. We explain the problems with numerical integration and present the method

to overcome them using smooth temporal basis function firstly described by Sauter and Veit

[27, 29, 28, 30]. In the Part II the paper focusing on the parallelization of the approach is

presented, which is one of the main results of this thesis [34].

2.1 BEM for the Laplace equation

Let us assume that the boundary Γ of a Lipschitz domain Ω is piece-wise polyhedral and

consider its triangulation τ = {τi}Ni=1

Γ =
N
l=1

τ l

consisting of N triangular elements and M nodes {xi}Mi=1. We suppose that the triangulation

is admissible, i.e., an intersection of two elements τi, τj , i ̸= j is an empty set, a node, or an

edge.

In order to provide finite dimensional counterparts to the function spaces presented in the

previous chapter, we define the piece-wise constant shape functions

ψl(x) :=

1 for x ∈ τl,

0 elsewhere,

19
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Figure 2.1: Piece-wise constant and continuous piece-wise linear shape functions

for l ∈ {1, 2, . . . , N} and the continuous piece-wise linear shape functions {φi}Mi=1 such that

φi(x) :=

1 for x = xi,

0 for x = xj ̸= xi

(2.1)

(see Figure 2.1). These sets of shape functions form the bases of the finite dimensional spaces

SN
h (Γ ) := span {ψl}Nl=1 ⊂ H−1/2(Γ ) (2.2)

and

SM
h (Γ ) := span{φi}Mi ⊂ H1/2(Γ ),

therefore any uh ∈ SN
h (Γ ) can be written in the form

uh =

N
l=1

uiψi, ui ∈ R,

and, naturally, for any vh ∈ SM
h we can write

vh =

M
i=1

viφi, vi ∈ R.

These expressions can be identified with the vectors of coefficients u := (u1, u2, . . . , uN )⊤ ∈ RN

and v := (v1, v2, . . . , vM )⊤ ∈ RM , respectively.
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2.1.1 Galerkin discretization of the boundary integral equations

As a model problem we will at first search for the approximate solution of the interior boundary

value problem for the Laplace equation using the variational formulation (1.14). We set

t ≈ th :=

N
i=1

tiψi ∈ SN
h (Γ ),

where ti ∈ R for all i ∈ {1, 2, . . . , N}, and plug it into the equation (1.14) to obtain the

Galerkin approximationFind th := (t1, t2, . . . , tN )⊤ ∈ RN such thatN
i=1 ti ⟨V ψi, ψj⟩Γ =

M
i=1 gi ⟨(I/2 +K)φi, ψj⟩Γ for all j ∈ {1, 2, . . . , N}.

The aproximation gh =
M

i=1 giφi of the Dirichlet data, i.e., the vector of coefficients gh :=

(g1, g2, . . . , gM ) ∈ RM , can either be obtained by an interpolation or by L2 projection (see

[24, 32]). Defining the matrices

Vh[i, j] :=
1

4π


τi


τj

1

∥x− y∥ dsy dsx, i, j ∈ {1, 2, . . . , N}, (2.3)

Kh[k, l] :=
1

4π


τk


Γ

(x− y,ny)

∥x− y∥3
φl(y) dsy dsx, k ∈ {1, 2, . . . , N}, l ∈ {1, 2, . . . ,M}, (2.4)

and the identity matrix

Mh[k, l] :=


τk

φl(y) dsy, k ∈ {1, 2, . . . , N}, l ∈ {1, 2, . . . ,M},

we can write the discrete problem asFind th ∈ RN such that

Vhth = (12Mh +Kh)gh.

In this case the system matrix Vh is symmetric and positive definite [24], therefore the conju-

gate gradient algorithm with appropriate preconditioner can be used to solve the system.

To approximate the solution of the interior Neumann problem for the Laplace equation

we start from the regularized formulation (1.20). The unknown function ū is approximated

using the piece-wise linear basis functions

ū ≈ ūh :=

M
i=1

ūiφi ∈ SM
h (Γ ),
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with ūi ∈ R for i ∈ {1, 2, . . . ,M}. Inserting this into the equation (1.20) we obtain
Find ūh := (ū1, ū2, . . . ūN )⊤ ∈ RM such thatM

i=1 ūi

⟨Dφi, φj⟩Γ + ⟨φi, 1⟩Γ ⟨φj , 1⟩Γ


= ⟨(I/2−K ′)g, φj⟩Γ + α ⟨φj , 1⟩

for all j ∈ {1, 2, . . . ,M}.

In order to introduce a corresponding matrix formulation we set

Dh[i, j] :=
1

4π


Γ


Γ

(curlΓ φj(y) curlΓ φi(x))

∥x− y∥ dsx dsy, (2.5)

where the surface curlΓ operator is defined as

curlΓ φi(x) := nx ×∇xφ̃i(x) for x ∈ Γ.

Here φ̃i is a locally defined extension of φi by a constant along nx. This allows us to write

Dh[i, j] =


τk∈suppφi


τl∈suppφj


curlΓ φi|τk , curlΓ φj|τl

 1

4π


τk


τl

1

∥x− y∥ dsx dsy.

Moreover, we present the vectors a := (a1, a2, . . . , aM )⊤ ∈ RM and f := (f1, f2, . . . , fM )⊤ ∈
RM with entries given by

ai :=


Γ
φi(x) dsx,

and

fi :=
1

2


Γ
g(x)φ(x) dsx − 1

4π


Γ
φi(x)


Γ

(x− y,nx)

∥x− y∥3
g(y) dsy dsx,

respectively. The matrix formulation is then given byFind ūh ∈ RM such that

(D + aa⊤)ūh = f + αa.

Again, the system matrix D+aa⊤ is symmetric and positive definite and the (preconditioned)

conjugate gradient method can be used to iteratively solve the problem.

2.1.2 Numerical evaluation

When assembling the system matrices presented in the previous subsection one has to over-

come several problems. Firstly, since the kernels inside the integrals are non-local the resulting

system matrices are full. Therefore the classical BEM is of the quadratic complexity both in
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memory and CPU time with respect to the number of surface elements. Memory require-

ments as well as computational time limits us to problems with relatively small number of

surface elements. However, this can be treated using a fast BEM method in combination

with parallelization as will be described in the next chapter. Another problem is caused by

the singularity occuring inside the integrals in (2.3), (2.4), and (2.5). To treat this a more

sophisticated quadrature method is needed than for, e.g., the finite element method (at least

for pairs of elements close to each other).

In our work we use two methods for treating the problems with singularities. The first

of them is the so-called semi-analytic approach described by Steinbach and Rjasanow in their

monograph [24]. In this case the inner integrals containing the singularities are treated an-

alytically while the outer integrals are evalueated using a numerical quadrature. The semi-

analytical schemes for the Laplace and Lamé equations are presented in [24], the Helmholtz

equation is treated in [6].

Another approach presented by Sauter and Schwab [26] introduces a suitable transfor-

mation of variables that renders the singular integrals analytic. This results in four one-

dimensional integrals that can be evaluated numerically using Gaussian quadrature on line.

Four different cases have to be taken into account as the transformation differs based on the

mutual positions of elements – we distinguish among identical elements, elements sharing an

edge, elements sharing a vertex, and disjoint elements.

Moreover, for well separated elements, i.e., those satisfying the condition

∥ti − tj∥ > ηmax{diam τi, diam τj}, (2.6)

where ti, tj are centers of gravity of given elements, η ∈ (0, 1), the numerical integration

can be carried out using Gaussian quadrature over pairs of triangles. This holds for both

semi-analytical and fully numerical approach.

It is clear that the numerical evaluation of the integrals is an expensive process. Therefore,

in Part II we present a method for its acceleration using the SIMD instructions of modern

processors [21].

2.2 BEM for the wave equation

In what follows we will focus on the spatial and temporal discretization of the Neumann initial

boundary value problem for the wave equation (1.21). Discretization of the Dirichlet problem

follows the similar procedure. We will look for a solution in the time interval [0, T ] with
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0 < T < +∞. We start from the variational formulation (1.31)
Find φ ∈ H2

σ(R+, H1/2(Γ )), such that
R e−2σt⟨Dφ(·, t), ψ̇(·, t)⟩ dt =


R e−2σt⟨f(·, t), ψ̇(·, t)⟩ dt

∀ψ ∈ H2
σ(R+, H1/2(Γ )),

(2.7)

however, later on we will simplify this by setting σ = 0 and considering only a bounded time

interval as it is usual in practical computation. Before proceeding let us recall

⟨Dφ(·, t), ψ(·, t)⟩ := 1

4π


Γ


Γ

nx · ny

∥x− y∥ φ̈(y, t− ∥x− y∥)ψ(x, t)

+
curlΓ φ(y, t− ∥x− y∥) curlΓ ψ(x, t)

∥x− y∥ dsxdsy.

2.2.1 Spatial discretization

For simplicity we assume that the boundary Γ is polyhedral. Similarly as in the case of the

stationary problem we discretize the boundary into an admissible triangulation composed of

N triangular elements {τi}Ni=1 and M nodes {xi}Mi=1. To approximate the space H1/2(Γ )

we will use the space SM
h (Γ ) of continuous piece-wise linear functions with basis formed by

functions {φi}Mi=1 satisfying (2.1) (see Figure 2.1 right). The unknown function φ is therefore

approximated by

φ(x, t) ≈ φh(x, t) :=

M
i=1

αi(t)φi(x),

where αi ∈ H2
σ(R+,R), i ∈ {1, 2, . . . ,M}. Inserting this into the variational formulation (2.7)

leads to the semi-discrete problem
Find αi ∈ H2

σ(R+,R), such thatM
i=1


R e−2σt⟨D(αi(t)φi(x)), ψ̇h(·, t)⟩ dt =


R e−2σt⟨f(·, t), ψ̇h(·, t)⟩ dt

∀ψh ∈ H2
σ(R+, SM

h (Γ )).

(2.8)

In the next section we present a full discretization of the problem by approximating αi using

a suitable finite element space.

2.2.2 Time discretization

The approach often seen in the literature on the subject (see [7, 14, 12]) is to provide a discrete

variational formulation employing temporal basis function of order m ≥ 2 and appropriate

error estimates, then simplifying the numerical realisation by only using the temporal basis
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functions of order m = 1. Similarly here, we will firstly recall results concerning the approxi-

mation by piece-wise quadratic elements, then discuss difficulties arising during the numerical

integration and their treatment using smooth temporal basis functions presented in [28].

SinceH2
σ(R+,R) is the space of functions α ∈ LT (σ,R) such that e−σt∂2α/∂t2 ∈ L2(R+,R),

the approximation of the space should consist of piece-wise polynomial functions of order

m ≥ 2 on each subinterval In := [n∆t, (n+ 1)∆t].

Let us at first consider the case when m = 2. Then

φh(x, t) =

M
i=1

αi,∆tφ(x),

where αi,∆t|Ii ∈ P2 for all i ∈ {1, 2, . . . ,M}. Since the function is approximated by piece-wise

quadratic polynomial, its second derivative is a constant ani on each subinterval In. From this

and the fact that φh(·, 0) = ∂φh
∂t (·, 0) = 0 one can evaluate αi,∆t as

αi,∆t =
1

2
(t− tn)

2ani +∆t
n−1
j=0


t− tj +

1

2
∆t


ani .

We insert this into the variational formulation

Find αl,∆t ∈ H2
σ(∆t,R), l = 1, 2, . . . ,M , such thatM

i=1


R e−2σtβ′j,∆t(t)


Γ


Γ

nx·ny

4π∥x−y∥φl(y)φj(x)α
′′
l,∆t(t− ∥x− y∥)

+
curlΓ φl(y) curlΓ φj(x)

4π∥x−y∥ αl,∆t(t− ∥x− y∥) dsx dsy dt

=

R e−2σtβ′j,∆t(t)


Γ fh,∆t(x, t)φj(x) dsx dt

∀βj,∆t ∈ H2
σ(∆t,R),

(2.9)

where H2
σ(∆t,R) is the subspace of H2

σ(R+,R) and the testing functions are chosen in such a

way that

β′i,∆t(t) = (βni,∆t)(t) =


t− tn−1, tn−1 < t < tn,

tn+1 − t, tn < t < tn+1,

0, otherwise.

As it is shown in [13, 7] the resulting system matrices are symmetric and positive definite.

The stability results as well as the error estimates are presented therein.

Remark 2.1. As was already mentioned the computation is often simplified by using the

temporal basis and test functions of lower order despite the fact that the stability and error

estimates are no longer valid under this setting. In this case the integrals contain Dirac

distributions in endpoints of time subintervals and must be treated with special care. The
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evaluation of these integrals is in details described, e.g., in [14]. Another freaquently seen

simplification lies in setting σ = 0. This again renders the estimates invalid. However, the

parameter σ serves mainly to control the solution in infinity and it is not of such importance

when dealing with finite time intervals [7].

One of the main problems with this approach lies in the fact that due to the retarded

time argument in the variational formulation the scheme leads to an evaluation of integrals of

the type 
τi


{x∈τj :m∆t≤∥x−y∥≤(m+1)∆t}

. . . dsx dsy, (2.10)

i.e., an integration over an element and the intersection of an element and a light cone must

be performed (see Figure 2.2). For this reason a Gaussian quadrature over pairs of elements

does not converge optimally and a complicated techniques must be employed to overcome this

problem (see, e.g., [33, 10]). We treat this issue by employing C∞-smooth temporal basis

functions with compact supports recently introduced by Sauter and Veit [27, 28, 31]. This

recovers the approximation properties of the classical Gaussian quadrature as was shown in the

abovementioned references. However, the evaluation of the smooth temporal basis functions,

the assembly of the system matrices, and the solution of the system are significantly more

computationaly demanding. Therefore a parallelization of the overall process is necessary

for enabling the solution of large scale problems. This is in more details described in paper

provided in Part II of this work.

Figure 2.2: Integration over an intersection of a light cone and a triangle.



Chapter 3

Parallel boundary element

environment BEM4I

Most of the techniques presented in this work have been implemented in the library of paral-

lel boundary element solvers BEM4I developed at IT4Innovations National Supercomputing

Center [22]. The library is written in C++ in an object oriented manner. The computation is

parallelized using OpenMP and MPI in shared and distributed memory, respectively. More-

over, some parts of the library feture acceleration using the Intel Xeon Phi coprocessors. The

library currently contains modules enabling solution of the Laplace, Lamé, Helmholtz, and

time-dependent wave equation.

3.1 Structure of the library

The back-end of the library consists if three main sets of classes and several auxiliary classes

(see Figure 3.1). The BESpace class and its descendants are used for approximation of the

boundary element spaces. Among other things, they keep the degrees of the test and ansatz

functions or properties associated with the approximation of the system matrices by means

of a fast boundary element method.

The second level of classes is composed of bilinear form approximations stemming from

the BEBilinearForm class. The main task of these classes is the assembly of system matrices.

The parallelization in the shared memory by OpenMP and distributed memory by MPI is

performed at this level. Moreover, some of the subclasses support acceleration by offloading

the computation to the Intel Xeon Phi coprocessors.

At last, the numerical quadrature over pairs of elements described in Section 2.1.2 is

performed by the class BEIntegrator and its descendants. Both semi-analytic and fully

numerical approach is supported for the Laplace and Helmholtz equations. The fully numerical

approach can be used to treat the Lamé and time-dependent wave equation. To leverage the

27
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Figure 3.1: Structure of the solver for the time-harmonic wave scattering in the BEM4I
library

SIMD capabilities of the modern processors the vectorization using the Vc library [17] and

pragmas of the Intel compiler is employed at this level during the numerical quadrature.

The library also includes the classes enabling the manipulation with surface meshes, the

classes representing the full and sparse matrices, iterative solvers, wrappers to the BLAS and

LAPACK routines, methods for exporting the solution etc.

3.2 Parallelization of the code

3.2.1 Acceleration of the computation using SIMD instruction set exten-

sions

Utilization of the SIMD (single instruction multiple data) instruction set extensions is neces-

sary to achieve the full potential of modern processors. Using the vector instructions one can

perform simultaneous operations on multiple operands during one clock cycle. The number

of vector operands varies depending on the length of vector registers. While the 128-bit wide

registers of the SSE - SSE4.2 (Streaming SIMD Extensions) instruction sets enabled concur-

rent computation on four 32-bit single precision and two 64-bit double precision operands,

the AVX (Advanced Vector Extensions) instruction set available in Intel’s processors since

2011 doubles this capacity. Moreover, currently available Knights Landing Intel Xeon Phi

coprocessors enable utilizatiton of 512-bit wide vector registers via their IMCI (Initial Many

Core Instruction) instruction set. With the upcoming AVX-512 similar capabilities will be

available for all Intel’s Xeon server processors. Thus it is clear that the employment of the

vector instructions will be even more important in the future.
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1

2 for ( int i = 0; i < nQuadsOuter) {

3 for ( int j = 0; j < nQuadsInner; j++ ) {

4 entry += singleLayerKernel(outerX[i], innerX[j]) * weightOut[i]

* weightIn[j];

5 }

6 }

Listing 3.1: Original loop over pair of elements during a local system
matrix computation

1 int n = nQuadPointsInner * nQuadPointsOuter;

2 #pragma omp simd linear ( i : 1 ) reduction( + : total )

3 for ( i = 0; i < n; i++ ) {

4 entry += singleLayerKernel(outerX1[i], outerX2[i], outerX3[i],

5 innerX1[i], innerX2[i], innerX3[i] ) * weights[i];

6 }

Listing 3.2: Loop vectorized using #pragma simd

1 int counter = 0;

2 for ( int i = 0; i < nQuadsOuter) {

3 for ( int j = 0; j < nQuadsInner; j++ ) {

4 outerX1[counter] = outerX[i][0];

5 outerX2[counter] = outerX[i][1];

6 ...

7 weights[counter] = weightOut[i] * weightIn[j];

8 counter ++;

9 }

10 }

Listing 3.3: Transformation of variables

The BEM4I library features two ways of vectorization. In [21] (see Part II) we have

presented an approach based on the high level C++ library Vc [17]. This proved to be very

efficient in combination with the GNU compiler. To enable the vectorization in combination

with the Intel compiler we use the pragma based approach. For example, the original numerical

quadrature over two well-separated elements during the assembly of a local system matrix

depicted in Listing 3.1 is replaced with the manually colapsed loop provided in Listing 3.2.

The original variables have to be transformed from the so-called array of structures form

to the structure of arrays form (see Listing 3.3) and the arrays have to be properly aligned

during their allocation using, e.g., mm malloc function. The proper vectorization of the

computationally demanding loops is even more important when accelerating the code using

the Intel Xeon Phi coprocessors, as will be described in Section 3.3.
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3.2.2 Shared and distributed memory parallelization

While the vectorization is performed inside the BEIntegrator class during the local system

matrix computation, the shared memory parallelization using OpenMP is carried out by the

BEBilinearForm class which combines these local contributions into a global system matrix.

The loops over pairs of elements are parallelized using the #pragma omp parallel statement.

The scalability tests of the OpenMP parallelization in combination with the Vc vectorization

are provided in [21] (see Part II). The BEM4I library provides shared memory parallelization

of both dense and sparsified matrix assembly.

