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Abstract

This bachelor thesis deals with terahertz waves and its applications in time-domain
spectroscopy. Properties of this radiation are foundation at a lot of technologies and
applications, which are presented. Significant part of this thesis is proposition of new
experimental method for the Gouy phase compensation at terahertz transmission mea-
surements. The method will be published in the scientific paper [1] and was presented
at the international conference NanoOstrava 2017 in form of the oral presentation.
This research is extended in this thesis by simulations compared with an experiment.
My attention is further focused to modeling of physical processes related to ultrashort
pulses. Results, which are gained from these simulations, allow to me understand
fundamentals principles for proposition of new experimental setup in our laboratories.
This setup will be oriented to use ultrashort pulses not only for the generation of the
terahertz radiation and will be object of my future study.

[1] P. Koleják, K. Postava, M. Mičica, P. Kužel, F. Kadlec, and J. Pǐstora. Ex-
perimental gouy phase shift compensation in terahertz time-domain spectroscopy. J.
Phot. Nanostr., (in print, 2018).

Key words: terahertz radiation, time-domain spectroscopy, Gouy phase, ultrashort
pulses

Abstrakt

Bakalářská práce pojednává o terahertzových vlnách a jejich využit́ı v časově ro-
zlǐsené spektroskopii. Vlastnosti tohoto zářeńı jsou základem mnoha technologíı a
aplikaćı, které jsou představeny. Významnou součást́ı bakalářské práce je navržeńı
nové experimentálńı metody pro kompenzaci Gouyho fáze z transmisńıch terahert-
zových měřeńı. Tato metoda letos vyjde ve vědeckém časopise [1] a byla prezen-
tována na mezinárodńı konferenci NanoOstrava 2017 ve formě ústńı prezentace. Tento
výzkum je v bakalářské práci rozš́ı̌ren o simulace, které jsou porovnány s experimentem.
Svou pozornost dále věnuji modelováńı fyzikálńıch proces̊u spojených s ultrakrátkými
pulsy. Výsledky obdržené z těchto výpočt̊u mi umožňuj́ı pochopit základńı principy
pro navržeńı nové experimentálńı sestavy v našich laboratoř́ıch. Ta bude založena
na využit́ı ultrakrátkých puls̊u nejenom pro generaci terahertzového zářeńı a bude
předmětem mého daľśıho studia.

[1] P. Koleják, K. Postava, M. Mičica, P. Kužel, F. Kadlec, and J. Pǐstora. Ex-
perimental gouy phase shift compensation in terahertz time-domain spectroscopy. J.
Phot. Nanostr., (in print, 2018).

Kĺıčová slova: terahertzové zářeńı, časová spektroskopie, Gouyho fáze, ultrakrátké
pulsy
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Chapter 1

Introduction

This thesis is focused to the terahertz time-domain spectroscopy and ultrashort pulses.
The terahertz radiation [1, 2] is emitted by any object from real-life experience. The
radiation is described by electric as well as by optical properties. The terahertz radi-
ation is used in medical, security, telecommunication etc. as technological area with
the great potential. Advantageous of terahertz range is possibility to use time resolved
spectroscopy to measure the amplitude and phase of the complex spectrum. The cru-
cial difficulty with the terahertz spectroscopy measurements may be an influence of the
Gouy phase [3, 4]. This physical anomaly causes the additional phase due to diffrac-
tion of the pulses. The numerical method for the compensation of the Gouy phase
was published by Kužel at al. [5]. This method is not applicable for our setup because
of system misalignments and not fulfilled conditions for the Gouy phase approximation.

The sources of the terahertz waves use also ultrashort pulses to generate terahertz
picoseconds pulses [2]. Measuring of the instantaneous electric field of the pulse enable
the time-domain spectroscopy. Ultrashort pulses [6] is special branch of optics to study
processes with duration in picoseconds and femtoseconds time-scale. The ultrashort
pulses allow to generate nonlinear processes, new states of the matter, or unusual phys-
ical phenomenons. The ultrashort pulses carry a low quantity of energy, which may be
extremely concentrated in time and space.