Moreover, to enable treatment of larger problems we provide the class MPIACAMatrix

which distributes the matrix approximated by the adaptive cross approximation method

among computational nodes (MPI processes). The ACA method splits a mesh into clus-

ters. A pair of clusters represents a block in the system matrix. Well separated clusters are

approximated using low rank approximation while close clusters are assembled as full matrices

(for details see [2, 4]). The individual submatrices of the global ACA matrix are assigned in

a round-robin fashion to the MPI processes. Since this is not an optimally load balanced

method we provide an alternative approach based on the cyclic graph decomposition in [20]

(see Part II).

A distribution of the system matrix arising in the time-domain solution of the wave

equation is performed at this level as well. It is described in details in [34] available in Part

II.

3.3 Acceleration by the Intel Xeon Phi coprocessors

In addition to the vectorization and OpenMP and MPI parallelization the BEM4I library

accelerates the computation using the Intel Xeon Phi coprocessors. The first commercially

available chip using Intel’s Many Integrated Core (MIC) architecture released under the brand

name Knights Corner (KNC) has been introduced in 2011. It features up to 61 cores with

four hardware threads per core running at up to 1.2 GHz. The available memory bandwidth

is 350 GB/s. The IMCI (Initial Many Core Instructions) instruction set provides support

for a concurrent SIMD operations on eight double-precision or 16 single-precision operands.

In overall, the coprocessor card provides over a TFLOPs of compute power. The biggest

bottleneck of the technology is currently the data transfer via PCI Express bus. This will be

eradicated in the next generations (Knights Landing and Knights Hill) which will be available

in the form of stand-alone processors.

According to the November edition of the Top 500 list 29 out of 500 most powerful

supercomputers are accelerated using the Intel Xeon Phi coprocessors, including the number

one, Tianhe-2 (MilkyWay-2). This number is expected to grow with the introduction of



Parallel boundary element environment BEM4I 31

CPU

MIC

native symmetric offload

main_MIC()

main_CPU()

main_MIC()

main_CPU()

function()

M
P
I

o
ff
lo
a
d

Figure 3.2: Intel Xeon Phi computation modes

the KNL and KNH generations. Announced systems utilizing these architectures include

the NERCS’s next supercomputing system Cori with the theoretical peak performance of 30

PFLOPs or Argonne’s future Aurora cluster with estimated peak performance of up to 450

PFLOPS. With its high level of parallelization the Xeon Phi technology therefore represents

one of the possible ways towards exascale computing.

There are three main compute modes when utilizing the Xeon Phi coprocessors (see

Figure 3.2). In the native mode the whole application runs directly on the coprocessor. In the

symmetric mode the MPI processes runs on both CPU and the coprocessor. A communication

is performed using MPI messages. Finally, in the offload mode the application runs on CPU

and only some parts of the code are offloaded to the coprocessor (see Figure 3.3).

The acceleration in the BEM4I library is based on the offload mode. The approach is in

details described in [23]. Let us briefly explain how the original parallel loop assembling the

system matrix on CPU (Listing 3.4) translates into the MIC-accelerated code. The original

code loops through pairs of elements and based on a distance of elements decides whether

to use the classical Gaussian quadrature (for far-enough elements) or one of the methods

presented in Section 2.1.2 (for close or identical elements). After the evaluation of the local

contribution it is added to the appropriate positions of the global system matrix (line 9 of the

C
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U
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o
m

p
u
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n #pragma offload

#pragma offload

MIC computation

Figure 3.3: The offload compute mode
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1 #pragma omp parallel for

2 for (int i = 0; i < nElements; i++) {

3 for (int j = 0; j < nElements; j++) {

4 if (areElementsDistant(i, j)) {

5 getLocalMatrixFarfield(i, j, localMatrix);

6 } else {

7 getLocalMatrixNearfield(i, j, localMatrix);

8 }

9 globalMatrix.add(i, j, localMatrix);

10 }

11 }

Listing 3.4: Simplified CPU computation of the system matrix

MIC 1

MIC 2

CPU

MIC 1: computation data transfer CPU: data receive

block 1 in buffer 1

block 2 in buffer 2

block 3 in buffer 1

block 4 in buffer 2

block 5 in buffer 1

block 1 in buffer 1

block 2 in buffer 2

block 3 in buffer 1

block 4 in buffer 2

block 5 in buffer 1

buffer 1

buffer 2

buffer 1

buffer 2

buffer 1

Figure 3.4: Matrix decomposition and double buffering

listing). The computation is done in parallel using OpenMP therefore the addition must be

carried out using atomic operation.

During the accelerated computation the workload is distributed among the available co-

processors and CPU. The matrix is split into NMIC+1 horizontal blocks while the dimension of

blocks should follow the ratio between the theoretical peak performance of Xeon Phi and host

CPU. The evaluation of the integrals over far-enough elements is split among coprocessors

and CPU, however the integration over adjacent or identical elements is carried out by CPU

in order to keep the computation on coprocessors as simple as possible. This does not result

in a significant load balancing issue since the number of close elements only grows linearly,

while the number of distant elements grows quadratically.

Since the amount of memory on the coprocessors is limited the submatrices to be assem-

bled on Xeon Phis are further decomposed into smaller blocks. This enables a processing

of the submatrix by parts. Moreover, the method of double buffering can be employed to

hide the communication between the coprocessor and host by computation. In this case a

pair of data buffers is created on a coprocessor and a host. When one of them is used for

computation, data from the other one, computed during the previous iteration, is being sent

to the host (see Figure 3.4).

In Listing 3.5 we provide a simplified source code for the offloaded computation. Two
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1 // allocate computation buffers

2 double ** matrixBuffer = new double *[2];

3 matrixBuffer [0] = new double[ bufferSize ];

4 matrixBuffer [1] = new double[ bufferSize ];

5 // initiate parallel region on CPU

6 #pragma omp parallel

7 {

8 // thread num. 0 communicates with Xeon Phi

9 if ( omp_get_thread_num () == 0 ) {

10 for ( int i = 0; i < nSubmatrices; ++i ) {

11 #pragma offload target( mic ) signal( i ) \\

12 in ( elements ) in( nodes ) in( matrixBuffer[ i % 2] ) ...

13 {

14 // offloaded region , 244 threads available on MIC

15 #pragma omp parallel num_threads (244)

16 {

17 ...

18 for ( int j = myStart; j < myEnd; ++j ) {

19 for ( int k = 0; k < nElems; ++k ) {

20 getElementMatrixOnMIC( i, j, elemMatrix );

21 }

22 }

23 addToGlobalMatrix( elemMatrix , matrixBuffer[i] );

24 }

25 }

26 // send result from the previous iteration to CPU

27 #pragma offload_transfer target( mic ) \\

28 wait( i - 1 ) out( matrixBuffer[ (i - 1) % 2 ] )

29 }

30 } else {

31 // the remaining CPU threads works on their portion of a matrix

32 ...

33 }

34 }

Listing 3.5: Simplified offloaded computation of the system matrix

data buffers for double buffering are allocated on lines 3 and 4. Next, the parallel region

is initiated on CPU and one thread is assigned to communicate with the coprocessor. The

thread iterates through all submatrices and for each submatrix it initiates the offload region

on the line 12. The code inside of the offload region is evaluated on the coprocessor therefore

we can use its 244 threads when iterating through the pairs of elements. On the line 24 the

local matrices are added to the part of the global matrix stored in the appropriate buffer.

Since the offload region was initiated with the clause signal the asynchronous computation

was invoked. After its invocation the CPU thread does not wait until the offload region is

finished. For this reason the transfer of data from the previous iteration on the lines 28 and

29 can be performed simultaneously with the computation. For the sake of simplicity we

provided the code for offloading to a single Xeon Phi. Similar approach can be used when

multiple coprocessor cards are available.
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Host Host + 1 MIC Host + 2 MICs
# threads 24 60 120 180 240 60 120 180 240

Vh 128 135 90 77 70 92 62 54 53
Kh 137 173 108 91 88 120 76 60 55

Table 3.1: Assembly times [s] of the system matrices for the Laplace equation using CPU
and the Intel Xeon Phi coprocessors

3.3.1 Numerical experiments

The following set of numerical experiments was carried out using the Salomon supercomputer

at Supercomputing Center in Ostrava, Czech Republic. The cluster consists of 1008 compute

nodes equipped with two 12-core Intel Xeon E5-2680v3 Haswell processors running at 2.5 GHz.

432 of the nodes are accelerated by two Intel Xeon Phi 7120P coprocessor cards. The cards

features 61 cores with four hardware threads per core and 16 GB of RAM. The theoretical

peak performance of the coprocessor is 1.2 TFLOP/s.

The times of the assembly of the system matrices Vh and Kh for the Laplace equations

using the mesh consisting of 81920 elements are depicted in Table 3.1. In the column ‘Host’

the assembly times using 24 threads of the host CPU are depicted. The following four columns

depict the assembly time for a concurrent computation on 23 threads of host CPU and an

appropriate number of threads on one accelerator (one host’s thread is assigned to commu-

nication with the coprocessor). Finally, the last four columns show the assembly times when

22 cores of CPU and both Xeon Phi accelerators are employed concurrently (two threads on

CPU are dedicated to communication with the accelerators).

One of the 61 physical cores is left for the operating system. From the table one can

see that it is crutial to employ all the hardware threads available in the cores in order to

achieve maximum performance. Since the cores do not support out-of-order execution and

one thread cannot issue instructions in two consecutive cycles, it is necessary to use at least

two threads per core to feed the arithmetic logic unit. The maximum speed-ups with respect

to the non-accelerated code was achieved using two accelerator cards are 2.41 for the matrix

Vh and 2.49 for the matrix Kh.
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Chapter 4

Author’s publications on parallel

boundary element method

4.1 Acceleration of boundary element method by explicit vec-

torization

The first presented paper describes the acceleration of BEM using the SIMD (Single Instruc-

tion Multiple Data) features of modern processors. While the parallelization of computation

in shared and distributed memory has become standard in scientific community, the vector-

ization capabilities of modern processors are often neglected. Since the state of the art SIMD

instruction sets (AVX-512, IMCI) enable concurrent operations on up to eight double preci-

sion or sixteen single precision operands, one can easily see why ignoring these capabilities

may lead to inefficient code not capable of reaching theoretical performance of modern CPUs.

The paper describes vectorization of both main approaches to evaluate singular integrals oc-

curing during assembly of the BEM system matrices (semi-analytical and fully numerical).

Details on the implementation in the BEM4I library are given. The numerical experiments

demonstrates the speedup of assembly of the system matrices for the Helmholtz equation with

respect to the used instruction set and floating point arithmetic. Moreover, the scalability of

the vectorized code in shared memory is presented. The paper was published in Advances

in Engineering Software, Volume 86 in 2015.

Author’s main contribution to the paper include:

• review of the possible vectorization techniques

There are several approaches to the vectorization of the code. One can utilize the low

level assembly or intrinsic functions, however this leads to the portability issues and a

need for rewriting the code for each newly introduced instruction set. Another approach

is to exploit the auto-vectorization capabilities of compilers, possibly combined with

37
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compilers’ pragmas used to assist with the vectorization (e.g., #pragma simd, #pragma

omp simd, #pragma ivdep). While these capabilities of compilers have been improving

lately, at the time of writing of the paper, there were still needs for more detailed control

of the vectorization to deal with the BEM computation. For this reason the external

C++ library Vc was employed. It provides a high level wrapper on various SIMD

instruction set extensions and enables branching of the vectorized code using masked

instructions.

• transformation of the quadrature kernels to be used with the vectorization

library

The original methods used for numerical quadrature have to be accordingly rewritten

in order to be used with the Vc library. Among the most important modifications we

include the change of data layout from array of structures to structure of arrays. This sig-

nificantly improves the memory performance since the coordinates of quadrature points

are loaded from memory to vector registers with contiguous access. Furthermore, the

original loops (especially for the semi-analytic quadrature) contain numerous conditional

evaluations. These kind of loops are hard for compiler to auto-vectorize. With the Vc

library they are treated using the masked instructions, as described in the paper.

• implementation in the BEM4I environment

• numerical experiments on the Anselm cluster

The numerical experiments in the paper have shown the relevance of the vectorization

of BEM on modern CPU architectures. The tests were performed mainly using the SSE

instruction set. In some cases the speed up of the vectorized code achieved the theoretical

value of the used instruction set. In other cases lower speed up can be explained by frequent

application of the masked vector instructions. Concerning the AVX and newer instruction sets,

one can also see that their longer vector registers enable more accurate evaluation of numerical

integrals without increasing the computational time. The obtained know-how becomes even

more important when porting the code to modern many-core architectures (e.g., the Intel

Xeon Phi coprocessors).

4.2 A parallel fast boundary element method using cyclic graph

decompositions

The parallel implementation of the fast boundary element method for the elliptic problems

is still an open topic. Most of the papers deal with the distributed versions of the various

tree-based algorithms (e.g., fast multipole method, Barnes-Hut method) and omit the topic of
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efficient parallel assembly and action of the system matrix. The second paper provided here

presents a novel approach to distribution of the BEM system matrices sparsified using the

adaptive cross approximation method (ACA) or the fast multipole method (FMM) among N

computational nodes (MPI processes). The underlying mesh is decomposed into N submeshes,

subsequently the system matrix is decomposed into N×N submatrices. Each of the processes

is assigned N blocks, in such a way that minimizes the number of mesh part owned by the

process. Moreover, since the diagonal blocks are the most time and memory consuming

within the fast BEM, exactly one of them is assigned to each process. This way, the parallel

scalability of O((n/
√
N) log(n/N)) is obtained for memory consumption per process, time for

setup, matrix action and assembly.

The main contributions of the author are:

• adapting the method for usage with FMM

The fast multipole method has lower memory requirements in comparison to the ACA

method, thus enables a solution of larger problems. In the paper the method was used

to approximate the individual blocks of the global system matrix.

• numerical experiments on the Anselm cluster

The paper was published in Numerical Algorithms, Volume 70 (4) in 2015. The

numerical experiments performed up to 2744832 surface elements and 273 MPI processes

show that the computational time scales with O(1/N) while the memory demands scale with

O(1/
√
N). Although our method was applied to the problems modelled by the Laplace equa-

tion, it is applicable to other types of problems (such as linear elasticity or acoustic scattering)

as well.

4.3 Efficient solution of time-domain boundary integral equa-

tions arising in sound-hard scattering

The last paper aims at efficient parallel solution of the time-dependent wave equation. As was

mentioned in Part I, the efficient implementation and parallelization of the boundary element

solver utilizing the smooth temporal basis functions is necessary to enable us to solve large

engineering problems. Although the method simplifies the numerical quadrature and thus

the assembly of system matrices, the evaluation of the smooth temporal basis functions is

costly. Moreover, due to the structure of the system matrix the application of the methods

like marching-on-time (MOT) is not possible. The system matrix is global in space and time.

In order to preserve its special sparsity properties an iterative solver has to be applied to find

a solution. Therefore, a development of a suitable preconditioner is necessary to reduce a

high number of iterations of the conjugate gradient method. All of these tasks were aimed
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in the following paper which was accepted for publication in International Journal for

Numerical Methods in Engineering in 2015.

Let us summarize the author’s contribution to the paper:

• development of the scheme for parallel distribution of block of system matrix

The system matrix for the space-time Galerkin method with smooth temporal basis

function possesses a special structure. Since most of the blocks are duplicated, one has

to take this into consideration when distributing the matrix blocks among computational

nodes. At the same time the workload during the matrix vector multiplication has to

be addressed. A possible approach to treat this by distribution of the block diagonals

of matrix among computation nodes has been presented in the paper.

• parallel assembly of the blocks of the system matrix

Despite several approaches to simplification of the temporal basis funcions evaluation

and reduction of the number of their evaluation described in the paper, there is still the

need for parallel assembly the individual matrix blocks. In the paper a hybrid paral-

lelization by OpenMP and MPI has been presented. For each matrix block a non-zero

pattern is precomputed and the pairs of elements contributing to the block are dis-

tributed among MPI processes. Assembly of the process’ portion of data is parallelized

in shared memory using OpenMP. This kind of work distribution enables us to parallelize

the computation in both space and time.

• development of a suitable iterative solver and preconditioner

Because of the implicitness of the scheme and the special block structure of the system

matrix an iterative solver has to be employed to solve the arising linear system. In the

paper several variants of the restarted GMRES algorithm have been used and compared

– GMRES without preconditioning, DGMRES preconditioned by deflations, and FGM-

RES preconditioned by an experimental algebraic preconditioner. The original recursive

algebraic preconditioner proposed by A. Veit was modified in order to be used with the

FGMRES which enables nonexact solution of inner systems, which significantly reduces

its application time.

• parallel version of the recursive algebraic preconditioner

• numerical experiments on the Anselm cluster

Without these contributions the method would only be able to solve problems of hundreds

of spatial unknowns in reasonable time. The numerical experiments presented in the paper

show that the code for the parallel assembly of the system matrix is able to scale up to more
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than thousand of cores, reducing the computational time from hours to minutes. Moreover,

the solution time is significantly reduced using the DGMRES iterative solver or the FGMRES

iterative solver in combination with the proposed recursive algebraic preconditioner, as is

shown on several examples.
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a b s t r a c t

Although parallelization of computationally intensive algorithms has become a standard with the scien-
tific community, the possibility of in-core vectorization is often overlooked. With the development of
modern HPC architectures, however, neglecting such programming techniques may lead to inefficient
code hardly utilizing the theoretical performance of nowadays CPUs. The presented paper reports on
explicit vectorization for quadratures stemming from the Galerkin formulation of boundary integral
equations in 3D. To deal with the singular integral kernels, two common approaches including the
semi-analytic and fully numerical schemes are used. We exploit modern SIMD (Single Instruction
Multiple Data) instruction sets to speed up the assembly of system matrices based on both of these reg-
ularization techniques. The efficiency of the code is further increased by standard shared-memory paral-
lelization techniques and is demonstrated on a set of numerical experiments.
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1. Introduction

The boundary element method (BEM) is a counterpart to the
finite element method (FEM) suitable for the solution of partial dif-
ferential equations which can be formulated in the form of bound-
ary integral equations. Since BEM reduces the given problem to the
boundary of a computational domain, it is especially suitable for
problems stated in unbounded domains, such as acoustic or elec-
tromagnetic wave scattering, or shape optimization.

System matrices arising from the classical BEM are dense and
the method has quadratic computational and memory complexity
with respect to the number of surface elements. Moreover, special
quadrature methods are needed due to the singularities in the ker-
nels of the boundary integrals [1,2], which further contribute to
computational demands of the method. Several fast BEM
approaches can be employed to reduce computational and mem-
ory requirements to almost linear. The common methods are based
on the decomposition of the surface mesh into clusters and subse-
quent low rank approximation of matrix blocks corresponding to
admissible pairs of clusters. Nonadmissible blocks are assembled
in the standard way as full rank matrices. The fast multipole
method (FMM) is based on the approximation of the system matri-
ces by the multipole series expansion [3–5], whereas the adaptive

cross approximation (ACA) assembles the low rank approximation
from an algebraic point of view [6,2].

Regardless the above mentioned approximation techniques,
there is still a need for an efficient assembly of nonadmissible
matrix blocks or a certain number of rows and columns of admis-
sible blocks in the case of ACA. Since these blocks are usually too
small to be distributed among computational nodes by MPI, an
OpenMP parallelization of the assembly is an obvious choice. In
this paper, we discuss further acceleration of the process by means
of vectorization of the quadrature over pairs of surface elements.

With new SIMD instruction sets available in modern processors
the usage of vectorization becomes more important in scientific
computation. Neglecting it may lead to inefficient code not capable
of reaching the theoretical performance of current CPUs. The SSE
instruction set introduced by Intel in 1999 provided eight
128-bit registers and enabled concurrent operations on four
32-bit single-precision floating point numbers. Its successors,
SSE2–SSE4, extended this capability to support SIMD operations
on two 64-bit double-precision floating point operands while
incrementally adding more instructions. The AVX instruction set
supported by Intel processors since 2011 extends the registers
length from 128 bits to 256 bits and introduces a three-operand
SIMD instruction format. Its capabilities are further extended by
AVX2. The AVX-512 should provide registers with 512-bit length
allowing for concurrent operation on eight 64-bit double precision
numbers. Its support is announced for Intel’s Knights Landing
processor available in 2015 and for Intel’s Skylake microprocessor
architecture [7].
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To use the vector instructions the existing scalar code usually
has to be modified. While the automatic loop vectorization pro-
vided by the compiler is not capable of vectorizing more complex
loops often occurring in scientific codes, exploiting the supported
intrinsic functions may lead to a confusing and hardly maintain-
able code. One of the possibilities avoiding these issues is to use
a higher level library, such as VML from Intel’s Math Kernel
Library [8], VDT [9], or the Vc library [10], which is the main focus
of this paper. The library provides a high level wrapper on SIMD
intrinsics and enables explicit vectorization of C++ code. It is porta-
ble among various compilers and SIMD instruction sets and
enables easy vectorization without the need for a major redesign
of the existing object oriented C++ code.

The topic of the vectorization of the BEM computation has been
presented in several publications. In [11] an example of automatic
loop vectorization of Fortran boundary element computation is pro-
vided. The original routines are manually altered using techniques
such as loop unrolling and loop reordering in order to enable the
compiler to employ SIMD instructions. Although a reasonable
speedup with respect to the non-vectorized version is obtained,
modifications lead to a significantly more complex code. The inter-
ested reader may also consult [12] for a comprehensive presentation
of BEM quadrature vectorization. The author provides a general
overview of the SIMD parallelism, compares two approaches to han-
dling data during the computation (inter- and intra-register opera-
tions), and presents results of numerical experiments with a code
vectorized using intrinsic functions. However, the work does not
discuss the treatment of singularities in the related surface integrals,
which is one of the crucial tasks of BEM computations.

The structure of the paper is as follows. In the next section we
provide a model problem on which we demonstrate the boundary
element workflow. In Section 3, a short overview of our BEM
library is provided, Section 4 discusses the vectorization of the
computationally most demanding parts of the code. Finally, we
provide results of numerical experiments and conclude.

2. Boundary element method for sound-hard scattering

In this section we present the model problem under considera-
tion, derive the corresponding boundary integral equations and
their Galerkin discretization.

2.1. Helmholtz boundary integral equation

We consider a time-harmonic scattering problem with a sound-
soft obstacle modelled by a bounded Lipschitz domain X � R3. The
incident wave is of the form ui :¼ eijhx;di with the imaginary unit i,
the wave number j 2 Rþ, and a unit direction vector d. The wave
us scattered from X satisfies the exterior Dirichlet boundary value
problem for the Helmholtz equation [13,2]

Dus þ j2us ¼ 0 in Xext :¼ R3 nX;

us ¼ g on @X;

rusðxÞ; x
kxk

D E
� ijusðxÞ

��� ��� ¼ O 1
kxk2

� �
for kxk ! 1:

8>><
>>: ð1Þ

The total wave field around the obstacle is given by ut :¼ ui þ us.
The Dirichlet condition in (1) is given by the negative of the incident
wave g :¼ �ui. Thus, the total wave field ut vanishes on @X. The
Sommerfeld radiation condition ensures uniqueness of the solution
us 2 H1

D;locðX
extÞ, which is equivalent to

usjeX 2 H1
DðeXÞ :¼ u 2 L2ðeXÞ :

@u
@xi
2 L2ðeXÞ ^ Du 2 L2ðeXÞ� �

;

for all bounded domains eX � Xext with the derivatives understood
in the distributional sense.

To solve the boundary value problem (1) we use the direct
approach via the representation formula [13,14,2,1,15]

us ¼Wjc0;extus � eV jc1;extus in Xext; ð2Þ

with the trace operators

c0;ext : H1
D;locðX

extÞ ! H1=2ð@XÞ; c0;extu ¼ uj@X for u 2 C1ðXextÞ;

c1;ext : H1
D;locðX

extÞ ! H�1=2ð@XÞ; c1;extu ¼ @u
@n

for u 2 C1ðXextÞ;

n denoting the unit exterior normal vector to X, the single-layer
and double-layer potentials

eV j : H�1=2ð@XÞ ! H1
D;locðX

extÞ;

ðeV jqÞðxÞ :¼
Z
@X

vjðx; yÞqðyÞdsy; ð3Þ

Wj : H1=2ð@XÞ ! H1
D;locðX

extÞ;

ðWjtÞðxÞ :¼
Z
@X

@vj

@ny
ðx; yÞtðyÞdsy; ð4Þ

and the fundamental solution of the Helmholtz equation in 3D

vjðx; yÞ :¼ 1
4p

eijkx�yk

kx� yk :

To evaluate the solution us in x 2 Xext using the formula (2) it is nec-
essary to complete the Cauchy data c0;extus; c1;extus. Since the
Dirichlet trace c0;extus is given by g ¼ �c0;extui, only the missing
Neumann trace c1;extus needs to be computed. Applying the
Dirichlet trace operator c0;ext to the representation formula (2)
and using the well-known properties of the potential operators
(3) and (4) (see, e.g., [14,2,15,1]) we obtain the boundary integral
equation

ðVjc1;extusÞðxÞ ¼ �
1
2

gðxÞ þ ðKjgÞðxÞ for x 2 @X; ð5Þ

with the single-layer and double-layer boundary integral operators

Vj : H�1=2ð@XÞ!H1=2ð@XÞ; ðVjqÞðxÞ :¼
Z
@X

vjðx;yÞqðyÞdsy; ð6Þ

Kj : H1=2ð@XÞ!H1=2ð@XÞ; ðKjtÞðxÞ :¼
Z
@X

@vj

@ny
ðx;yÞtðyÞdsy: ð7Þ

Note that contrary to the potentials (3) and (4), the functions
Vjq; Kjt are only defined on @X.

The Galerkin formulation equivalent to (5) reads

hVjc1;extus; si@X ¼ �1
2

I þ Kj

� �
g; s

	 

@X

for all

s 2 H�1=2ð@XÞ: ð8Þ

2.2. Boundary element method

To discretize the Galerkin formulation (8) we triangulate the
surface @X into E flat shape-regular open triangles si, i.e.,

@X �
[E
n¼1

si:

To approximate the Cauchy data we use piecewise linear ansatz for
the Dirichlet data c0;extus and piecewise constant ansatz for the
Neumann data c1;extus

c0;extus ¼ g � t :¼
XN

i¼1

tjuj; c1;extus � s :¼
XE

i¼1

siwi;

where N denotes the total number of mesh nodes. Using piecewise
constant testing functions w‘ this results in the discrete system of
linear equations
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Vj;h s ¼ �1
2

Mh þ Kj;h

� �
t;

with the matrices

Vj;h½‘; j� :¼ 1
4p

Z
s‘

Z
sj

eijkx�yk

kx� yk dsy dsx;

Mh½‘; i� :¼
Z

s‘
uiðxÞdsx;

Kj;h½‘; i� :¼
1

4p

Z
s‘

Z
@X

uiðyÞ
eijkx�yk

kx�yk3 ð1� ijkx�ykÞhx�y;nðyÞidsy dsx:

To set up the matrices one has to deal with integration of singu-
lar kernels. There are two commonly used methods, one involving
analytic integration of the inner integral and numerical quadrature
of the outer one [2], or a fully numerical scheme described in [1]
and references therein. Since the treatment of all operators is very
similar, in the two following sections we only describe the set up of
the single-layer operator matrix Vj;h using both approaches. In
Section 5, however, we provide results of our experiments for the
set up of both boundary element matrices Vj;h; Kj;h. In addition,
we also provide assembly times of the hypersingular operator
matrix

Dj;h½i; j� :

¼ 1
4p

Z
@X

Z
@X

eijkx�yk

kx� yk hcurl@XujðyÞ; curl@XuiðxÞidsy dsx

� j2

4p

Z
@X

Z
@X

eijkx�yk

kx� ykujðyÞuiðxÞhnðxÞ;nðyÞidsy dsx;

which would be involved, e.g., in a sound-hard scattering problem
with the Neumann boundary condition @us

@n ¼ �
@ui
@n [2,1]. The semi-

analytic approach for this matrix is described in [16].

2.3. Semi-analytic assembly

Let us first address the semi-analytic approach. To find the
analytic formula the singular inner integral is split up as

Z
sj

1
4p

eijkx�yk

kx� yk dsy ¼
Z

sj

1
4p

eijkx�yk � 1
kx� yk dsy þ

Z
sj

1
4p

1
kx� yk dsy:

Let us denote

f ðxÞ :¼
Z

sj

1
4p

eijkx�yk � 1
kx� yk dsy; gðxÞ :¼

Z
sj

1
4p

1
kx� yk dsy: ð9Þ

For the first integrand we have

lim
x!y

eijkx�yk � 1
kx� yk ¼ lim

a!0

eija � 1
a

¼l
0Hlim

a!0
ijeija ¼ ij;

and thus the integral f ðxÞ can be computed numerically without
further regularization as

f ðxÞ �
Xk

n¼1

xn
1

4p
eijkx�ynk � 1
kx� ynk

;

with suitable quadrature weights xn and points yn 2 sj. For the
quadrature over sj we use the 7-point Gauss scheme described in
[2]. The explicit analytic formula for g in local coordinates related
to sj can be found in Chapter C.2 in [2]. For the outer integration
of f þ g over s‘ we use the Gauss integration

Vj;h½‘; j� �
Xk

m¼1

xmð f ðxmÞ þ gðxmÞÞ: ð10Þ

2.4. Numerical assembly

Since the fully numerical approach is quite involved, we only
summarize the basic concept and refer the interested reader to
Chapter 5 of [1] and the references therein.

The main aim is to regularize the integrand by means of integral
substitutions. This leads to a formal formulation given by four one-
dimensional integrals

Z 1

0

Z 1

0

Z 1

0

Z 1

0
vjðFðz1; z2; z3; z4ÞÞSðz1; z2; z3; z4Þdz1 dz2 dz3 dz4;

with the substitution Fn � � � � � F1 ¼: F : ½0;1�4 ! si � sj;

Fðz1; z2; z3; z4Þ ¼ ðx; yÞ; dsy dsx ¼ Sðz1; z2; z3; z4Þdz1 dz2 dz3 dz4;

which is different for si; sj being identical, sharing exactly one
edge, sharing exactly one vertex, or having a positive distance.
The function S stems from the parametrization via a reference trian-
gle and a series of transformations given by F . Since the integrand

hðz1; z2; z3; z4Þ :¼ vjðFðz1; z2; z3; z4ÞÞSðz1; z2; z3; z4Þ;

is analytic [1], a tensor-product Gaussian quadrature scheme

Xk

m¼1

Xk

n¼1

Xk

o¼1

Xk

p¼1

xm xn xo xp hðzm; zn; zo; zpÞ; ð11Þ

with the weights x	 and sampling points z	 can be used.

3. The BEM4I library

The solver for the wave scattering problem based on BEM is
implemented in the BEM4I library [17]. The library is written using
C++ in an object-oriented way. It utilizes templates to support var-
ious indexing and scalar types. OpenMP is used for the paralleliza-
tion in shared memory and some parts of the code are parallelized
in distributed memory by MPI.

The structure of the solver is depicted in Figs. 1 and 2. Three
main types of classes are responsible for the assembly of the sys-
tem matrices.

1. BESpace The class and its descendants keep the information
needed for the boundary element approximation of the contin-
uous function spaces, such as the order of spatial basis and test-
ing functions or data necessary for the FMM or ACA
acceleration. The object of the computational mesh is stored
in this class.

2. BEBilinearForm The main purpose of the descendants of this
class is to assemble appropriate system matrices (either full or
sparsified by ACA or FMM). The assembly is performed elemen-
twise using BEIntegrator classes. Local contributions from
individual pairs of elements are combined to form a global sys-
tem matrix. The assembly is parallelized using OpenMP at this
level.

3. BEIntegrator The group of BEIntegrator classes is respon-
sible for the assembly of element system matrices and evalua-
tion of the representation formula (2). The most
computationally demanding part of the code is the Gaussian
quadrature over the pairs of elements. Its vectorization by the
Vc library will be described in the next section.
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Besides these main classes the library also implements various
supportive classes representing surface meshes, full and sparse
matrices, matrices approximated by FMM and ACA, direct and iter-
ative solvers, etc. To solve the problem, the user can either directly
manipulate with these classes or use the interface provided in the
ScatteringProblem class.

4. Vectorization of the numerical quadrature

In the following section we demonstrate the applicability of the
Vc library to the vectorization of the quadrature occurring in the
boundary element matrices computation. The BEM4I library imple-
ments both the semi-analytic [2,16] and numerical [1] methods,
therefore the vectorized code is provided for both approaches.

The Vc library contains counterparts of most mathematical
methods of the C++ Standard Library which makes it relatively easy
to convert the quadrature code from a scalar to a vectorized ver-
sion. The development of the vectorized code is faster since the
structures of both non-vectorized and vectorized versions are sim-
ilar, the object-oriented design is preserved and the maintenance
of the code is easier. In some cases a more complex redesign of
the code may be necessary to further increase its efficiency.

A common header file interface using standard C++ data struc-
tures is provided for both vectorized and non-vectorized versions.
Therefore, the user does not interact directly with the Vc library

and the external code remains the same for both scalar and vector
computations. The vectorization is activated using the #define

INT_VC preprocessor directive in the settings file.
For the sake of clarity the template parameters are omitted

from the following source code samples. The int and double

types are used for indexing and the default float type, respectively.

4.1. Semi-analytic assembly vectorization

The main idea of the vectorization of the semi-analytic
matrix assembly is to parallelly evaluate the outer quadrature
(10), which leads to concurrent evaluation of the functions f and
g from (9) in multiple quadrature points. A common interface
for both vectorized and scalar versions of the single-layer
operator local matrix assembly is provided by the method
computeElemMatrix1LayerP0P0.

void computeElemMatrix1LayerP0P0 (

int outerElem,

int innerElem,

FullMatrix& matrix

);

The first part of the method consists mainly of data allocation,
establishing the local element coordinate system, and computation
of Gaussian quadrature nodes. Contrary to the scalar version,

Fig. 1. Structure of the wave scattering solver in the BEM4I library.

Fig. 2. Simplified class diagram of the wave scattering solver in the BEM4I library.
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where this is done using the classical C++ data structures, the
vectorized version stores the coordinates of quadrature nodes
as well as quadrature weights in instances of the
Vc::Memory < Vc::Vector > class. The class ensures correct mem-
ory alignment depending on the underlying data type and allows
efficient scalar and vector access to data. The Vc::Vector class
abstracts the SIMD registers and their instructions into types famil-
iar to C++ developers. The capacity of the vector depends on the
instruction set used. With AVX it can store and concurrently pro-
cess four double precision and eight single precision operands.

In the next part of the method the Gaussian quadrature over the
outer element is performed. The original scalar loop over quadra-
ture points.

double entry = 0.0;

for (int i = 0; i < number_of_quadrature_points;
i++) {
double value = collocation

1LayerP0(quadrature_point[i]);
entry += quadrature_weights[i] ⁄ value;

}

is replaced by the vectorized loop. The simplified version of the vec-
torized loop follows.

Vc::Memory < Vc::Vector < double > >
quadrature_weights;

Vc::Memory < Vc::Vector < double > > x0; // first

coordinates

Vc::Memory < Vc::Vector < double > > x1; // second

coordinates

Vc::Memory < Vc::Vector < double > > x2; // third

coordinates

// . . .(fill the instances of Vc::Memory class with data)
Vc::Vector < double > entry = Vc::Zero;
for (int i = 0; i < quadrature_
weights.vectorsCount( ); i++) {
Vc::Vector < double > value = collocation1
LayerP0(

x0.vector(i), x1.vector(i), x2.vector(i));

entry += quadrature_weights.vector(i) ⁄ value;
}
double totalEntry = entry.sum();

The computationally most demanding part of the code is the
evaluation of the function collocation1LayerP0 which returns
the values of f and g from (10). The method involves evaluation of
several transcendental functions, such as logarithms, trigonomet-
ric, or inverse trigonometric functions, as well as multiple

conditional expressions. Its automatic vectorization is beyond the
abilities of current compilers and its proper vectorization using
the Vc library is crucial for the efficiency of the code. A snippet
of the original method is provided in the following listing.

double tmp1 = s - x[0];

double tmp2 = alpha ⁄ s - x[1];

if (std::abs(tmp1) > eps) {
if (tmp2 < 0.0)
f += tmp1 ⁄ std::log((x[2] ⁄ x[2] +

tmp1 ⁄ tmp1)/ (a - tmp2));

else

f += tmp1 ⁄ std::log(tmp2 + a);
}

Here, x is an array storing three spatial coordinates of a colloca-
tion point. Note the nested conditional expression, which is neces-
sary to deal with possible singularities in the integral and
complicates the evaluation of the variable f.

The vectorized version processes multiple integration points
concurrently. Their coordinates are separated into three
Vc::Vector objects x0, x1, x2 containing first, second, and third
components, respectively (see Fig. 3). Other variables are substi-
tuted with their vector counterparts as well. The if statement is
replaced with conditional write based on a comparison of two or
more vectors as demonstrated in Fig. 4 and the listing below. The
results of the right-hand side operations are only stored on those
positions of the logArg vector, for which the given condition is
satisfied.

Vc::Vector < double > tmp1 = s - x0;

Vc::Vector < double > tmp2 = alpha ⁄ s - x1;

Vc::Vector < double > logArg(Vc::Zero);
logArg(Vc::abs(tmp1) > eps && tmp2 < Vc::Zero) =

(x2 ⁄ x2 + tmp1 ⁄ tmp1) / (a - tmp2);

logArg(Vc::abs(tmp1) > eps && tmp2 >= Vc::Zero) =

tmp2 + a;

f(Vc::abs(tmp1) > eps) += tmp1 ⁄ Vc::log(logArg);

Quadrature points

* + * + * =

Fig. 3. Vector computation of yi :¼ kxik2 ¼ ðxi
1Þ

2 þ ðxi
2Þ

2 þ ðxi
3Þ

2.

Fig. 4. Conditional write to the Vc::Vector object.
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The rest of the method collocation1LayerP0 is vectorized in
the same manner. The method returns the Vc::Vector object
which is further processed by the Gaussian quadrature mentioned
above. The resulting code is structurally very similar to the original
one, while the performance gain is significant.