This thesis is separated to three parts. The first one is oriented to introduce the
terahertz radiation, the time-domain spectroscopy, and practical applications. This
part serves as motivation how important and interesting is this spectroscopic area.
There is presented also principles for generation and detection of THz waves. It en-
sures the theoretical base for description of our experimental setup TPS spectra and
to summarize possibilities of sources for the third part, where will be also discussed.

The second part deals with the Gouy phase shift. The experimental method for the
Gouy phase shift is presented . The confirmation of the method on various samples is
shown. There is also demonstrated robustness of the method in a special experiment.
The measurement of the Gouy phase compared with simulations are also presented.

The third part is focused to ultrafast time-scale, which uses ultrashort pulses. There
is introduced this phenomenon, which is also related to terahertz time-domain spec-
troscopy. Various types of simulation are included for understanding this area. The
complex behavior of ultrashort processes are demonstrated by illustrative examples
how the pulse can interact with the matter. The dispersion, anisotropy, nonlinear
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CHAPTER 1. INTRODUCTION 8

effects, and single-layer structures are considered. The procedure for calculation the
frequency-time space of the pulse is presented. It allows to determine moments, where
are generated specific frequencies. The thesis is finished by proposition of the new ex-
perimental aperture, which will build in our laboratories. There are utilized knowledges
gained in all of three parts.



Chapter 2

Terahertz time-domain
spectroscopy

Before the occupying special aspects of terahertz spectroscopy, it is important to char-
acterize the radiation as well as potential for its applications. It will be presented how
the terahertz radiation interacts with matter or where it could be found in nature.
Thereafter, it will be shown advantages of time-domain spectroscopy and possibili-
ties of detection and generation of THz radiation. For our purpose, photo-conductive
antenna, nonlinear processes, and spintronic-emitters will be presented. The experi-
mental setup TPS-spectra 3000 will be also introduced and the physical principle of
the system will be explained.

2.1 Terahertz spectral range

2.1.1 Radiation properties

Terahertz waves [1, 2] belong to the electromagnetic radiation placed between infrared
and microwave range. Terahertz band is characterized by frequency range from 0.3 THz
to 3 THz. It is important to note, that term terahertz range also could includes far-
infrared and millimeters waves from 0.03 THz to 30 THz. Table 2.1 relates THz range
boundary with physical quantities as are the wavelength, wavenumber, period, photon
energy, and temperature. The temperatures are calculated from Wien’s displacement
law for maximum intensity emission of the black body and also for vibrational tem-
perature of a quantum oscillator with energy in the terahertz range at limits for low
temperatures [7] (i.e. hν ∼= kBT ).

Physicals quantities Range (units)
Frequency 0.3 to 3.0 (THz)
Wavelength 1.0 to 0.1 (mm)
Wavenumber 1 to 100 (1/cm)
Photon energy 1.2 to 12.4 (meV)

The black body temperature 2.9 to 29.0 (K)
The quantum oscillator temperature 14.4 to 144.0 (K)

Table 2.1: Terahertz range bounded by various physicals quantities.
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It is clear, that terahertz waves are not ionizing due to low photon energy. In contrast
with visible range, terahertz radiation is not so sensitive to roughness of objects and
scattering is considerable for structures, which are comparable with sub-millimeters
wavelengths. The maximums of black body emissions are in THz range for the very
low temperatures and warmer objects of course emits in THz. It means that THz
radiation is practically everywhere in nature. The temperatures for quantum oscillators
with THz energy demonstratively show a theoretical existence of THz oscillators at the
room temperature.

Figure 2.1.1: Vibrational and rotational states, which represent absorptions in THz
range, are demonstrated on H2O molecule [1].