4.2. Numerical assembly vectorization

The scalar version of the fully numerical scheme consists of four
for loops corresponding to the sums in (11). During the integra-
tion a proper technique has to be chosen based on the mutual posi-
tion of elements. For the sake of simplicity we only provide a
listing for the case of identical elements.

for (int m = 0; m < qSize1; m++)
for (int n = 0; n < qSize2; n++)
for (int o = 0; o < qSize3; o++)
for (int p = 0; p < qSize4; p++)
switch (type) {
case identicalElements:

for (int simplex = 0; simplex < 6;
simplex++) {
getQuadratureNodes(m, n, o, p, simplex,

type, x, y, jacobian);

getQuadratureWeights(m, n, o, p, w);

entry+=evalSingleLayerKernel(x,

y) ⁄ w[0] ⁄ w[1] ⁄
w[2] ⁄ w[3] ⁄ jacobian;

}
break;

. . .

}

In the vectorized version the loops are unrolled and the appro-
priate function evaluating h in several combinations of quadrature
points is provided. Moreover, the function getQuadratureNodes

now returns coordinates of multiple quadrature points x; y split
into three Vc::Vector objects.

int qSize = qSize1 ⁄ qSize2 ⁄ qSize3 ⁄ qSize4;
for (int i = 0; i < qSize; i++)
switch (type) {
case identicalPanels:

for (int simplex = 0; simplex < 6; simplex++) {
getQuadratureNodes(i, simplex, type, x0, x1,

x2, y0, y1, y2, jacobian);

getQuadratureWeights(i, w0, w1, w2, w3);

entry+=evalSingleLayerKernel(x0, x1, x2,

y0, y1, y2) ⁄ w0 ⁄ w1 ⁄ w2 ⁄ w3 ⁄ jacobian;
}
break;

. . .

}

4.3. Representation formula vectorization

After the computation of the Cauchy data the representation
formula (2) can be used to evaluate the scattered wave us from
(1) in an arbitrary point x 2 Xext. Since the formula is usually eval-
uated in a large number of nodes and each of these computations
can be done independently, it is well suited for parallelization in
both shared and distributed memory. In addition, the vectorized
version of a function evaluating (2) in multiple nodes concurrently

Fig. 5. Semi-analytic assembly times for Vj;h; Kj;h; Dj;h , scalar and vectorized versions (left) with corresponding speedup (right).
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is provided. The method takes arrays of 3D coordinates as argu-
ments and stores them in the Vc::Memory objects. Individual

Vc::Vector objects are loaded from Vc::Memory and a numerical
quadrature for (3) and (4) is performed for multiple values of x. The
potentials are evaluated using the analytic formulae similarly as in
Section 4.1.

5. Numerical experiments

The following numerical experiments were carried out using
one node of the Anselm cluster located at the IT4Innovations
National Supercomputing Centre, Ostrava, Czech Republic. The
node is equipped with two 8-core Intel Xeon E-2665 2.4 GHz pro-
cessors and 64 GB of RAM. The processor supports the SSE4.2 and
AVX instruction set extensions. The tests were performed using
the GCC 4.9.0 compiler. Since the 256-bit registers are only sup-
ported by a subset of the first generation AVX instructions [18],
the performance gain of AVX compared to SSE is not as significant
as desired in most cases. For this reason we concentrate on the
results obtained with the SSE extension.

In the first set of numerical experiments we compare the
assembly times of full system matrices Vj;h; Kj;h, and Dj;h using
the scalar and vectorized version of the library. Moreover, we pro-
vide results of the scalability test of the OpenMP code in combina-
tion with the Vc vectorization. The used computational domain X
represents a unit ball with boundary discretized into 11,520 sur-
face elements.

Let us begin with the semi-analytic approach. The comparison
of the computational times of scalar and vectorized versions of
the code is given in Fig. 5. In double precision arithmetic the
speedup reaches 1.81 in the case of the hypersingular operator
matrix and 1.58 and 1.23 in the cases of the single- and double-
layer operator matrices, respectively. For single precision
arithmetic we obtain the speedups of 3.98, 3.65, and 2.45 for the
assembly of matrices Dj;h; Vj;h; Kj;h, respectively.

Fig. 8. Numerical (81 quadrature points, SSE) assembly times for Vj;h; Kj;h; Dj;h , scalar and vectorized versions (left) with corresponding speedup (right).

Fig. 7. Combined speedup of OpenMP and vectorization for Vj;h; Kj;h; Dj;h relative
to the scalar sequential version (semi-analytic quadrature, single precision
arithmetic).

Fig. 6. Combined speedup of OpenMP and vectorization for Vj;h; Kj;h; Dj;h relative
to the scalar sequential version (semi-analytic quadrature, double precision
arithmetic).
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To further accelerate the assembly of the system matrices, the
BEM4I library provides its shared memory parallelization by
OpenMP. The combined speedups of the OpenMP parallelization
and vectorization relative to the non-vectorized sequential version

are depicted in Figs. 6 and 7. In the case of double precision com-
putations we reach the speedup of 27.44 on 16 cores, thus reducing
the computational time for the assembly of Dj;h from 6580 s on a
single core without vectorization to 250 s on 16 cores with vector-
ization. The time is further reduced to 120 s when using single pre-
cision arithmetic. Similar results are obtained for the matrices
Vj;h; Kj;h.

The results for the fully numerical approach are depicted in
Figs. 8–11. For the experiments shown in Figs. 8–10 three quadra-
ture points in each dimension were used (34 ¼ 81 quadrature
points in total), the AVX experiments in Fig. 11 were performed
with 44 ¼ 256 quadrature points. Although the computation is
not accelerated as significantly as in the case of the semi-analytic
approach, the gains of vectorization are still apparent especially
when using single precision arithmetic. Moreover, contrary to the
semi-analytic approach, the AVX instruction set further accelerates
the computation especially when requiring a higher precision
quadrature, which is usually necessary for more complicated
geometries (see Fig. 11).

In Fig. 12 we provide computational times for the evaluation of
the representation formula (2). The vectorization approach

Fig. 11. Numerical (256 quadrature points, AVX) assembly times for Vj;h; Kj;h; Dj;h , scalar and vectorized versions (left) with corresponding speedup (right).

Fig. 10. Combined speedup of OpenMP and vectorization for Vj;h; Kj;h; Dj;h

relative to the scalar sequential version (numerical quadrature, single precision
arithmetic).

Fig. 9. Combined speedup of OpenMP and vectorization for Vj;h; Kj;h; Dj;h relative
to the scalar sequential version (numerical quadrature, double precision
arithmetic).

Fig. 12. Evaluation of the representation formula.
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described above leads to a significant speedup, namely 1.62 in the
case of double precision arithmetic and 4.00 in the case of single
precision arithmetic. The formula was evaluated in 5,000 nodes.

Finally, the benefits of vectorization for fast BEM are demon-
strated in Fig. 13. The graphs provide the computational times nec-
essary for the assembly of nonadmissible parts of system matrices
Vj;h; Kj;h. The assembly of these parts forms a major portion of the
FMM matrices computation and takes an important amount of
time when assembling ACA matrices. We observe significant
speedup especially in single precision arithmetic. The tests were
performed using a surface mesh consisting of 103,680 elements.

6. Conclusion

In this work we have presented a new library of parallel solvers
based on the boundary element method. In addition to the shared
memory parallelization by OpenMP, the library features explicit
vectorization of the semi-analytic and numerical quadrature of
boundary integrals. The numerical experiments have demon-
strated a relatively high efficiency of the vectorized code for both
quadrature strategies. As our early experiments with AVX did not
prove a significant improvement of the computational times espe-
cially with the semi-analytic approach, most of the tests were per-
formed using the SSE instruction set extension. The potential of
AVX was however demonstrated on higher precision fully numer-
ical quadrature, where the speedup reached the value of seven.
Moreover, the extended length of the AVX registers in the next
generation processors promises similar speedup for double preci-
sion arithmetic.

Besides the wave scattering module presented in the paper, the
BEM4I library currently implements solvers for the 3D Laplace,
Helmholtz, and time-dependent wave equations and a module
for shape optimization based on the shape derivative approach.
The solver for the time-dependent wave equation is parallelized
by MPI and the scalability has been tested on the Anselm cluster
up to thousands cores. Other results obtained with the BEM4I
library will be discussed in future papers.
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1 Introduction

Boundary element methods (BEM) [17] have become an efficient tool for solution of
partial differential equations. When compared to more popular volume discretization
techniques, BEM eliminates interior degrees of freedom and reduces the problem
formulation to the boundary, which is particularly efficient in case of unbounded
computational domains or in shape optimization [7, 12]. Unfortunately, when imple-
menting BEM, we have to deal with two difficulties: an integration of singular kernels
and a dense matter of system matrices.

Concerning the singular integrals, semi-analytical integration techniques have
been developed [17] for many types of kernels. Here one calculates inner colloca-
tion integrals analytically while quadrature rules are employed for outer Galerkin
integrals. Alternatively, the whole integration domain is decomposed into simplices,
singularities are transferred to corners and then removed by Duffy’s substitution [6].
The resulting regularized kernels are proved to be analytical [22] so that a Gauss
quadrature converges exponentially.

As far as the density of system matrices is considered, a lot of effort has been
devoted to their sparsification, which reduces the original quadratic complexity to
linear or almost linear O(n log n), where n denotes the number of degrees of free-
dom. Such methods are then referred to as fast BEM. The idea of sparsification
relies on the fact that for far field contributions to the system matrix the integral ker-
nel is smooth and it can be replaced by low-rank approximations. This technique
goes back to the fast multipole method [18] or the panel clustering [10], where low-
rank function approximations were proposed and analyzed. We can also proceed in
a pure algebraic manner [1] in terms of low-rank matrix approximants. Finally, sev-
eral approaches have already been proposed for preconditioning [13, 16] of resulting
systems so that the overall computational complexity of an iterative solution method
is still O(n log n).

Yet, a parallel implementation of the boundary element method remains an issue.
There are many papers, cf. [9], dealing with parallel implementations of various tree
algorithms such as Burnes-Hut method [4] or the fast multipole method, but, to our
best knowledge, only one paper [2] is dealing with efficient parallel assembling and
action of the matrix. The general problem is an optimal assignment of leaves (jobs) of
the tree to processes. The simplest but load-unbalanced method is the list scheduling,
which assigns next not yet executed job to the idle process. On the other hand, a well
load-balanced method is the largest process time (LPT), where jobs are sorted accord-
ing to their costs. However, LPT suffers from an expensive setup and a parallely
unscalable complexity of the matrix action, which is due to that the maximum num-
ber of processes sharing a row or a column, the so-called sharing constant, is O(N).
As a remedy Bebendorf and Kriemann in [2] propose a global sorting of elements
by utilizing space-filling curves [20]. The latter in combination with sequence parti-
tioning [15] leads to a reduction of the sharing constant to O(

√
N), which is in [2]

numerically documented to lead to the optimal scalability O((n/N) log n + n/
√

N)

of the matrix assembly as well as matrix-vector product. However, the scheduling
phase suffers from O(n) memory consumption and O(N(n − N)) computational
complexity for the sequence partitioning [15].
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In this paper we propose a novel approach, which we prove to enjoy the par-
allel scalability O((n/

√
N) log(n/

√
N)) of the memory consumption per process,

time for the setup, matrix action as well as matrix assembly, while the latter pre-
vails. Numerical experiments exhibit the superior scalability O((n/N) log(n)) of
the total time. We consider a decomposition of the underlying mesh into N parts,
subsequently, the system matrix is decomposed into N × N blocks. We employ N

concurrent processes, to each of which we assign N blocks of the matrix to be assem-
bled. The assignment is done in such a way that we minimize the amount of the
related mesh parts, thus, the total memory consumption for storing the mesh and
related structures is minimal. Additionally, in order to balance the load each process
holds exactly one diagonal block since these are typically most time and memory
consuming within a fast BEM. It turns out that the problem can be formulated in
terms of graph theory as a decomposition of an undirected complete graph KN into
N complete subgraphs KM , where M (M − 1) + 1 = N . This is a combinatorial
complexity optimization problem. Fortunately, when one restricts to cyclic decompo-
sitions the optima are known for certain values of N = 3, 7, 13, 21, 31, etc. Provided
that each submesh consists of n/N elements, the sharing constant takes the optimal
value M = 1

2 (1 + √
4N − 3), see (10). We base our parallel fast BEM algorithm on

these graph decompositions.
The rest of the paper is organized as follows. In Section 2 we recall a boundary ele-

ment discretization of the Laplace equation in 3 dimensions. In Section 3 we describe
two fast BEM techniques. In Section 4 we give an introduction to cyclic decompo-
sitions of graphs and list some known optimal results, on top of which we build our
parallel implementation in Section 5. In Section 6 we document the expected theoret-
ical complexity on numerical tests using geometry of a shaft up to almost 3 millions
of degrees of freedom and 273 processes. In Section 7 we conclude.

2 Boundary element methods

For simplicity we consider a 3-dimensional bounded Lipschitz domain �. We look
for a solution u ∈ H 1(�) to the following Dirichlet boundary value problem for the
Laplace operator:

−�u = 0 in �,

u = g on � := ∂�,
(1)

where g ∈ H 1/2(�) denotes a prescribed Dirichlet datum. Our exposition can be eas-
ily modified to more general settings as those involving mixed boundary conditions,
exterior domains as well as to other elliptic operators, e.g., Lamé, Stokes, Helmholtz,
Maxwell, for which boundary integral formulations are available.

The solution of (1) can be represented as follows:

u(x) =
∫

�

∂u

∂n
(y)G(x, y) dS(y) −

∫
�

u(y)
∂G

∂n(y)
(x, y) dS(y), x ∈ �, (2)

where G(x, y) := 1/(4π‖x − y‖) denotes the fundamental solution to the Laplace
equation. The terms on the right-hand side of (2) are referred to as the single-layer
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operator Ṽ and the double-layer operator W , respectively. They can be extended con-
tinuously to linear bounded operators Ṽ : H−1/2(�) → H 1(�) and W : H 1/2(�) →
H 1(�). It remains to calculate the Neumann datum t := ∂u

∂n
∈ H−1/2(�). We can

apply the trace operator γD : H 1(�) → H 1/2(�) to both sides of (2) and we arrive
at the first-kind boundary integral equation

u(x) = V (t)(x) −
(

−1

2
u(x) + K(u)(x)

)
,

where V := γD◦Ṽ : H−1/2(�) → H 1/2(�) and K : H 1/2(�) → H 1/2(�) are linear
continuous operators, additionaly, the former is H−1/2(�)-elliptic. For t, u ∈ L∞(�)

these operators take the following forms:

V (t)(x) :=
∫

�

t (y)G(x, y) dS(y), K(u)(x) :=
∫

�

u(y)
∂G

∂n(y)
(x, y) dS(y),

respectively, where x ∈ � and the integrals are considered in the Lebesgue sense.
Let 〈., .〉 denote the duality pairing between H−1/2(�) and H 1/2(�) with respect to
the pivot space L2(�). We shall find the missing Neumann datum t ∈ H−1/2(�) by
means of the following well-posed weak formulation:

〈v, V (t)〉 = 〈v, ((1/2)I + K)(g)〉 ∀v ∈ H−1/2(�). (3)

Now we shall approximate the solution of (3) by a boundary element method.
Without a loss of generality, let � be polygonal and let τh = (Ti)

n
i=1 be its shape-

regular triangulation into n triangles. We approximate the space H−1/2(�) by its
finite-dimensional subspace V h consisting of the discontinuous functions that are
piecewise constant on τh. We introduce the standard element base (ψh

i (x))ni=1 of
V h. For the sake of simplicity, we approximate the space H 1/2(�) by V h again. The
approximation is nonconforming in sense of V h �⊂ H 1/2(�). Assume we are given
gh ∈ V h as an approximation of g. The latter introduces an additional error, which
can be analyzed by means of Strang’s lemma. Let us denote the coordinates of gh

in the element base by g ∈ R
n. The Galerkin approximation of (3) then leads to the

following linear system of equations:

V t = ((1/2)M + K) g, (4)

where t ∈ R
n are the coordinates of the approximated solution th(x) ∈ V h, the

diagonal matrix M ∈ R
n×n with entries (M)i,i = |Ti |, where by |Ti | we denote the

area of Ti , is the Galerkin approximation of the identity I , and the matrices V, K ∈
R

n×n are the Galerkin approximations of V,K

(V)i,j =
∫

Ti

∫
Tj

G(x, y) dS(y) dS(x), (K)i,j =
∫

Ti

∫
Tj

∂G

∂n(y)
(x, y) dS(y) dS(x).

(5)
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3 Fast boundary element methods

The matrices V and K are densely populated and we shall approximate them by
means of hierarchical matrices [3]. For this purpose we introduce a hierarchical clus-
tering of τh. On the first level, we decompose τh into two disjoint clusters C1, C2 by
a separating plane. The plane crosses the boundary mass center

c(τh) := 1

|�|
∫

�

x dS(x) = 1

|�|
∑

Tk∈τh

|Tk| ck, (6)

where ck denotes the mid-point of Tk . The normal vector to the plane is an eigenvector
related to the largest eigenvalue of the 3-by-3 covariance matrix

(C(τh))ij :=
∑

Tk∈τh

|Tk| (ck − c(τh))i (ck − c(τh))j

≈
∫

�

(x − c(τh))i (x − c(τh))j dS(x). (7)

In other words, the normal direction is, up to a quadrature error, the least inertia
axis. Further we proceed recursively. At the next level the decomposition is applied
to the cluster C1, i.e. the separating plane is determined by c(C1) and C(C1) using
(6) and (7), respectively, so that we arrive at C11, C12 and the decomposition of C2
results in C21, C22. The recursion stops when the number of triangles in a cluster to
be decomposed is less than or equal to a prescribed nmin.

The resulting binary tree of clusters generates a quad-tree of submatrices of
V. The idea of sparse approximation of V by a hierarchical matrix relies on the
observation that submatrices of V related to well-separated cluster pairs can be
well-approximated by a low-rank matrix. Such pairs of clusters (Cx, Cy) are called
admissible and we indicate the admissibility by the following condition:

min{diam Cx, diam Cy} ≤ η dist(Cx, Cy),

where η < 1 is given, diam C and dist(Cx, Cy) respectively denote the diameter of C
and the distance between Cx and Cy . Unfortunately, evaluation of the condition has a
quadratic complexity, therefore, we replace it by the following stronger admissibility
condition with a linear complexity:

2 min{rad Cx, rad Cy} ≤ η
(
dist(c(Cx), c(Cy)) − rad Cx − rad Cy

)
, (8)

where rad C := maxTk∈C maxx∈Tk
‖x − c(C)‖.