The quantum oscillators in THz frequencies respond to rotation (mainly gases) and
vibration states of chemical bonds in molecules [8] (Fig. 2.1.1). Radiation of a fre-
quency, which is equal to the frequency of the oscillator, is absorbed by the oscillator.
In Fig. 2.1.2 is shown the terahertz gap in the electromagnetic spectrum with vibra-
tional and rotational states of molecules. On the other hand, the oscillator can emits
radiation of his frequency, when is excited. Typical example of molecules with the
absorptions are H2O, O2, CO, HCl and O3.

Figure 2.1.2: Electromagnetic spectrum with THz range is represented in various phys-
icals quantities and illustrated by the typical absorptions in the region [9].
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Optical properties of materials are also specific for terahertz range. Lot of material
as wood, paper or plastics are transparent. By contrast, metals are opaque due to
absorption of free electrons and notably reflect.

2.1.2 Applications of THz radiation

Due to a low temperature of a natural THz sources, THz range is suitable tool for
astronomy [8, 10]. Interstellar dust or cold nebulae emits significantly in THz range.
The cosmic background is also placed partially in the THz gap. Moreover, chemical
composition of space objects may be determined owing to absorptions of elemental
molecules as shown in Fig. 2.1.3.

Figure 2.1.3: Optical radiation of the galactic disc (top) and the same picture for the
emission of CO molecules at 115 GHz (bottom) [8].

Each material has specific absorptions, emissions, and transparency. This fact is used
for the terahertz imaging and the tomography [2, 10]. THz scan of an object enables
find out his interior structure as shown in Figs. 2.1.4. There is a baggage with various
types of objects. THz scan uncovers these objects although the baggage is closed.
The reason is that the metals are not transparent and signal is analyzed as absent
(black) on transmission. By contrast the baggage, which is plastic, wooden or leather,
is translucent. Fig. 2.1.5 shows a man at the photo in comparison with his THz image.
The man holds a newspaper which is not suspect. But the THz image uncovers, that
a knife is hidden in the newspaper. The dry paper is quite transparent, but the knife
reflects THz radiation very well.



CHAPTER 2. TERAHERTZ TIME-DOMAIN SPECTROSCOPY 12

Figure 2.1.4: Photo of the open baggage with various items (left), THz image of the
empty baggage (top-right) and THz image of the baggage with shown objects (bottom-
right) [2].

Figure 2.1.5: Photo of a person, which holds a newspaper (left) and THz image at
0.094 THz of the person, which reveals a hidden knife in the newspaper [2].

The potential of use is not only for security in airports etc., but also for the quality
control. Fig. 2.1.6 shows nondestructive inspection of a microelectronic chip. If the
chip is damaged, its THz emission changes. Figure 2.1.7 shows the optical photo of a
processor from top and bottom side. THz technology allows to scan the processor by
an arbitrary cutting plane and show the interior structure as shown in Fig. 2.1.8.



CHAPTER 2. TERAHERTZ TIME-DOMAIN SPECTROSCOPY 13

Figure 2.1.6: THz emission images of two circuits. A normal chip (a) and a damaged
chip with detail of a broken line (b) [2].

Moreover, 3D texture tomography of an object is possible with use of THz time-domain
spectroscopy, which will be presented in Section 2.2. Unlike the X-ray exposure, ter-
ahertz waves are not ionizing and danger for organisms. Therefore, THz imaging has
practical use in medical [2, 8, 9, 10]. It is possible to see for example hidden cavities
in biological structures, distinguish organs in body or localize cancer cells.

Figure 2.1.7: Intel 486 processor is shown from top and bottom side in optical frequen-
cies [11].
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Figure 2.1.8: The same processor as Fig. 2.1.7 with uncovered interior structure in THz
image from various penetration of THz waves [11].

In security branch, THz spectroscopic analysis is used for detecting and determining of
drugs and explosives (see Fig. 2.1.9) and for quantifying their volume [11]. THz spec-
troscopy is sensitive to the chemical substances, which have typical THz absorptions of
chemical bonds in the molecules. Furthermore, the detection of drugs and explosives
with combination of THz imaging enable to discover chemicals in baggages, envelopes,
etc. without opening.