Based on (8) and the binary tree of clusters we decompose the matrix V into
blocks. They are either nonadmissible, in the case a block is related to a nonadmissi-
ble pair of leaves of the cluster tree, or admissible if it is related to two vertices of the
cluster tree that satisfy (8). Moreover, in order to sparsify V efficiently, the admis-
sible blocks should be as large as possible, it means that the parents of the related
admissible pairs of clusters creates a nonadmissible pair. The nonadmissible blocks
are assembled as full matrices, however, they can be glued together and stored as a
sparse matrix Vnon ∈ R

n×n.
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3.1 Fast multipole method

We shall approximate each admissible block by a low-rank matrix. First we describe
the fast multipole method (FMM) [18]. It relies on an expansion of the integral kernel
G(x, y) into spherical harmonics. For a point x∗ with ‖x − x∗‖ < ‖y − x∗‖ we have

G(x, y) = 1

4π‖y − x∗‖
∞∑

k=0

(‖x − x∗‖
‖y − x∗‖

)k

Pk

(
x − x∗

‖x − x∗‖ ,
y − x∗

‖y − x∗‖
)

,

where the Legendre polynomials Pk(e(x), e(y)) admit separation of variables

Pk(e(x), e(y)) =
k∑

m=−k

Ym
k (e(x)) Y−m

k (e(y)),

with Ym
k being the spherical harmonic functions. We approximate G(x, y) by a finite

sum Gp(x, y), for which we have the following error estimate:∣∣∣∣∣∣∣∣∣∣∣
G(x, y) − 1

4π ‖y − x∗‖
p∑

k=0

(‖x − x∗‖
‖y − x∗‖

)k

Pk

(
x − x∗

‖x − x∗‖ ,
y − x∗

‖y − x∗‖
)

︸ ︷︷ ︸
=:Gp(x,y)

∣∣∣∣∣∣∣∣∣∣∣
≤ 1

4π (‖y − x∗‖ − ‖x − x∗‖)
(‖x − x∗‖

‖y − x∗‖
)p+1

.

Provided rad Cx ≤ rad Cy , x∗ := c(Cx), the error can further be estimated by

1

4π
(‖c(Cx) − c(Cy)‖ − rad Cy

)
[
η

(
1 − rad Cx + 2rad Cy

‖c(Cx) − c(Cy)‖ + rad Cy

)]p+1

.

The approximation with a precision ε > 0 requires p = O(log ε/ log η) terms in the
sum, each of which admits the separation of variables

Gp(x, y) = 1

4π

p∑
k=0

k∑
m=−k

(
‖x − x∗‖k Ym

k (e(x))
) (

‖y − x∗‖−k−1 Y−m
k (e(y))

)
.

Therefore, the double integral can be separated into a product of two single integrals
and the matrix-vector multiplication s = V t can be evaluated by

(s)i =
∑

j∈NF(i)

(V)i,j (t)j +
p∑

k=0

n∑
m=−n

M̂m
k (O, ψi)L̃

m
k (O, FF(i)).

Here

M̂m
k (O, ψi) =

∫
�

‖x − x∗‖k−1 Ym
k (e(x))ψi(x)dS(x)

are the multipole coefficients associated with the element Ti , and

L̃m
k (O, FF(i)) =

∑
j∈FF(i)

(t)j
4π

∫
�

‖y − x∗‖−k Y−m
k (e(y))ψj (y)ds(y)
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are the coefficients of local expansion. The set of admissible and nonadmissible
clusters to the cluster containing the element Ti is denoted by FF(i) and NF(i),
respectively. The efficient computation of L̃m

k (O, FF(i)) exploits the existing tree
structure:

1. Upward pass – multipole moments are computed on the finest level of the tree
and translated to the higher levels by multipole-to-multipole translations.

2. Downward pass – coefficients of a local expansion are computed on the highest
posssible level by translation of multipole moments, and translated to the lower
levels of the tree by local-to-local translations.

Since the multipole coefficients depend on the vector t, these tree traversals have to
be repeated in each iteration of an iterative solver. For details see e.g. [14].

The overall algorithmic complexity for the approximate assembling and an action
of V is O(p2 n log n). A similar procedure is applied to the case of K, where one
additionaly differentiate each y-term in Gp(x, y) subject to the normal direction
n(y).

3.2 Adaptive cross approximation

Another method that we describe is the adaptive cross approximation (ACA) [1]. It
approximates an admissible block A := VCx ,Cy

∈ R
nx×ny by the product of low-rank

matrices
A ≈ Up VT

p ,

where U ∈ R
nx×p, V ∈ R

ny×p with p (nx + ny) < nx ny to guarantee a mem-
ory reduction. If the latter condition cannot be fulfilled, the block is classified
as nonadmissible. The best low-rank matrix approximation in the spectral norm
is the truncated singular value decomposition. However, this is impractical as the
computational complexity is cubic.

Instead the ACA can be thought as a Lagrange interpolation of the matrix entries
subject to properly chosen pivot rows and columns. Let (i1, j1), . . . , (ip, jp) be
indices of the pivot rows and columns. By Px ∈ R

nx×nx we denote a permutation of
the unit matrix, which reorders rows in A so that they start with (i1, . . . , ip). Simi-
larly Py ∈ R

nx×nx denotes the column permutation of the unit matrix, which shifts
the columns (j1, . . . , jp) of A forward. The ACA then approximates the admissible
block A as follows:

Px A Py =:
(

Ã11 Ã12

Ã21 Ã22

)
≈

(
Ã11 Ã12

Ã21 Ã21 Ã−1
11 Ã12

)

=
(

Ã11

Ã21

)

︸ ︷︷ ︸
=:Up

{
Ã−1

11

(
Ã11, Ã12

)}
︸ ︷︷ ︸

=:VT
p

. (9)

The ACA approximation (9) is constructed adaptively using a partial pivoting in
the actual remainder Rp := Ã−Up VT

p , which is the Schur complement with respect

to Ã22 completed by zero blocks. The method starts to search in the first row i1 := 1
of R0 := Ã for the first pivot (R0)i1,j1 being the largest entry in modulus. The first
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approximation is the cross of the column U1 = u1 := (R0)∗,j1 and the row V1 =
v1 := (1/(R0)i1,j1) (R0)i1,∗. Then, we proceed iteratively by searching for further
crosses. The second pivoting row i2 is determined by an entry in the column j1 of
R1 having the maximal modulus. The pivoting column j2 is then given by an entry
with the maximal modulus in the row i2 of R1. The ACA approximation is updated
by the cross of the column u2 := (R1)∗,j2 and the row v2 := (1/(R1)i2,j2) (R1)i2,∗
so that U2 := (U1, u2) and V2 := (V1, v2). Notice that ACA does not need Ã22.
The approximation error is measured in the Frobenius norm. In [2] it is shown that,
provided ‖Rk‖F ≤ η‖Rk−1‖F , the stopping criterion

‖up vT
p‖F ≤ 1 − η

1 + ε
‖Up−1 VT

p−1‖F

implies the relative error reduction ‖Rp‖F ≤ ε ‖Ã‖F . This makes the cross approx-
imation adaptive. The complexity of the ACA approximation to VCx ,Cy

is again
O(p2 (nx + ny)).

A straightforward application of ACA to K may fail, as in some admissible blocks
KCx ,Cy

there might be zero parts when some pairs of triangles in Cx and Cy belong to a
common plane. As a remedy, which we were advised by Professor Mario Bebendorf,
we apply ACA to another matrix(∫

T x
i

∫
T

y
j

1

|x − y|2 dS(y) dS(x)

)

i,j

∈ R
nx×ny ,

where T x
i and T

y
j is the i-th triangle in Cx and the j -th triangle in Cy , respectively.

We remember the resulting pivot indices (i1, j1), . . . , (ip, jp). The pivots are then
used to calculate the Lagrange interpolation of 1/|x − y|3 with the idea of separating
x and y in an approximation of the kernel of K via a product of low-rank functions
as follows:

∂G

∂n(y)
(x, y) = (x − y) n(y)︸ ︷︷ ︸

rank-4 function

1

|x − y|3 .

︸ ︷︷ ︸
ACA � rank-p function︸ ︷︷ ︸

rank-4p function

Since (x −y) n(y) is reproduced exactly, the modified ACA preserves the zero parts.
The action of KCx ,Cy

is performed as follows:

KCx ,Cy
· gCy

≈ 1

4π

4∑
r=1

Ur
p ·

((
Mp

)−T ·
(
(Vr

p)T · gCy

))
,

where the entries of Mp ∈ R
p×p, Ur

p ∈ R
mx×p, and Vr

p ∈ R
my×p reads

(Mp)i,j := 1∣∣∣c(T x
ik

) − c(T
y
jk

)

∣∣∣3
, (Ur

p)i,k :=
∫

T x
i

f r (x)∣∣∣x − c(T
y
jk

)

∣∣∣3
dS(x), and

(Vr
p)j,k :=

∫
T

y
j

gr (y)∣∣∣c(T x
ik
) − y

∣∣∣3
dS(y),
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respectively, with

4∑
r=1

f r(x) gr(y) := x1 n1(y) + x2 n2(y) + x3 n3(y) + (−1) y n(y) = (x − y) n(y).

4 Cyclic decompositions of undirected graphs

We wish to assign N × N matrix blocks to N processes such that each process is
assigned exactly one diagonal block, which we expect to balance the load per process
when employing a fast BEM. At the same time, we wish the maximum of the number
of block row or column indices per process to be minimized, which minimizes the
memory per process. We shall formulate this combinatorial problem in terms of graph
theory. For certain values of N an optimal solution using a cyclic decomposition
of the complete undirected graph on N vertices into complete subgraphs will be
obtained. Decompositions that are not cyclic are rarely to be obtained in an easy and
systematic way. Nevertheless, any decomposition of a complete graph into complete
subgraphs leads to a perfect distribution of memory blocks among processes.

We recall a few notions. By a simple undirected graph G we understand a pair
(V , E), where V is a set of vertices and E is a set of two element subsets of V called
edges. The simple undirected graph with each pair of vertices connected by an edge
is called a complete graph and denoted by KN . We set the correspondence between
the N × N block matrix and the complete graph KN as follows. The N row (and
column) indices of the matrix correspond to the N vertices of the complete graph KN

and each edge {w, z} ∈ E(KN) corresponds to a pair of off-diagonal blocks of the
N × N matrix, first block with indices z,w and second block with indices w, z.

A graph can be decomposed into smaller graphs with respect to edges. By a G-
decomposition of a complete graph KN we understand such a system of pairwise
edge disjoint subgraphs G0, G1, . . . , Gq , where each Gi is isomorphic to G, that
each edge of KN belongs to exactly one copy Gi of G. A decomposition is cyclic
if there exists an ordering z1, z2, . . . , zN of vertices of KN and there exist isomor-
phisms φi : G0 → Gi , where i = 0, 1, . . . , q, such that φi(zj ) = zj+i for
every j = 1, 2, . . . , N , where the indices are taken modulo N . We adopt the usual
convention N = 0 of modular arithmetic.

Among popular tools used for graph decompositions there are graph labelings.
Rosa [19] proved, that there exists a cyclic G-decomposition of K2k+1 into 2k + 1
copies of G with k edges if and only if G has the so called ρ-labeling of V (G).
Loosely saying a vertex labeling is a mapping of nonnegative integers to the ver-
tices of a graph, while labels of each edge can be induced from the labels of its end
vertices, see Fig. 1 (left). A ρ-labeling of a graph G with k edges is such an injec-
tive mapping f : V (G) → {0, 1, . . . , 2k} that the set of edge labels induced by
l(z, w) = min{|f (w) − f (z)|, 2k + 1 − |f (w) − f (z)|} is {1, 2, . . . , k}. We refer
to Fig. 1 (middle) for an example of a cyclic K4-decomposition of K13 based on a
ρ-labeling, which is depicted in Fig. 1 (left).

Recall that our objective is to distribute all the N × N blocks to N parallel pro-
cesses each with as few indices as possible. In terms of graphs, we employ a cyclic
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Fig. 1 Example of a ρ-labeling of K4 with induced edge labels (left); a cyclic decomposition of K13 into
13 copies of K4 (middle); a 13 × 13 block matrix with highlighted blocks corresponding to copies G0, G1
of K4 with ρ-labeling {0, 1, 3, 9} (right)

G-decomposition of KN , which exists only for certain odd N , as follows. Each copy
Gi , where i = 0, 1, . . . , N − 1, assigns to the i-th process one diagonal block and
N − 1 off-diagonal blocks with indices given by the labels of end-vertices of the
edges in Gi . To minimize the total memory consumption the optimal graph G shall
have (N −1)/2 edges and minimum vertices. Obviously, G is again a complete graph
KM with

M(M − 1)

2
= N − 1

2
(10)

edges. Provided KM has a ρ-labeling, we can construct a cyclic KM -decomposition
of KN into N = M2 − M + 1 copies of KM . The difficulty is that a complete graph
KM allows a ρ-labeling only for certain values of M . Unfortunately, a complete
classification is not known, see [5, 8]. E.g. the complete graphs K7 and K11 do not
have a ρ-labeling, thus no K7-decomposition of K43 nor a K11-decomposition of
K111 exist. The blocks highlighted in Fig. 1 (right) correspond to the first two copies
G0 and G1 of a K4-decomposition of K13 from Fig. 1 (middle).

On the other hand, there are sufficient conditions known based on which a KM -
decomposition of KN into N copies can be constructed for infinitely many values
of N . A perfect difference set introduced by Singer in [23] with M elements corre-
sponds immediately to a ρ-labeling of a complete graph KM . If we restrict ourselves
to the case when M − 1 is a prime power, we can use the construction of perfect
difference sets [23], see Table 1, to find a ρ-labeling of KM and construct a cyclic
KM -decomposition of KN .

Notice, that each copy of the complete subgraph Gi in the cyclic decomposition
corresponds to blocks, that differ in their indices by 1, 2, . . . , (N − 1)/2, while each
of the differences appears precisely once. Therefore, the corresponding submeshes
are likely to be distributed throughout the mesh in a sense evenly. This supports a
good load balance in average.
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Table 1 Selected set of labels for KM -decompositions of KN , where M = 1
2

(
1 + √

4N − 3
)

N M set of labels in a ρ-labeling of KM

3 2 {0, 1}
7 3 {0, 1, 3}
13 4 {0, 1, 3, 9}
21 5 {0, 1, 4, 14, 16}
31 6 {0, 1, 3, 8, 12, 18}
57 8 {0, 1, 3, 13, 32, 36, 43, 52}
73 9 {0, 1, 3, 7, 15, 31, 36, 54, 63}
91 10 {0, 1, 3, 9, 27, 49, 56, 61, 77, 81}
133 12 {0, 1, 3, 12, 20, 34, 38, 81, 88, 94, 104, 109}
183 14 {0, 1, 3, 16, 23, 28, 42, 76, 82, 86, 119, 137, 154, 175}
273 17 {0, 1, 3, 7, 15, 31, 63, 90, 116, 127, 136, 181, 194, 204, 233, 238, 255}

5 Parallel implementation, scalability

The idea of the parallel implementation is now straightforward. It relies on ρ-
labelings, examples of which are given in Table 1. For a feasible N we decompose the
mesh τh consisting of n triangles into N parts τh

0 , . . . , τ h
N−1 so that the elements in a

submesh τh
i are geometrically close and the sizes of the submeshes and the numbers

of elements do not differ much from n/N . For this purpose we employ the software
package Metis [11]. Each process with an index P ∈ {0, 1, . . . , N−1} then translates
the set of labels {i1, . . . , iM } to the index vector of submeshes

sP := ((i1 + P) rem N, . . . , (iM + P) rem N) ,

where a rem b gives the remainder of the division of a by b. This simple expression
takes the advantage of the cyclic decomposition.

The setup phase starts so that each process P concurrently uploads the associated
submeshes SP

i := τh
(sP )i

for i = 0, . . . , M−1. Next, nodes and edges (pairs of nodes)
on boundaries of submeshes are identified and sent to the master P := 0. The master
process introduces a global sorting of nodal indices. The setup phase is completed by
creating trees of boundary elements.

The second phase is the assembling. For P ∈ {0, 1, . . . , N − 1} and i, j ∈
{0, 1, . . . , M − 1} we denote by VP

i,j , KP
i,j the blocks of the matrices V, K, respec-

tively, associated to the process P and related to the submeshes SP
i and SP

j . Similarly,

we denote by gP
i the block of the Dirichlet datum g. Each P assembles the following

blocks by means of a fast BEM:

• one diagonal block VP
0,0,

• M(M − 1) or M(M − 1)/2 off-diagonal blocks VP
i,j , for i �= j or i < j ,

respectively, in case of FMM or ACA,
• one diagonal block KP

0,0,



818 Numer Algor (2015) 70:807–824

• M(M − 1) off-diagonal blocks KP
i,j , i �= j ,

• and one block gP
0 .

After the assembling phase the master process gathers the vector g and requests
for the action K · g. This is summed up from the following parallel contributions:

M−1∑
j=0

KP
0,j · gP

j and
M−1∑
j=0
j �=i

KP
i,j · gP

j , i = 1, . . . , M − 1,

and transformed by the master to the right-hand side of (4). Finally, for a solution
of (4) the conjugate gradient method is employed so that in each iteration the master
asks for the action V · r. Each process P calculates the contributions

M−1∑
j=0

VP
0,j · rP

j and
M−1∑
j=0
j �=i

VP
i,j · rP

j , i = 1, . . . , M − 1,

while, in case of the ACA, it makes use of the symmetry of V.
We shall estimate computational time for the setup, assembling, and matrix action

as well as memory-per-process consumption. We can derive these for a slightly mod-
ified variant of the implementation, which in practice delivers still optimal, though
a bit worse time and memory demands. During the assembling phase, identically
to the implementation above, each process assembles the diagonal blocks VP

0,0 and

KP
0,0. This enjoys the complexity O((n/N) log(n/N)). Now the difference is that

rather than assembling the remaining off-diagonal blocks, each process assembles
only two larger hierarchical matrices VP and KP related to the union SP of the sub-
meshes SP

0 , . . . , SP
M−1. The action V · r comprises the following contributions vP of

processes P ∈ {0, 1, . . . , N − 1}:
vP := VP · rP , vP

0 := vP
0 − (M − 1) VP

0,0 · rP
0 .

The latter subtraction is due to that each diagonal block is repeated in M matrices
VP . The action K · g proceeds similarly. During the setup phase, we still use the
same cyclic decompositions as in the implementation above. The only difference is
that we construct different trees. We conclude that the theoretical complexity of the
CPU-time for the setup, assembling the hierarchical matrices, a matrix action as well
as the memory-per-process is

O

(
Mn

N
log

Mn

N
+ n

N
log

n

N

)
= O

(
n√
N

log
n√
N

)
. (11)

6 Numerical results

We shall document the parallel efficiency of our method. In our experiments the the-
oretical estimate (11) of the memory-per-process consumption will be confirmed,
while the same theoretical complexity of the setup, assembling, and matrix action
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Table 2 A parallel ACA for V using the LPT method

Setup time [s]; its parallel efficiency ECPU [%]

Assembling time [s]; ECPU [%]

Time [s] for 100 matrix actions; ECPU [%]

Average memory per process [MB]; EMem [%]

l N := 1 3 7 13 21 31

1;100 0;- 0;- 0;- 1;5 0;-

8;100 3;89 1;114 0;- 0;- 0;-

0 1;100 0;- 0;- 1;8 0;- 0;-

194;100 234;48 229;32 228;24 238;18 233;15

4;100 3;44 2;29 2;15 2;10 2;6

53;100 18;98 8;95 4;102 2;126 2;85

1 7;100 2;117 1;100 1;54 1;33 0;-

332;100 304;63 279;45 271;34 273;27 271;22

39;100 26;50 25;22 22;14 19;10 21;6

315;100 105;100 45;100 26;93 16;94 11;92

2 38;100 13;97 6;90 3;97 2;90 2;61

1069;100 633;97 492;82 444;67 428;55 416;46

448;100 382;50 311;33 291;22 298;15

520;100 224;99 112;107 76;98 54;93

3 65;100 32;87 17;88 12;77 10;63

2111;100 1412;98 1170;87 1068;75 1011;65

will be surpassed. For a fixed number of elements n we measure the time and mem-
ory parallel efficiency, respectively, as a function of the number of processes N as
follows:

ECPU(N) := N ′ CPU(N ′)
N CPU(N)

100 % and EMem(N) :=
√

N ′ Mem(N ′)√
N Mem(N)

100 %,

Fig. 2 Triangulation of the shaft decomposed into 7 subdomains
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where N ′ is the smallest number of processes for which we can run the programme.
Note that the efficiency can exceed 100 %, since different N lead to different trees,
thus, in slightly different approximations of (4).