Figure 2.1.9: THz-TDS imaging of three overlapped chemicals (codeine, cocaine, su-
crose): Top part of figure includes eight images, which represent the scan for different
frequencies (noted at left-bottom corner in THz) and demonstrate various absorptions
of chemicals. Four left-bottom images show separated samples on an absorption fre-
quency although they overlap each other. Fourth image marked F.i. shows diffraction
noise of frequency-independent effects. Last one (right-bottom) determines quantity
and distribution of each chemicals [11].

Similar behavior of THz waves comparable with microwave range is the reason for use
THz pulses for a simulation of the radar scattering [8, 10]. A small model of a large
object is made in ratio THz to microwave wavelengths. Figure. 2.1.10 shows scattered
signals from two types of aircraft models.
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(a)

.

(b)

Figure 2.1.10: Scattered THz waves on models of aircrafts simulate radar detection
of real size objects. F-119A (right) has a specialized shape for invisibility on radar
contrary to Mig-29 (left) [8].

Another possibilities of use are hight capacity telecommunications [10] for the future
technologies. Scattering of THz waves is lower than for infrared radiation. Moreover the
penetration depth in aerosols and clouds is longer in comparison with infrared range.
Terahertz antennas are also smaller than for microwaves. Therefore the terahertz
radiation is more advantageous than infrared or microwave bands.

2.2 Time-domain spectroscopy

2.2.1 Principles of time-domain spectroscopy

Detection in Terahertz spectral range allowed by the time resolved spectroscopy. A de-
tector measures instantaneous electric field of the terahertz pulse. The time-dependent
electric field may be transformed to Fourier space for obtaining a complex spectral
dependence, which includes an intensity and a phase. Advantage of time-domain spec-
troscopy (TDS) is possibility to acquire complex material properties from the complex
spectra.

More detailed explanation of the time-domain spectroscopy [1, 2] are presented in
Fig. 2.2.1. The femtosecond pulse is generated by a pulsed laser and split on pump
and probe pulses. The pump can be modulated by an optical chopper for increasing
the sensitivity. The delay line enables a mechanical shift for a time retardation between
the pump and probe signals. The pump signal is converted into THz pulse. THz waves
are detected as a function of variable time delay between the pump and probe. Result
of the process is the time-dependent signal of THz wave.
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Figure 2.2.1: Scheme of experimental setup for terahertz time-domain spectroscopy [2].

2.2.2 Spectroscopy in Terahertz range

Two measurements are necessary for obtaining a material information about the mea-
sured sample. The first one is without a sample (reference measurement) and the
second one is with a sample. Their time-dependent signals are converted by using
the discrete Fourier transform to frequency-domain. Normalized sample spectra are
obtained by a ratio of sample to reference spectra.

The transmission and reflection functions can be described by a model, which take into
account effects on surfaces of sample and optical paths through the sample. Let’s con-
sider an ideal, homogeneous, isotropic sample with a constant thickness and a smooth
surface. The sample is placed in the vacuum. Figure 2.2.2 depicts how electromagnetic
radiation passing through the sample. There are visible internal reflections in a sample,
which are for the pulse regime delayed by time.
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Figure 2.2.2: Scheme how electromagnetic radiation passes through a sample.

How much radiation is reflected and transmitted, it is described by the Fresnel equa-
tions [12] derived from the Maxwell theory. The Fresnel equations can be simplified
for pulse passing perpendicularly to surface from medium ñ1 to medium ñ2 in form

r12 =
ñ1 − ñ2

ñ1 + ñ2

, t12 =
2ñ1

ñ1 + ñ2

, (2.2.1)

where ñ1 and ñ2 are the complex frequency-dependent refractive indices of the medium.
The models for reflection and transmission functions are obtained from combination of
(2.2.1) and the plane wave approximation. The models for various plane wave paths
and varied internal reflections [1, 13] may be derived as

rm=1 =
ñ− 1

ñ+ 1
, rm>1 =

4ñ

(ñ+ 1)2

(
ñ− 1

ñ+ 1

)
e−2jk̃d

[(
ñ− 1

ñ+ 1

)2

e−2jk̃d

]2(m−1)

,

(2.2.2)

tm =
4ñ

(ñ+ 1)2
e−jk̃d

[(
ñ− 1

ñ+ 1

)2

e−2jk̃d

]2(m−1)

, (2.2.3)

where k̃ = ñ2π
λ

is the complex wavenumber for the wavelength λ, ñ is the complex
refractive index of a sample, j is the imaginary unit and integer m means the order of a
detected pulse (m=1 for the direct pass/reflection i.e. without the internal reflections,
m > 1 with the internal reflections). For more complex multilayer structures, it is
advantageous to use Matrix formalism [14]. The transfer matrix M of a multilayer
structure is in a general form:

M =

[
M11 M12

M21 M22

]
=

1

t

[
1 −r̃
r tt̃− rr̃

]
(2.2.4)



CHAPTER 2. TERAHERTZ TIME-DOMAIN SPECTROSCOPY 18

Matrix components are related to the forward (r, t) and the backward (r̃, t̃) reflection/-
transmission functions of the multilayer system. The functions r and t, which include
a summation of all rm and tm elements is in the form

r =
M21

M11

, t =
1

M11

(2.2.5)

The complex refractive index is in consequence of an interaction of light with chemical
bonds and free electrons [15]. The absorptions of matter may be described by the
equation of motion of one-dimensional dumped oscillator

m0
d2x

dt2
+m0γc

dx

dt
+m0ω

2
0x = −qE, (2.2.6)

where m0 is the mass of oscillating particle, γc is the dumping coefficient, x is the
coordinate of Cartesian system, ω0 is the resonant angular frequency, q is the electric
charge of an oscillating particle and E is the electric field of an electromagnetic wave.
It is derived from (2.2.6) Lorentz-Drude equation as

ñ2 = ϵ∞ +
Nq2

ϵ0m0

1

(ω2
0 − ω2 − jγcω)  

Lorentz oscillator

(2.2.7)

Quantities ϵ∞, N , ϵ0 and ω mean the hight frequency relative dielectric constant, the
number of particles per unit volume, the permittivity of vacuum and the angular fre-
quency of light, respectively. Interaction of free electrons with electromagnetic wave
can be described by Lorentz oscillator with ω0 −→ 0, which is called Drude function.
In general, an optical behavior of a sample with several absorptions and with free elec-
trons can be explained by model:

ñ2 = ϵ∞ − Nq2

ϵ0m0

1

(ω2 + jγcω)  
Drude function

+
∑
i

Niq
2
i

ϵ0m0i

1

(ω2
0i − ω2 − jγciω)  

Lorentz oscillator

(2.2.8)

2.3 Generation and detection of THz pulses

2.3.1 Photo-conductive antenna

The photo-conductive antenna is an electrical switch, which increases number of free
carriers, when is exposed by time resolved optical pulse [1, 2, 16] as shown on Fig. 2.3.1.
Photon energy has to be larger than a band-gap of material for generation electron-
hole pairs. The photo-conductive antenna is excited by a femtosecond infrared (IR)
pulse and operates in a sub-picoseconds regime, whose also depends on a lifetime of
photo-carriers.
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Figure 2.3.1: Demonstration how the photo-conductive switch works after the exposi-
tion with detail of the generation electron-hole pairs [1].

Figurs 2.3.2 shows that the photo-conductive switch is composed from two electrodes
situated on a semiconductor substrate. The electrodes are split by small gap, where the
laser pulse is focused and a voltage is applied between them. Free carriers arise by the
laser pulse and are accelerated by an electric field between electrodes. The transient
current may be described as Hertzian dipole due to a time-dependent electric field of
the exposed pulse. The dipole generates sub-picoseconds THz radiation. Behind the
switch, there is a silicon lens for collimating THz radiation.