The numerical experiments were carried out on the cluster Anselm at VŠB-
Technical University of Ostrava, Czech Republic. The cluster consists of 209
compute nodes, each equipped with two eight-core 2.4 GHz Intel Sandy Bridge

Table 3 A parallel ACA for V using the cyclic graph decompositions

Setup time [s]; its parallel efficiency ECPU [%]

Assembling time [s]; ECPU [%]

Time [s] for 100 matrix actions; ECPU [%]

Time [s] for 100 matrix actions free of communication; ECPU [%]

Average memory per process [MB]; EMem [%]

l N := 1 3 13 21 73 133 273

1.1;100 0.9;43 1.3;7 1.4;4 2.5;1 4.3;0 5.7;0

106;100 35;102 7;111 4;119 1;133 1;139 0;119

0 9.9;100 4.0;82 1.2;65 0.8;59 0.3;41 0.4;21 0.4;8

9.9;100 4.0;82 1.1;69 0.7;70 0.2;77 0.1;78 0.1;59

503;100 321;91 237;59 235;47 228;26 229;19 230;13

10.9;100 4.2;87 2.0;42 1.9;28 2.6;6 5.0;2 6.1;1

551;100 192;96 43;98 26;100 6;132 7;61 2;130

1 50;100 20;81 6;61 4;58 2;41 2;19 1;14

50;100 20;81 6;63 4;62 1;71 1;35 0;61

1749;100 724;139 334;145 301;127 260;79 255;59 254;42

158;100 54;97 12;103 8;98 4;50 5;22 7;9

2381;100 855;93 204;90 123;92 29;111 15;118 8;111

2 212;100 88;80 27;61 17;58 7;44 5;33 5;16

212;100 88;80 26;63 16;62 5;64 3;65 1;58

6861;100 2461;161 764;249 594;252 399;201 366;182 352;118

95;100 26;103 17;86 13;59

465;100 123;109 67;109 38;96

3 63;100 25;72 20;51 20;24

59;100 16;105 10;94 6;74

1775;100 972;98 830;85 758;65

371;100 198;103 99;100

508;100 290;96 148;92

4 101;100 79;70 85;32

65;100 41;87 27;64

3365;100 2755;90 2436;71
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processors and 64 GB of RAM. Compute nodes are interconnected by InfiniBand
network. The theoretical peak performance is 82 Tflop/s.

In Table 2 we illustrate that a parallel method based on scheduling the jobs with
respect to their costs, the so-called largest process time (LPT), suffers from the setup
phase as well as from parallely unscalable memory-per-process consumption. The
computational domain was � := (0, 1)3 discretized into n = 3072, 12288, 49152,
and 196608 triangles at the levels l = 0, 1, 2, and 3, respectively. We employed
the ACA method with the following parameters: η := 1.1, ε := 10−4, and nmin :=
10 (l + 1) for the respective levels l. The matrix entries (5) were calculated by the
second order semi-analytical quadrature method, see [17].

In all of our following experiments we discretize the boundary of the shaft depicted
in Fig. 2 into n = 10722, 42888, 171552, 686208, and 2744832 triangles that we
denote by uniform refinement levels l = 0, 1, 2, 3, and 4, respectively.

In Table 3 we display scalability of the parallel ACA using the cyclic decompo-
sitions applied to the matrix V. The parameters and quadrature method remain the
same as in Table 2. In contrary to the LPT parallelization, we observe that the over-
all time of the setup and assembling enjoys the parallel scalability O(1/N) as far as
the local number of elements n/N is large enough. The parallel complexity of the
memory-per-process consumption follows the theoretical estimate O(1/

√
N) as far

Table 4 A parallel FMM for V using the cyclic graph decompositions

Assembling time [s]; its parallel efficiency ECPU [%]

Time [s] for 100 matrix actions without communication; ECPU [%]

Average memory per process [MB]; EMem [%]

l N := 1 3 13 21 73 133 273

26;100 11;78 3;60 2;63 2;67 0;67 0;60

0 53;100 26;68 10;41 8;31 6;13 5;8 5;4

335;100 287;67 235;39 236;31 231;17 232;12 235;9

226;100 89;85 29;59 19;57 4;74 2;76 1;66

1 131;100 67;65 30;34 24;26 18;10 16;6 15;3

988;100 532;107 315;87 294;73 266;44 263;33 266;23

1067;100 418;85 127;65 81;63 23;63 12;66 7;55

2 440;100 201;73 98;35 84;25 63;10 59;6 57;3

3712;100 1603;34 654;157 544;149 424;106 391;82 390;58

297;100 88;98 52;91 34;68

3 291;100 235;36 221;21 215;10

1558;100 991;84 916;68 899;48

385;100 197;103 99;100

4 890;100 855;57 837;28

3445;100 3057;83 2959;60
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as it is sufficiently larger than 200 MB, which was always consumed by the sys-
tem. The parallel scalability is satisfactory up to the scalability of the matrix action,
which deteoriates because the communication dominates the computation. While
the computational time of the matrix action without the communication is O(1/N),
see the fourth lines in cells of the table, this is not the case when including the
communication, see third lines, since time for the communication dominates.

Similarly to Table 3, in Table 4 we present scalability of the parallel FMM using
the cyclic decompositions applied to the matrix V. The FMM parameters were chosen
similarly with the only difference that the ACA precision ε is replaced by the FMM
expansion order p := 4. We do not present setup times as they were equal to those in
Table 3. By construction only the nonadmissible blocks are assembled while assem-
bling the admissible blocks is replaced by the FMM expansions during each matrix
action. The FMM assembling times are higher than ACA since we cannot make use
of the symmetry. Unfortunately, unlike ACA, the FMM action without communica-
tion behaves rather as O(1/

√
N) than O(1/N), which might be caused by the fact

that the ACA rank adapts block by block while it is globally fixed to p in FMM.

Table 5 A parallel solution to (4) using the ACA for V, the FMM for K, and the cyclic graph
decompositions

Time [s] for assembling V and K; its parallel efficiency ECPU [%]

Time [s] for the CG-iterations; ECPU [%]

Overall time [s]; ECPU [%]

Average memory per process [MB]; EMem [%]

l N := 1 7 13 31 73 133 273

376;100 53;102 33;88 12;103 5;107 2;116 3;47

49;100 9;74 5;69 2;69 1;54 1;39 1;14

0 427;100 63;97 40;81 16;87 9;67 8;40 11;14

882;100 301;111 260;94 243;65 236;44 237;32 240;22

4307;100 745;83 489;68 172;81 70;85 37;87 20;79

351;100 68;74 43;62 18;63 9;53 6;44 6;23

1 4671;100 816;82 535;67 192;78 82;78 48;73 32;53

4016;100 693;219 465;239 341;211 293;160 283;123 283;86

3605;100 2224;87 875;93 391;88 257;74 184;50

370;100 239;83 99;84 48;74 31;62 40;24

2 3999;100 2478;87 981;92 445;86 295;71 236;44

2454;100 1389;130 780;150 539;141 475;119 458;86

7229;100 1811;219 722;359

1385;100 515;148 213;174

3 8649;100 2353;202 957;242

2683;100 1633;122 1293;107
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In Table 5 we show the scalability of the parallel fast BEM using the cyclic
decompositions to solution of (4) by the conjugate gradient (CG) method. The right-
hand side corresponds to the chosen analytical solution u(x) := 1/|x − x∗|, where
x∗ �∈ �. We apply the ACA to the matrix V and the FMM to assemble the right-
hand side using the matrix K. This combination turned to be most efficient. The
ACA parameters for the respective levels l = 0, 1, 2, 3 were chosen as follows:
ε := 10−8, 10−8, 10−8, 10−10, η := 1.1, nmin := 10 (l + 1). We employed the
second order semi-analytical quadrature method. The FMM expansion orders were
p := 5, 6, 6, 7. The entries of K were calculated using Sauter-Schwab quadra-
ture method, see [21], of orders 3,4,4,4. The CG relative precision was 10−6. The
approximation error

error :=
√

(t − th, t − th)L2(�)

(t, t)L2(�)

. (12)

took the values 3.76 · 10−2, 1.71 · 10−2, 9.41 · 10−3, and 5.73 · 10−3, which was
typically achieved in 280, 350, 420, and 500 CG iterations almost independently of N

at the respective levels. Note that the time for the CG-solution, which is not optimally
scalable, is marginal when compared to the well-scalable time of the assembling
phase.

7 Conclusion

We developed a novel method of a parallel distribution of hierarchical matrices aris-
ing in fast BEM methods, namely, in the ACA and FMM. Our method relies on a
distribution of N × N matrix blocks among N processes to be assembled concur-
rently so that to each process exactly one diagonal block is assigned and the amount
of block-row or column indices per process is minimal. This problem turns out to
be equivalent to a decomposition of the complete graph KN into complete sub-
graphs KM , where N and M are related by (10). We restricted ourselves to cyclic
decompositions, the constructions of which are known for an infinite number of N .
Under reasonable assumptions we prove that the method enjoys the parallel scal-
ability O(1/

√
N) of the memory-per-process consumption as well as the overall

computational time. However, in our numerical experiments up to n = 2744832
boundary elements and N = 273 computational cores on a real-world geometry the
computational time scales with O(1/N), while the memory demands correspond to
theory.

Our method partly relies on heuristics. A rigorous analysis of the load balance,
which is documented only numerically, is missing. Another open question is the par-
allel scalability of the matrix action, which in our experiments deteoriates due to the
fact that the communication dominates over the short computational phase.
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SUMMARY

We consider the efficient numerical solution of the three-dimensional wave equation with Neumann
boundary conditions via time-domain boundary integral equations. A space-time Galerkin method withC1-
smooth, compactly supported basis functions in time and piecewise polynomial basis functions in space is
employed. We discuss the structure of the system matrix and its efficient parallel assembly. Different precon-
ditioning strategies for the solution of the arising systems with block Hessenberg matrices are proposed and
investigated numerically. Furthermore, a C++ implementation parallelized by OpenMP and MPI in shared
and distributed memory, respectively, is presented. The code is part of the boundary element library BEM4I.
Results of numerical experiments including convergence and scalability tests up to a thousand cores on a
cluster are provided. The presented implementation shows good parallel scalability of the system matrix
assembly. Moreover, the proposed algebraic preconditioner in combination with the FGMRES solver leads
to a significant reduction of the computational time. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We are concerned with the efficient numerical solution of time-dependent scattering phenom-
ena in unbounded domains. Specifically, we consider the time-dependent, three-dimensional wave
equation in the case of a sound-hard scatterer modelled by Neumann boundary conditions. We
formulate and solve the arising problem in terms of time-domain boundary integral equations
(TDBIEs). The main advantage of this approach is that the problem (originally posed in a three-
dimensional unbounded domain) is reduced to the two-dimensional (bounded) surface of the
scatterer. Different discretization techniques have been introduced and intensively studied to effi-
ciently solve TDBIEs. These methods are typically based on the Galerkin discretization in space
and utilize collocation, convolution quadrature or a Galerkin scheme for the time discretization. We
refer to [1–5] and the references therein for an overview of existing methods and to [6] for a detailed
introduction to the theory of TDBIEs.

Here, we will employ the space-time Galerkin method to solve the arising equations numerically.
This approach originated from the groundbreaking work of Bamberger and Ha Duong [7, 8]. They
introduced coercive space-time variational formulations for acoustically soft and hard scatterers
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and showed stability and convergence of the resulting Galerkin schemes with piecewise polyno-
mial ansatz spaces. The main difficulty in this approach is the accurate computation of the matrix
entries. If standard piecewise polynomial basis functions are used, special quadrature techniques
taking into account the complicated shape of the arising four-dimensional integration domains are
necessary. To circumvent this problem, we use C1-smooth and compactly supported basis func-
tions for the time discretization. These were introduced in [9, 10] for the Dirichlet problem, and it
was shown that this choice allows an accurate approximation of the matrix entries using standard
quadrature schemes. As the consequence of the simplified computation of the system matrix, the use
of nonequidistant timesteps and higher-order approximation spaces in time became feasible [11].
In [9, 11], we also provide a comparison of our method to the widely used convolution quadrature
method and collocation methods.

In this paper, we employ the same type of ansatz functions for the Neumann problem using the
variational formulation derived in [8]. We focus on equidistant timesteps and investigate the impli-
cations on the structure of the system matrix. Because of the overlap of the temporal basis functions,
the resulting linear system that needs to be solved admits a block Hessenberg structure. We com-
pare a conventional GMRES solver with a GMRES solver preconditioned by deflations [12] and
show numerically that the necessary number of iterations is significantly reduced. In Section 4.2,
we furthermore introduce an experimental algebraic preconditioner that exploits the block Hes-
senberg structure of the system matrix. We perform various numerical experiments that show the
performance of this preconditioner in combination with the FGMRES method developed in [13].

We present an efficient parallel implementation of the aforementioned discretization and solu-
tion strategies in Section 5. The code is a part of the boundary element library BEM4I [14]. It is
based on C++ and uses hybrid parallelization by OpenMP and MPI to accelerate the evaluation of
the discretized space-time boundary integral operators. The implementation leverages the repeating
pattern of the system matrices to minimize computational cost as well as memory requirements.
We briefly describe the structure of the BEM4I library and provide details about the parallel system
matrix assembly in Section 5.1. Results of numerical experiments demonstrating scalability of the
computation in a distributed memory architecture are provided in Section 6.

2. INTEGRAL FORMULATION OF THE WAVE EQUATION

Let� � R3 be a Lipschitz domain with the boundary denoted by � . We consider the homogeneous
wave equation

@2t u ��u D 0 in � � Œ0; T � (1a)

with homogeneous initial conditions

u.�; 0/ D @tu.�; 0/ D 0 in � (1b)

and Neumann boundary conditions

@nu WD
@u

@n
D g on � � Œ0; T � (1c)

on a time interval Œ0; T � for T > 0, where n denotes the unit outward normal vector. In applications,
� is often the unbounded exterior of a bounded domain. For such problems, the method of boundary
integral equations is an elegant tool where the partial differential equation is transformed to an
equation on the bounded surface � .

We employ an ansatz as a double layer potential for the solution u,

u.x; t/ WD D�.x; t/ WD �
1

4�

Z
�

ny � .x � y/

kx � yk

�
�.y; t � kx � yk/

kx � yk2

C
@t�.y; t � kx � yk/

kx � yk

�
d�y ; .x; t/ 2 �n� � Œ0; T �

(2)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2015)
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with an unknown density function �. D is also referred to as retarded double layer potential
because of the retarded time argument t � kx � yk connecting the time and space variables.

The ansatz (2) satisfies the wave equation (1a) and the initial conditions (1b). Therefore, the
unknown density function � has to be determined such that the Neumann boundary conditions (1c)
are satisfied. For this, the normal derivative of the double layer potential has to be extended to the
boundary � , which can be carried out continuously for sufficiently smooth functions across smooth
points of � . We therefore define the hypersingular operator

Wv.x; t/ WD lim
xC2�!x

nx � rxCDv.x
C; t / (3)

for .x; t/ 2 � � Œ0; T �, where the limit is taken in the sense of distributions. In order to find the
unknown density function � in (2) such that (1c) is satisfied, we thus consider the boundary integral
equation

W� D g on � � Œ0; T �: (4)

To solve this equation numerically, we introduce a weak formulation of (4) following [8]. A suit-
able space-time variational formulation is given by the following: Find � in a Sobolev space V
such that

a.�; �/ WD

Z T

0

Z
�

Z
�

²
nx � ny

4�kx � yk
R�.y; t � kx � yk/ P�.x; t/

C

��!
curl��.y; t � kx � yk/ �

��!
curl� P�.x; t/

4�kx � yk

μ
d�y d�x dt

D

Z T

0

Z
�

g.x; t/ P�.x; t/ d�x dt DW b.�/

(5)

for all � 2 V , where we denote by P� and R� the first and second derivatives with respect to time. We
refer to [8] for a precise definition of V . Here,

��!
curl�� is the tangential rotation of the function �

defined as

��!
curl��.x; t/ WD nx � rx Q�.x; t/;

where the prolongation Q� is defined in a tubular neighbourhood of � [8, 15].

3. NUMERICAL DISCRETIZATION

We discretize the variational problem (5) using a Galerkin method in space and time. Therefore, we
replace the infinite-dimensional space V by a finite-dimensional subspace VGalerkin spanned by L
basis functions ¹biºLiD1 in time and M basis functions ¹'j ºMjD1 in space. This leads to the discrete
ansatz

�Galerkin.x; t/ D

LX
iD1

MX
jD1

˛
j
i 'j .x/bi .t/; .x; t/ 2 � � Œ0; T � ; (6)

with the unknown coefficients ˛ji . Plugging (6) into the variational formulation (5) and using the
basis functions bk and 'l as test functions lead to the linear system

A � ˛ D g; (7)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2015)
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where the block matrix A 2 RLM�LM , the unknown coefficient vector ˛ 2 RLM and the
right-hand side vector g 2 RLM can be partitioned according to

A WD

26664
A1;1 A1;2 � � � A1;L
A2;1 A2;2 � � � A2;L
:::

:::
: : :

:::

AL;1 AL;2 � � � AL;L

37775 ; ˛ WD

26664
˛1
˛2
:::

˛L

37775 ; g WD

26664
g1
g2
:::

gL

37775 ; (8)

with

Ak;i 2 RM�M ; ˛i 2 RM ; gk 2 RM for i; k 2 ¹1; � � � ; Lº:

Individual entries are given by

Ak;i .j; l/ D
Z T

0

Z
�

Z
�

²
nx � ny

4�kx � yk
'j .y/ Rbi .t � kx � yk/ 'l.x/ Pbk.t/

C

��!
curl�'j .y/ �

��!
curl�'l.x/

4�kx � yk
bi .t � kx � yk/ Pbk.t/

μ
d�y d�x dt

(9)

and

˛i .j / D
�
˛
j
i

�M
jD1

; gk.l/ D
Z T

0

Z
�

g.x; t/ 'l.x/ Pbk.t/ d�x dt;

respectively. We rewrite (9) by introducing univariate functions

 k;i .r/ WD

Z T

0

Rbi .t � r/ Pbk.t/ dt; Q k;i .r/ WD

Z T

0

bi .t � r/ Pbk.t/ dt (10)

[11] and obtain

Ak;i .j; l/ D
Z
�

Z
�

²
nx � ny

4�kx � yk
'j .y/ 'l.x/ k;i .kx � yk/

C

��!
curl�'j .y/ �

��!
curl�'l.x/

4�kx � yk
Q k;i .kx � yk/

μ
d�y d�x :

(11)

To compute
��!
curl�'j , we define the prolongation

Q'j .x C "nx/ WD 'j .x/

for x 2 � . Using this prolongation for 'j 2 C.�/ on Lipschitz domains, the
��!
curl�'j .x/ is well

defined almost everywhere on � .
The accurate computation of the matrix entries (11) is problematic in the space-time Galerkin

approach. If piecewise polynomial basis functions in time are used as proposed in [8], the integrand
in (11) is only piecewise smooth, which makes standard quadrature techniques prohibitively expen-
sive. In this case, special routines (e.g. based on exact integration) have to be used to obtain accurate
approximations of (11). In [9], C1-smooth and compactly supported temporal shape functions bi
were proposed. It could be shown [10, 11, 16] that this choice significantly simplifies the accurate
approximation of integrals as in (11) and as a consequence allows the use of nonequidistant step-
sizes as well as higher-order approximation spaces in time. For the sake of simplicity, we restrict

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2015)
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here to the case of constant time steps, whereas the construction of fast solvers for variable time
stepping is a topic of future research. We denote the timesteps by

ti WD i ��t; with �t WD
T

N � 1
; i D 0; : : : N � 1;

whereN is the number of timesteps. In the following, we briefly recall the definition of the temporal
basis functions for the special case of equidistant timesteps. We define

f .t/ WD

8<:
1
2

erf .2 artanh t /C 1
2
jt j < 1;

0 t 6 �1;
1 t > 1

and note that f 2 C1 .R/ (see [9, 11] for a detailed analysis of this function) . We scale and shift
f in order to obtain a (left) cut-off function

fi .t/ WD f

�
2
t � ti

�t
� 1

�
; where fi .t/ D

²
0 t 6 ti ;
1 t > tiC1:

We obtain a bump function on the interval Œti�1; tiC1� with midpoint ti by

	i .t/ WD

8<: fi�1 .t/ ti�1 6 t 6 ti ;
1 � fi .t/ ti 6 t 6 tiC1;
0 otherwise.