Figure 2.3.2: Composition of the photo-conductive antenna with an electrodes (yellow)
on a semiconductor substrate and a spherical silicon lens (a). The same antenna in
profile generates THz radiation (green) by excitation of IR (red) pulse (b) [16].

The detection by photo-conductive antenna is based also on the semiconductor free
carriers excitation. The voltage between electrodes is measured during THz wave
coming. The measurement does not start until to sensing the IR pulse, which generates
electron-hole pairs. The voltage is measured locally in THz pulse. It means that the
information is only about one point of detected THz wave. The process have to be
repeated systematically with time-shifted THz and IR pulses for obtaining the whole
time-dependent THz field.

2.3.2 Optical rectification

The optical rectification is a nonlinear process used for generation of THz radiation
[1] by pumping femtosecond pulse in nonlinear crystal. Electromagnetic field of in-
cident femtosecond pulse interacts with electrons in matter. It is described by using
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the Drude-Lorentz model (2.2.8). The amplitudes of the harmonic oscillators are very
small for common intensities. For strong intensities, the response of the medium is
explained as a superposition of the harmonic and unharmonic oscillators. The large
displacement of electrons from equilibrium position produces nonlinear polarization,
which is proportional to applied THz intensity.

Short duration of the femtosecond pulse causes fast changes of nonlinear polariza-
tion of the crystal. The fast changes of electron oscillations generate THz pulse with
the same width in the time-domain as the pumping pulse. The gain pulse is not so
oscillating field and resembles to direct current field than original altering femtosecond
pulse field. Therefore, it is called rectification.

The strong intensity is not only one condition for substantial nonlinear effect.The crys-
tal has to be electro-optical, it is caused by noncentrosymmetry of the crystal. ZnTe is
often used. Charge distribution in chemical bond between Zn and Te inclines towards
Te due to higher electronegativity than Zn. This effect becomes stronger because of
asymmetric structure of the crystal.

Moreover, ZnTe fulfills also another important condition. The group velocity of the
pumping pulse have to have the same value as the phase velocity of the THz wave.
The reason is that the both of them must travel together in the crystal for coherent
amplification of the THz pulse. The refractive indices for ZnTe are shown in Fig. 2.3.3.
It is visible, that the condition is fulfilled at 0.812 µm and 1.69 THz. Furthermore, the
wavelength 0.8 µm is the operational wavelength of Ti:sapphire laser. The refractive
indices are calculated from [1] as

nµm(λ) =

√
4.27 +

3.01λ2

λ2 − 0.142
, nTHz(ν) =

√
289.27− 6ν2

29.16− ν2
, (2.3.1)

where nµm is the phase refractive index for the pumping pulse, nTHz is the phase re-
fractive index for the THz pulse, ν is the frequency in THz and λ is the wavelength in
µm. The group refractive index for pumping pulse is calculated as:

ngr(λ) = nµm(λ)− λ
∂nµm(λ)

∂λ
, (2.3.2)
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Figure 2.3.3: Refractive indices in ZnTe for the pumping and THz pulse. At 812 µm
and 1.69 THz, the curves cross each other.

2.3.3 Electro-optic sampling

This method allows to detect amplitude as well as phase of the THz wave for the time-
domain spectroscopy using the Pockels effect [1]. It is the second-order nonlinear effect
proportional to applied field amplitude, which causes a birefringence. The crystal ZnTe
is suitable to use. Figure 2.3.4 demonstrates a principle of the electro-optic sampling.

Figure 2.3.4: Electro-optic sampling setup with the nonlinear crystal, polarization
components, and a detector. The nonlinear birefringence is dependent on the THz
field amplitude. When it is applied, the polarization of the optical pulse changes from
circular to elliptical.

If the only linearly polarized optical pulse passing through the nonlinear crystal, the
field does not cause birefringence, λ/4-plate produces the circular polarization and the
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Wollaston prism splits the beam to separated orthogonal linear polarizations. When the
optical pulse and THz wave propagate together, the THz field changes the polarization
from the circular to elliptical. A detector measures difference I = Iy − Ix between
the separated orthogonal linear polarizations, which is proportional to the THz field
amplitude. The pulsing regime allows to measure the applied THz wave point by point
similarly as photo-conductive antenna discussed above. Here, the condition about
velocities of the beams have to be fulfilled such as for the optical rectification.

2.3.4 THz generation in air

THz radiation may be generated in thin air [1, 2]. There are two possible principles
how to do it. The first one principle is plasma generation by high intensity laser.
The field of the pulse accelerates electrons as shown in Fig. 2.3.5. Electrons driven by
the ponderomotive force oscillate mainly along the direction of the pulse propagation.
Electrons are also moved to the front of the wave, where plasma wake arises, which
pushes the electrons. It means that electrons radiate in a conical pattern and generates
THz radiation. The effect may be increased when is used DC bias orthogonally to the
pulse direction. The electric field accelerates electrons rapidly and increases of the
current as well as the amplitude of the generated THz wave.

Figure 2.3.5: Plasma interaction with high-intensity laser pulse: a) Acceleration of the
electron in plane of the wave. The Lorentz force moves with electron in pattern resem-
bling the number eight. b) Ponderomotive force, which is caused by the Lorentz force,
which pushes electrons from the high-intensity region. c) Electrons can be accelerated
on the longitudinal plasma wave, which arises from in the wake of the laser pulse [17].
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The second principle is the third order nonlinear process the four waves mixing. Fun-
damental pulse with an angular frequency ω and the second harmonic generation 2ω
produce the terahertz radiation as follows:

ωTHz = (2ω + ωTHz)− ω − ω, (2.3.3)

where ωTHz is radiated by transient photocurrent of ionizing electrons, which are driven
by the asymmetric electric field of the combination of fundamental and second harmonic
waves. The scheme of this type of generation is shown in Fig. 2.3.6. For increasing
effectiveness of the process may be also used DC bias field, which disturbs the cen-
trosymmetricity of the air.

Figure 2.3.6: Fundamental wave interacts with the BBO crystal (type-I β-barium bo-
rate), which generates the second harmonic wave. Both of them are focused in air.
The four waves mixing is applied due to superposition of two waves field, which gains
THz radiation [1].

2.3.5 Spintronic emitters

Very specific sources of the terahertz radiation are spintronic emitters [18]. Figure 2.3.7
illustrates the principle of THz wave generation. The femtosecond pulse excites elec-
trons in ferromagnetic (FM). Due to magnetization in ferromagnetic, density of spin-up
electrons is higher than spin-down electrons. It is depicted in the figure as red arrows.
It means that current js is spin-polarized. When the spin current js enters to a non-
ferromagnetic (NM), spin-orbital interactions deflect spin-up and spin-down current in
opposite direction. Angle of deflection γ is also depicted. Higher density of the spin-up
polarization causes the longitudinal charge current jc in x-axis (inverse spin-Hall ef-
fect), which emits THz radiation. Advantageous of spintronic emitters is that spectrum
of the generated THz pulse is broadband up to 40 THz with significant amplitude.
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Figure 2.3.7: Heterostructure of thin layers for spintronic emitting of the terahertz
radiation. FM layer means ferromagnetic thin layer and NM is nonferromagnetic metal
layer. In FM layer is generated spin-polarized current js due to magnetization. Inverse
spin-Hall effects produces charge current jc which generates THz pulse [18].