A smooth partition of unity of the interval Œ0; T � is then defined by


1 WD 1 � f0; 
N WD fN�2; 8i 2 ¹2; : : : ; N � 1º W 
i WD 	i�1:

Smooth and compactly supported basis functions in time can now be obtained by multiplying these
partition of unity functions with suitably scaled Legendre polynomials Pm of degree m (see [9]
for details):

b1;m WD 8
1.t/

�
t

�t

�2
Pm

�
2

�t
t � 1

�
m D 0; : : : ; p;

bi;m WD 
i .t/Pm

�
t � ti�2

�t
� 1

�
m D 0; : : : ; p; i D 2; : : : ; N � 1;

bN;m WD 
N .t/Pm

�
2
t � tN�2

�t
� 1

�
m D 0; : : : ; p;

(12)

where p controls the order of the method in time. We will use the aforementioned basis functions
in time for the Galerkin approximation (6). Note that the definition is slightly different to the one
in [9]. Here, we simply use p C 1 basis functions in the first interval. This choice leads to a better
asymptotic convergence rate of the method in the interval Œt0; t1� because we have the same number
of basis functions as for the other time intervals but additionally use the a priori knowledge about
the solution u.�; 0/ D @tu.�; 0/ D 0, which is reflected in the factor t2 in the basis functions [17].
This choice will simplify the implementation. In order to use the functions (12) as basis functions
in the discrete ansatz (6), a suitable numeration has to be introduced. Here, we use

bi WD b
l

i
pC1

m
;mod.i�1;pC1/

for i D 1; : : : ; L D N � p:

Recall that the basis functions bi are based on the partition of unity method developed in [17].
It could be shown there that these functions have the same approximation properties as typical
piecewise polynomials basis functions.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2015)
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For the discretization in space, we use standard piecewise polynomial (typically linear) basis
functions 'j . The use of higher-order methods in space is a topic of future research.

3.1. Efficient representation and evaluation of  k;i and Q k;i

An efficient handling of the functions k;i and Q k;i in (10) is crucial for a successful implementation
of the algorithm because they have to be evaluated numerous times during the approximation of
the matrix entries (11). In [11], we propose to approximate this type of functions for each k; i 2
¹1; : : : ; Lº with piecewise Chebyshev polynomials. This approximation is efficient because of the
smoothness of  k;i and Q k;i , and it can be evaluated efficiently with Clenshaw’s recurrence formula
[18]. Here, we furthermore exploit the fact that we only use constant timesteps. The number of
approximations that have to be precomputed in this case is only O.p2/ compared with O.N 2p2/

for variable stepsizes in time.
Let the indices i; k 2 ¹1; : : : ; Lº be arbitrary but fixed, and let Qi ; Qk 2 ¹1; : : : ; N º, m1; m2 2
¹0; : : : ; pº be such that

bi � bQi ;m1 ; bk � b Qk;m2
: (13)

We first consider the case where 2 6 Qi ; Qk 6 N � 1, that is, basis functions that are associated with
‘inner’ timesteps. Then simple calculus shows that

Q k;i .r/ D

Z t Qk

t Qk�2

bQi ;m1.t � r/
Pb Qk;m2

.t/ dt

D

Z t Qk

t Qk�2

b2;m1
�
t � tQi�2 � r

�
Pb2;m2

�
t � t Qk�2

�
dt

DW Q�m1;m2
�
r C tQi�2 � t Qk�2

�
;

(14)

where

Q�m1;m2.˛/ WD

Z 2�t

0

b2;m1.t � ˛/
Pb2;m2.t/ dt:

Thus, the task of approximating Q k;i for p C 2 6 k; i 6 L � p � 2 is reduced to approximating
Q�m1;m2 for 0 6 m1; m2 6 p on its support Œ�2�t; 2�t� and evaluating these functions according to
(14). Completely similarly, we obtain that

 k;i .r/ D �m1;m2
�
r C tQi�2 � t Qk�2

�
; with �m1;m2.˛/ WD

Z 2�t

0

Rb2;m1.t � ˛/
Pb2;m2.t/ dt:

Figure 1 illustrates the prototype functions Q�m1;m2 and �m1;m2 for �t D 1. It suggests that these
functions are either even or odd depending on m1 and m2. Indeed, it is easy to see that

Q�m1;m2.˛/ D .�1/
m1Cm2C1 Q�m1;m2.�˛/ (15)

because of the symmetry of the basis functions b2;m.t/ with respect to t D �t . The same formula
holds for �m1;m2 . As a consequence, approximations of �m1;m2 and Q�m1;m2 (e.g. with piecewise
Chebyshev polynomials) have only to be computed and stored for ˛ 2 Œ0; 2�t� because

Q k;i .r/ D sign
�
r C tQi�2 � t Qk�2

�m1Cm2C1 Q�m1;m2 �ˇ̌r C tQi�2 � t Qk�2 ˇ̌� ; (16)

where k; Qk;m2 and i; Qi ; m1 are related via (13). An analogous formula holds for  k;i .
Lastly, we want to point out a symmetry with respect to m1 and m2. Partial integration yields

Q�m1;m2.�˛/ D �
Q�m2;m1.˛/ and �m1;m2.�˛/ D ��m2;m1.˛/: (17)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2015)
DOI: 10.1002/nme



EFFICIENT SOLUTION OF TDBIES ARISING IN SOUND-HARD SCATTERING

Figure 1. �m1;m2 and Q�m1;m2 for �t D 1. For visualization purposes, Q�0;0 and Q�1;0 were multiplied by
a factor 8.

Therefore, only 1
2
.p C 1/.p C 2/ functions Q�m1;m2 and �m1;m2 have actually to be approximated.

More importantly, this relation has an impact on the structure of the system matrix A as we will
show in Section 3.2.

So far, we only considered the case 2 6 Qi ; Qk 6 N � 1. If the basis functions are associated with
the first or the last timestep, similar prototype functions can be defined. Because this is analogous
to the procedure described in the preceding text, we omit the details here.

3.2. Structure of the system matrix A

The solution of (5) using the discrete ansatz (6) leads to a linear system with L � M unknowns.
The special choice of basis functions in time as well as the use of equidistant timesteps has several
implications on the structure of the system matrix A. Throughout this section, we assume again
that k; Qk;m2 and i; Qi ; m1 are related via (13). We denote the matrix block Ak;i from (9) by Am2;m1

Qk;Qi
to highlight the dependence on the timestep and the order of the involved basis functions in time.
Furthermore, we define the matrix block

QA Qk;Qi WD

2664
A0;0
Qk;Qi
� � � A0;p

Qk;Qi
:::

: : :
:::

Ap;0
Qk;Qi
� � � Ap;p

Qk;Qi

3775 2 R.pC1/M�.pC1/M : (18)

We first remark that

supp k;i D supp Q k;i D Œt Qk�2 � tQi ; t Qk � tQi�2� \R>0;

where we formally set t�1 D 0 and tN D T . Thus,

 k;i � Q k;i � 0 on R for t Qk 6 tQi�2:

This shows that the resulting system matrix A 2 RLM�LM admits the block Hessenberg structure

A D

2666666664

QA1;1 QA1;2 0 0 � � � 0
QA2;1 QA2;2 QA2;3 0 � � � 0
:::

:::
:::

: : :
: : :

:::
:::

:::
:::

:::
: : : 0

QAN�1;1 QAN�1;2 � � � � � � � � � QAN�1;N
QAN;1 QAN;2 � � � � � � � � � QAN;N

3777777775
; (19)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2015)
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where 0 2 R.pC1/M�.pC1/M denotes the zero matrix. An important consequence of (16) is that for
2 6 Qi ; Qk 6 N�1, the functions k;i and Q k;i only depend on the difference tQi�2�t Qk�2 and therefore

QA Qk;Qi D
QA Qk�QiC2;2 for Qk � Qi > 0 and QA Qk;Qi D

QA2;3 for Qk � Qi D �1: (20)

Thus, only O.N / matrix blocks QA Qk;Qi have actually to be computed and stored. In order to further

reduce the complexity, we remark that for 2 6 Qi ; Qk 6 N � 1, the formula (17) together with (15)
shows that

Am1;m2
Qk;Qi

D .�1/m1Cm2Am2;m1
Qk;Qi

: (21)

In order to represent QA Qk;Qi , we thus only have to compute and store 1
2
.p C 1/.p C 2/ matrix blocks

Am2;m1
Qk;Qi

. Finally, we remark that the blocks Am2;m1
Qk;Qi

themselves are sparse (see also [9, 10]) because

Am2;m1
Qk;Qi

.j; l/ D 0 if supp k;i \ Œmindistj;l ;maxdistj;l � D ;; (22)

where

mindistj;l WD min
®
kx � yk; x 2 supp'l ; y 2 supp'j

¯
maxdistj;l WD max

®
kx � yk; x 2 supp'l ; y 2 supp'j

¯
:

Note that in the case T > diam .�/, (22) implies that Am2;m1
Qk;Qi

D 0 and therefore QA Qk;Qi D 0 if
t Qk�2 � tQi > diam .�/.

It is clear that a computational and memory-efficient implementation should avoid the explicit
construction of A. Instead, only those matrix blocks Am2;m1

Qk;Qi
should be computed that are necessary

to recover arbitrary entries of A via (20) and (21). Furthermore, these blocks have to be stored
in a suitable sparse matrix storage format. Because the solution of the arising linear system (7) is
typically computed using iterative solvers, it is also necessary to develop a routine for the efficient
multiplication of A with a vector that incorporates the special structure of A.

4. SOLUTION OF THE LINEAR SYSTEM

In contrast to the classical schemes using piecewise polynomial temporal basis functions with
nonoverlapping supports, the resulting system matrix is not lower block triangular with block
Toeplitz structure. Therefore, FFT-type methods and marching-on-time methods cannot be used for
the solution of the linear system. An efficient iterative solver has to be utilized, and an appropri-
ate preconditioner of the system has to be developed. The GMRES algorithm is one of the possible
choices [19]. However, because the system matrix A is global in time and space and therefore of
large dimension, the restarted version of the algorithm GMRES(m) is usually necessary to keep the
computational and memory requirements reasonable. To speed up the convergence, we present two
possible preconditioning techniques based on deflation and a recursive algebraic approach.

4.1. Restarted GMRES preconditioned by deflation

It is known that restarts of the algorithm lead to a slower convergence than in the case of the full
GMRES because of the loss of information on the smallest Ritz values [20]. The restarted GMRES
preconditioned by deflation (DGMRES(m; l)) aims to keep this information by approximating the
invariant subspace corresponding to the smallest eigenvalues of the system matrix. After each restart,
the invariant subspace is increased by l new vectors. It has been observed that DGMRES(m; l) can
restore the convergence even in cases where the original restarted algorithm stalls [12].
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Let j�1j 6 j�2j 6 : : : 6 j�LM j be the eigenvalues of A. The desired preconditioner has the form

bM WD ILM C U.1=j�LM jT � Ir/UT ;

where T WD UTAU, ILM ; Ir are identity matrices of appropriate dimensions and U is an orthonor-
mal basis of the invariant subspace corresponding to the smallest r eigenvalues of A. It can be
proven that

bM�1 D ILM C U.j�LM jT�1 � Ir/UT

and the eigenvalues of AbM�1 are �rC1; �rC2; : : : ; �LM ; j�LM j. Thus, the smallest r eigenvalues of
A are removed and replaced by j�LM j with multiplicity r .

Because it is inefficient to assemble the preconditioner bM accurately, we aim to set up its suitable
approximation M. The GMRES algorithm produces the basis Vk of the current Krylov subspace
and the Hessenberg matrix Hk D VT

k
AVk representing the restriction of A onto this subspace.

In order to construct M, the Schur decomposition of Hk is performed. Using the Schur vectors S
corresponding to the smallest eigenvalues of Hk , we approximate the Schur vectors of A as U �
VkS. Moreover, the largest eigenvalue of Hk is used to approximate the largest eigenvalue of A.

Using this procedure, the algorithm increases U by l vectors after each restart until the maximal
dimension r of the invariant subspace is achieved. Because the matrices Hk are dense and of rela-
tively small dimensions, the Schur decomposition is performed efficiently using the BLAS routines.
Moreover, it is not necessary to explicitly assemble the matrix M�1, and its actions are carried out
as a sequence of dense matrix-vector multiplications. For more detailed description, we refer the
reader to [12].

4.2. An algebraic preconditioner for block Hessenberg systems

In this section, we propose a preconditioner for the linear system (7) that makes use of the block
Hessenberg structure of A. Let

AM�1.M � ˛/ D g (23)

be the preconditioned system where M denotes the preconditioner. We assume that A is partitioned
according to (19). We choose M to be the matrix that coincides with A except that the matrix block
QAdN=2e;dN=2eC1 is replaced by a zero matrix of the corresponding size, that is,

M WD

"
M
1;1

0
M
2;1

M
2;2

#
;

where

M
1;1
WD
�
QA Qk;Qi

�
Qk;QiD1:::dN=2e

;

M
2;1
WD
�
QA Qk;Qi

�
QkDdN=2C1e:::N; Qi WD1:::dN=2e

;

M
2;2
D
�
QA Qk;Qi

�
Qk;QiDdN=2C1e:::N

:

This choice of M as a preconditioner in (23) is motivated by the Woodbury matrix identity, which
states that the inverse of a rank-k perturbed matrix can be computed by doing a rank-k correction to
the inverse of the original matrix. Because M is a rank-.p C 1/M perturbation of A, it follows that
AM�1 is a rank-.p C 1/M perturbation of the identity matrix. This suggests that the application
of an iterative solver like GMRES is more efficient for the preconditioned system (23) than for the
original one.
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In order to apply the preconditioner within an iterative solver, M�1 is not needed explicitly. It is,

however, crucial that the actions of M�1 on a vector r D
�
rT1 ; r

T
2

�T
can be computed efficiently.

Because of the block-triangular structure of M, it is easy to see that

M�1r D

"
M�1
1;1

r1

M�1
2;2

�
r2 �M

2;1
M�1
1;1

r1
�# :

Therefore, the problem of computing M�1r boils down to the problem of evaluating M�1
1;1

v and

M�1
2;2

w for some vectors v and w. This is equivalent to the solution of linear systems of the form

M
1;1

x D v and M
2;2

x D w: (24)

Note that M
1;1

and M
2;2

are again block Hessenberg matrices with basically half the size of the
original matrix A. Thus, these smaller systems can again be solved iteratively using a preconditioner
of the same form. This strategy can be applied recursively until the matrices that have to be inverted
are just the diagonal blocks QAk;k . On the lowest level, the resulting linear systems then should be
solved either exactly or with a standard iterative solver.

If the inner systems (24) and subsequent smaller systems in the recursive process are solved very
accurately, the application of this preconditioner is typically too expensive, and the resulting solver
is too time-consuming. Thus, we suggest to only employ a limited number of iterations of an inner
solver to approximate the solution of (24). Because the classical GMRES algorithm does not allow
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the preconditioner to change at every iteration (and thus forbids the usage of an inexact solver inside
the preconditioner), we use a flexible inner–outer preconditioned variant of GMRES (FGMRES)
presented in [13] to solve both (7) and the systems (24). FGMRES allows a variable preconditioner
at the cost of double memory requirements but with the same arithmetic complexity. Numerical
experiments in Section 6 indicate that only a few iterations of the inner FGMRES solver during
the application of M�1 are necessary to significantly reduce the number of outer iterations and the
solution time.

A simplified description of the solver using the recursive preconditioner is listed in Algorithm 1.
First, the maximum recursion level of the preconditioner and the number of iterations of the inner
FGMRES solver are set. Next, the preconditioner is assembled, and the FGMRES is called to solve
the outer system (7). During its application, the preconditioner itself employs min

it iterations of the
preconditioned FGMRES to approximate the solution of the systems (24). This repeats recursively
until the maximum level of recursion is reached. On the lowest level, the inner systems are solved
with FGMRES without a preconditioner.

The application of this recursive preconditioner is experimental. Although the numerical bench-
marks in Section 6 show promising results, a rigorous convergence analysis is necessary. Moreover,
its parallel version is still under development and has to be properly optimized.

5. IMPLEMENTATION

A parallel solver for sound-scattering problems based on the approach described in the previous
sections has been implemented in the BEM4I library [14]. The code is written in C++ in an object-
oriented way and utilizes OpenMP and MPI for parallelization in shared and distributed memory,
respectively. All classes are templated to support various indexing and scalar types.

The structure of the solver is depicted in Figure 2. Its core consists of a set of classes responsible
for the assembly of system matrices.

(1) The BESpace class holds the information about the order of spatial and temporal basis and
test functions. It also stores the object of the underlying surface mesh.

(2) The purpose of the BEBilinearFormWave class is to assemble appropriate system matri-
ces. Several matrix types are supported, including non-distributed sparse matrices (suitable
for small problems solved by a direct solver), non-distributed block sparse matrices and block
sparse matrices distributed among computational nodes using MPI. The usage of block sys-
tem matrices reduces memory and computational requirements because it does not duplicate
assembly and storage of identical blocks. The assembly of individual blocks is parallelized by
OpenMP.

(3) The BEIntegratorWave class is responsible for the assembly of local system matrices,
that is, the quadrature over pairs of elements. It takes care of evaluation of smooth temporal
basis and testing functions and their Chebyshev approximations.

Figure 2. Structure of the solver for wave scattering problems in the BEM4I library.
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Besides these main classes, the solver utilizes classes representing surface meshes, full, sparse and
block matrices, direct and iterative solvers (including GMRES, DGMRES and FGMRES), classes
for the evaluation of potential operators, and so on. A user solves a problem either by direct manipu-
lation of the aforementioned classes or using the interface provided in the ScatteringProblem
class. The solution is exported to the ParaView .vtu file format.

5.1. Assembly of distributed system matrix

Special care has to be taken during the parallel assembly of the system matrix to exploit its structure
and minimize memory and computational requirements. One has to take into account its properties
described in Section 3.2, that is, the block Hessenberg format (19), duplication of blocks following
from (20), sparsity and the special structure of individual blocks (21), as well as the fact that QA Qk;Qi D
0 for t Qk�2;Qi � tQi > diam .�/. In the following, we describe the assembly of a distributed block
system matrix. Similar principles can be applied to assemble a non-distributed block matrix suitable
for problems of smaller dimension.

To represent a system matrix, we use the MPIBlockMatrix class of the BEM4I library. The
class serves as a simple distributed container for non-distributed matrices, such as FullMatrix,
SparseMatrix or any linear operator implementing the Apply method on a vector. When an
instance of the class is created in the MPI environment, each MPI process is only assigned a subset
of matrix blocks. The matrix-vector multiplication is performed in parallel, and the local results are
gathered, summed and distributed among all processes. The multiplied vector is replicated on every
process (Figure 3).

In the first step of the matrix assembly, the distribution of non-zero blocks QA Qk;Qi amongP available
MPI processes is determined. Assuming as in the preceding text that the time interval Œ0; T � is
discretized into equidistant timesteps of the length�t WD T=.N � 1/, the number of inner non-zero
blocks QA Qk;Qi ;

Qk; Qi 2 ¹2; : : : ; N � 1º can be obtained as

n´ WD
1

2
.N 2 �N � 4/ �

N � Qn´ � 2

2
max¹N � Qn´ � 1; 0º; (25)

where

Qn´ WD min

²
N;

�
2 � diam.�/

�t

	
C 2

³
(26)

is the number of non-zero blocks in the first matrix column. Each MPI process is assigned approxi-
mately n´=P inner non-zero blocks. The exact distribution of blocks among processes is defined by
a mapping R W N �N ! N0 assigning the MPI rank of the owner to every block. Two factors have
to be considered when defining R – proper load balance during the matrix-vector multiplication and
duplication of blocks QA Qk;2;

Qk 2 ¹2; : : : ; N � 2º and QA2;3 due to the relation (20). Therefore, the
distribution is performed diagonal-wise in order to store identical blocks on the same process in one
memory location. However, some blocks are duplicated among several processes to ensure balanced
load during the matrix-vector multiplication. An example of the distribution of inner blocks among
processes is depicted in Figure 4. After the assignment of inner blocks, the blocks in the first and
last rows and columns are mapped to processes with the smallest number of blocks assigned. Note
that this distribution does not take into account differences in fill-in of various blocks.

Figure 3. Multiplication by a distributed matrix MPIBlockMatrix.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2015)
DOI: 10.1002/nme



EFFICIENT SOLUTION OF TDBIES ARISING IN SOUND-HARD SCATTERING

Figure 4. Example of a system matrix and distribution of its inner blocks QA2;2; : : : ; QAN�1;N�1 among five
processes with ranks ¹0; 1; : : : ; 4º. Identical blocks are connected by a line (here N D 8; Qn´ D 3).

After the mapping R is defined, the blocks QA Qk;Qi are assembled. Because of the relation (20), the
total number of blocks to be assembled is at most 3N (the first two columns, the last row and the
blocks QA2;3 and QAN�1;N ); therefore, the complexity is reduced from O.N 2/ to O.N /. Each unique
non-zero block is assembled and distributed in the following way:

(1) An instance of the SparseMatrix class representing the current block QA Qk;Ql is created.
(2) Approximations of temporal basis functions associated with the current block are computed

using the relations from [11] and Section 3.1.
(3) Using (22), the non-zero pattern of the current block QAk;l is precomputed together with pairs

of mesh elements contributing to the non-zero entries. This computation is parallelized by MPI
and OpenMP.

(4) The pairs of elements are evenly split among available MPI processes.
(5) Every MPI process iterates through its element pairs and through the order of the temporal

basis functions and computes its local contribution to the block QA Qk;Qi using (11). In order to
further save computational time and memory property, (21) can be employed. The iteration
through element pairs is parallelized in shared memory by OpenMP.

(6) Each process sends its partial results to the owner(s) of the block determined by the mapping
R. The owner combines the results to form the current block. If any identical block is owned
by the process, only a reference to the assembled block is copied to the appropriate memory
location, and the data are not duplicated.

(7) All other processes delete their partial results.

6. NUMERICAL EXPERIMENTS

In the following section, we present results of numerical experiments performed on the Anselm
cluster located at the IT4Innovations National Supercomputing Centre, Czech Republic. The
cluster consists of 188 compute nodes, each of them equipped with two 8-core Intel Xeon
E5-2665 processors and 64 GB of RAM. The theoretical peak performance of the cluster is
82 Tflop/s.

6.1. Convergence tests

In this section, we test the convergence of the space-time Galerkin method introduced in the preced-
ing text. In [21], analytic solutions of direct and indirect formulations for Dirichlet and Neumann
problems on the unit sphere were derived. Such solutions turned out to be very useful for numerical
experiments and the validation of the algorithm and also serve here as reference solutions. We recall
these solutions for the problem (4) for the sake of completeness.

Let us assume that the scatterer is the unit sphere, that is, � D S2, and that the right-hand side in
(4) is of the form

g.x; t/ D g.t/Y mn .x/ for .x; t/ 2 S2 � Œ0; T �; (27)
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where Y mn .x/ are spherical harmonics of degree n and order m. We assume g.t/ to be causal, that
is, g.t/ D 0 for t 6 0 and that Pg.0/ D 0. It can be shown [15] that Y mn .x/ are eigenfunctions of the
hypersingular operator in the frequency domain, that is,

L.W /.s/Y mn .x/ D �n.s/Y mn .x/;

where L denotes the Laplace transform. The function �n.s/ can be expressed explicitly in terms
of spherical Bessel functions and spherical Hankel functions of the first kind. Assuming that the
solution of (4) for the special right-hand side (27) also admits the form �.t/Y mn .x/ and exploiting
the fact that W is a convolution with respect to the time variable, we obtain

�.t/ D

Z t

0

g./L�1
²
1

�n

³
.t � / d: (28)

Evaluating the inverse Laplace transform in the formula in the preceding text leads to explicit for-
mulae for �. In the case n D 0, that is, the right-hand side g.x; t/ D g.t/ is purely time dependent,
the solution of (4) is purely time dependent as well and is given by

�.x; t/ D �2

Z t

0

g.t � / cosh./ d

C 2

bt=2cX
kD1

kX
lD1

.�1/kC1
Z t

2k

ck;l . � 2k/
k�lC1 e��2k Pg.t � / d;

where

ck;l WD

 
k � 1

l � 1

!
2k�l

.k � l C 1/Š
:

In the case n D 1, that is, the right-hand side is of the form g.x; t/ D g.t/Y m1 .x/, the solution of
(4) is given by

�.x; t/ D

�
�2

Z t

0

g.t � / cosh./ cos./ d

�
Y m1 .x/

for t 2 Œ0; 2Œ. Formulae for large n and t are typically complicated and furthermore difficult to
evaluate because of numerical cancellation. In this case, the one-dimensional problemZ t

0

L�1 ¹�nº .t � /�./ d D g.t/

can be accurately and efficiently solved using the convolution quadrature in order to obtain
approximations of (28) (e.g. [2]).

In the following set of numerical experiments, we test the convergence of the method using the
reference solutions introduced in the preceding text. First, we solve (4) on the unit sphere S2 for
t 2 Œ0; 6� with the purely time-dependent right-hand side of the form

g.x; t/ WD sin.3t/t2 e�t Y 00 .x/:

Note that Y 00 is constant on the unit sphere. The error of the numerical solution is measured in the
L2.�I Œ0; 6�/ norm. Using the local (temporal) polynomial approximation space of order p D 1, we
obtain the convergence rate of N�1 (Figure 5); the convergence for p D 2 is depicted in Figure 6.

For the second numerical experiment, we consider the right-hand side

g.x; t/ WD sin.2�t/t3 e�2t Y 01 .x/
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Figure 5. Left: log-log scale plot of kˆ � ˆGalerkinkL2.�I Œ0;T �/ for g.t/ D sin.3t/t2 e�t ; n D 0; T D 6,
and local polynomial approximation space of degree p D 1. Right: numerical solution in x 2 � obtained

using 20 timesteps and p D 1.

Figure 6. Left: log-log scale plot of kˆ � ˆGalerkinkL2.�I Œ0;T �/ for g.t/ D sin.3t/t2 e�t ; n D 0; T D 6,
and local polynomial approximation space of degree p D 2. Right: numerical solution in x 2 � obtained

using 20 timesteps and p D 2.

and solve (4) with � WD S2 and t 2 Œ0; 2�. The numerical solution evaluated in the point
� 3 x D .0; 0; 1/ obtained using the temporal approximation space of order p D 2 and its
convergence to the analytical solution in the L2.�I Œ0; 2�/ norm are depicted in Figure 7.

6.2. Convergence of iterative solvers

We demonstrate the performance of the iterative solvers introduced in Section 4 on a set of numer-
ical experiments. The tests were performed using a mesh with 320 surface elements; the relative
precision of the solvers is set to " WD 10�5. The results for the local polynomial approximation
space of degree p D 1 are shown in Tables I and II; in Tables III and IV, we provide results for
p D 2. The convergence history of all solvers is depicted in Figure 8. The arguments m and l in
GMRES(m) and DGMRES(m; l) denote the number of iterations between restarts and the number
of vectors added to the basis of the invariant subspace after each restart, respectively. Moreover,
by FGMRES(m; r.i1; : : : ; ir/), we denote the solution by flexible GMRES preconditioned as in
Section 4.2 with r levels of recursion and i1; : : : ; ir iterations of the inner FGMRES solver on
each level.

The experiments demonstrate that both preconditioners presented in Section 4 lead to a signifi-
cant reduction of iterations and computational time. Moreover, the results indicate that only a few
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Figure 7. Left: log-log scale plot of kˆ�ˆGalerkinkL2.�I Œ0;T �/ for g.t/ D sin.2�t/t3 e�2t ; n D 1; T D 2,
and local polynomial approximation space of degree p D 2. Right: numerical solution in x 2 � obtained

using 20 timesteps and p D 2.

Table I. Convergence of GMRES and DGMRES for p D 1.

GMRES(50) DGMRES(50,4)

N No. of iterations Time (s) No. of iterations Time (s)

5 595 1.6 246 0.8
10 2121 14.3 421 3.3
15 4021 44.5 580 8.5
20 5448 99.0 510 14.9

Table II. Convergence of FGMRES with recursive preconditioner for p D 1.

FGMRES(50; 1.10/) FGMRES(50; 1.5/) FGMRES(50; 2.2; 10/)

N No. of iterations Time (s) No. of iterations Time (s) No. of iterations Time (s)

5 24 0.7 45 0.9 23 0.8
10 43 3.1 126 6.8 26 3.3
15 51 7.3 205 20.0 28 5.9
20 48 9.7 341 51.2 34 10.6

Table III. Convergence of GMRES and DGMRES for p D 2.

GMRES(50) DGMRES(50,2)

N No. of iterations Time (s) No. of iterations Time (s)

5 1985 14.3 1434 11.6
10 5404 89.1 3834 67.9
15 4634 132.7 1491 52.1
20 6383 293.3 1269 68.1

Table IV. Convergence of FGMRES with recursive preconditioner for p D 2.

FGMRES(50; 1.10/) FGMRES(50; 1.5/) FGMRES(50; 2.2; 10/)

N No. of iterations Time (s) No. of iterations Time (s) No. of iterations Time (s)

5 83 5.5 210 8.9 — —
10 257 44.3 627 77.3 94 26.6
15 148 48.3 363 82.2 56 24.8
20 91 45.9 399 139.4 63 40.4
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Figure 8. Convergence history of GMRES, DGMRES and FGMRES with recursive preconditioner (p D
1;N D 20).

Figure 9. Submarine-shaped computational geometry.

iterations of the inner solver are necessary during the application of the preconditioner in the case
of FGMRES. The best convergence was obtained when the solution of (24) was approximated by
two iterations of FGMRES on the first level and 10 iterations on the second level of recursion.

6.3. Wave scattering off a submarine

The following numerical experiments serve to demonstrate the behaviour of the solver on more
complex geometries, such as the submarine-shaped scatterer depicted in Figure 9 with spatial dimen-
sions 8:94m� 1:28m� 1:89m. We solve the sound-hard scattering problem for t 2 Œ0; 12� with the
planar incident wave [6, 22]

uinc .x; t/ WD

²
A cos.kx C '0 � !t/; !t �mf > kx > !t �mt ;
0; otherwise;

where A D 0:02, k D .��=
p
2; 0:0;��=

p
2/, ! D � , '0 D 7=2, mf D 6� and mt D 8� . The

Neumann boundary condition (1c) is given by

@nu D �
@uinc

@n
D

²
A sin.kx C '0 � !t/kn; !t �mf > kx > !t �mt ;
0; otherwise;

with n being the unit outward normal vector to � . We decompose the boundary of the scatterer into
5604 surface elements, the time interval into 40 equidistant time steps and use the local polynomial
approximation space of order p D 1.

On the left-hand side of Figure 10, the scalability of the system matrix assembly up to 1024 cores
is depicted. The assembly time was reduced from 5702 s on 16 cores to 217 s on 1024 cores. The
corresponding parallel efficiency with respect to a single computational node is depicted in the right-
hand side of Figure 10. The main bottleneck influencing the scalability is currently caused by the
MPI communication during the non-zero pattern computation and during the gathering of matrix
contributions from MPI processes.
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Figure 10. Parallel scalability and efficiency of the system matrix assembly up to 1024 cores (64 nodes).

Table V. Convergence of GMRES/FGMRES for scattering problem.

GMRES(500) FGMRES(500; 1.15/) FGMRES(500; 1.30/) FGMRES(500; 1.40/)

No. of iterations Time (s) No. of iterations Time (s) No. of iterations Time (s) No. of iterations Time (s)

9656 1607 614 1217 307 1076 243 962

Figure 11. Solution (sum of incident and scattered wave) at time t D 7:0 s.

In Table V, we report on the convergence behaviour of GMRES and several variants of FGMRES
with initial parallel implementation of the preconditioner presented in Section 4.2. Relative precision
of the solvers was set to " WD 10�4. Although the numbers of iterations are significantly reduced
using FGMRES, further optimization of the preconditioner is necessary to reduce its application
time. Finally, Figure 11 depicts the solution (sum of incident and scattered wave) in the vicinity of
the scatterer at time t D 7:0 s. The double layer potential was evaluated in 66 049 points for 40
timesteps. The evaluation took 327 s using 64 computational nodes.

7. CONCLUSION

We considered the numerical modelling of time-dependent, three-dimensional sound-hard scattering
phenomena in unbounded domains. We used TDBIEs in combination with space-time Galerkin
methods to solve the arising problems numerically. The use ofC1-smooth and compactly supported
temporal basis functions simplifies the generation of the system matrix and as a consequence allows
the use of higher-order approximation schemes in time which significantly improves the accuracy
of the method. Because of the overlap of the basis functions in time, the arising linear systems
that need to be solved admit a block Hessenberg structure. We examined the performance of a
restarted GMRES solver preconditioned by deflation and proposed an algebraic preconditioner that
exploits the block Hessenberg structure of the matrix. Various examples show that both solvers
require a considerably lower number of iterations than a conventional GMRES method. Especially
the second approach is promising since the overall solution time could be significantly reduced. A
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rigorous analysis and an optimized parallel implementation of the preconditioner, however, will be
considered in the future.

We furthermore presented a parallel implementation of the scheme that is based on the boundary
element library BEM4I. It exploits the special structure of the system matrix to reduce computa-
tional complexity and memory requirements. It uses OpenMP and MPI for parallelization in shared
and distributed memory. Numerical experiments show good parallel scalability and efficiency of
the computations in a distributed memory architecture with up to 1024 cores. However, because of
the relatively costly evaluation of the smooth temporal basis functions and the necessity to assem-
ble additional blocks, compared with the usage of the classical basis functions, the computational
times are still relatively high. A possible future treatment of this problem is the usage of a fast
boundary element method, such as FMM (see [23] for its application to the Galerkin BEM for
transient problems).
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Conclusion and outlook

In this thesis we have presented several approaches to parallelization of the boundary element

method in both space and time. We have shown the approach to accelerate the computation

using the explicit vectorization leveraging the SIMD instruction set extensions of modern

processors. We further extend this work and exploit the gained knowledge when accelerating

the computation using the Intel Xeon Phi coprocessors installed in the Salomon supercomputer

at IT4Innovations National Supercomputing Center.

Furthermore, the new method for a distribution of the sparsified system matrices proved

to be suitable for usage combined with the adaptive cross approximation as well as the fast

multipole method. The presented approach has been tested with piecewise constant basis

functions and its extension to piecewise polynomial basis functions is a topic of current re-

search.

In addition to the stationary problems modelled by the elliptic partial differential equa-

tions we have been focusing on the parallelization of the Galerkin boundary element method

for solution of the time-dependent wave equation in 3D. To deal with the problems associated

with the numerical quadrature during the assembly of the system matrices we employed the

novel smooth temporal basis functions introduced by Sauter and Veit [27]. Parallelization

is crutial in order to enable solution of large scale problems since this approach significantly

increases the computational and memory requirements. To the best of our knowledge the par-

allelization of this technique has not yet been presented. Moreover, since the special structure

of the system matrices requires a usage of an iterative solver, we presented solvers based on

the GMRES method preconditioned by deflation and by algebraic recursive preconditioner. In

future this approach can be extended to support solution of other time dependent problems,

e.g., the heat equation.

Most of the abovementioned techniques have been implemented in the boundary element

library BEM4I developed at IT4Innovations National Supercomputing Center. In addition

to the described solvers for the Laplace and wave equation the library contains the modules

treating the Helmholtz and Lamé equations. It is parallelized by OpenMP and MPI in shared

and distributed memory, respecively, utilizes SIMD vectorization, and is accelerated using the

Intel Xeon Phi coprocessors.
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Due to its high computational demands the boundary element method is a suitable can-

didate for efficient utilization of current peta-scale and upcoming exa-scale computer archi-

tectures. Mainly the space-time Galerkin boundary element methods for time-dependent

problems produce very large system matrices which are global in space and time. While this

may be from one point of view considered a disadvantage, from the other point of view it

enables to introduce another level of parallelism in temporal dimension which would be im-

possible with most of other methods for solving time-dependent problems. For this reason we

believe that there are many promising topics of research that may in future stem from this

work.
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