2.4 Experimental setup of TPS spectra 3000

2.4.1 Main information about measuring system

TPS spectra 3000 [19] is the terahertz time-domain spectrometer from Teraview com-
pany (Fig. 2.4.1). The spectrometer allows to measure transmission, reflection and
ATR spectra. Transmission and reflection XY-imaging is also possible. Measured sam-
ples can be in solid phase at form of a plate, pellet or powder. The spectrometer is
able to measure also gases and liquids in a special cell. For a purpose of this bachelor
thesis, I use only transmission measurements of bulk samples.
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Figure 2.4.1: Measuring system TPS spectra 3000.

Spectral range of the spectrometer covers the range from 2 cm−1 to 100 cm−1 (i.e.
0.06 THz to 3 THz). The physical principle of generation and detection of the THz
pulse is the mentioned photo-conductive antenna. Electrodes are placed on the GaAs
substrate and the gap between them is 5 µm. Femtosecond pulse for exciting free
carriers in the semiconductor is a NIR pulse with duration below 90 fs and spectral
maximum at 780 nm delivered by the second harmonic of Er:doped fiber laser Menlo.
The gain is a few-cycle THz pulse with the time width below 500 fs. Figure 2.4.2 shows
a photography of TPS spectra 3000 with marked optical components.

1

2
3

4

5

6

7

Figure 2.4.2: Photography of experimental setup inside TPS spectra 3000 with marks
of components and illustrative scheme, how beam passes in measuring part. Red lines
denote THz beam path and blue lines mean NIR beam path. The most important
components in setup are: slow delay line (1), fast delay line (2), source of the NIR
laser (3) which is outlet from a hidden part under optical table, THz emitter (4),
position of a sample holder in cavity space (5), detector (6) and vaccum system (7).
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The fast delay line is used to set a very short time-delays between NIR and THz pulse
for pump-probing on the detector, which creates point by point detected THz pulse.
The fast delay line contains a special rotating mirror with a changing thickness. For
longer time-delays, the slow delay line is used. It contains a movable mirror, which
causes long optical path when is shifted. The cavity space may be evacuated.



Chapter 3

Mechanical method of the Gouy
phase shift compensation

This chapter is aimed at physical anomaly called the Gouy phase shift, which can
influence measurements in THz spectral range. Physical principle of the effect will
be presented as well as the reason of influencing just in the THz measurements. The
main part of this chapter consists of the suggestion of the mechanical method for
compensating the Gouy phase shift. The procedure was published at [20]. I personally
consider this part of the thesis as the crucial achievement of my work. The mechanical
method is shown on various samples and an experiment to verify the mechanical method
is presented. The reliability of the method is analyzed and for more specific cases,
it is proposed a more advantageous strategy. The closing of the chapter includes
an experiment for determining a spacial-frequency dependent of the complex phase
difference. The obtained data are simulated and lead to prove the presence of the
Gouy phase.

3.1 Theory of the Gouy phase

3.1.1 The Gaussian beam properties

The complex amplitude of the Gaussian beam [21] propagating along the z-axis, which
is a solution of the paraxial Helmholtz equation, takes the form:

U(z, ρ) = A0
w0

w(z)
exp

[
− ρ2

w2(z)

]
exp

[
−jk̃z − jk̃

ρ2

2R(z)
+ jζ(z)

]
, (3.1.1)

where

w(z) = w0

[
1 +

(
z

z0

)2
] 1

2

, w0 =

(
λz0
π

) 1
2

, R(z) = z

[
1 +

(z0
z

)2
]
, (3.1.2)

ρ =
√
x2 + y2, ζ(z) = arctan

z

z0
(3.1.3)

are the beam radius at the position z, the beam radius at waist, the radius of wavefront
curvature, the radial distance from the beam axis and the Gouy phase, respectively. A0

denotes the amplitude, k̃ = ñ2π
λ

is the wavenumber, λ is the wavelength and j denotes
the imaginary unit. The complex amplitude of the Gaussian beam on the beam axis

27
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is simplified to the form

U(z) = A0
w0

w(z)
exp

[
−jk̃z + jζ(z)

]
, (3.1.4)

The optical intensity I(z, ρ) = |U(z, ρ)|2 of the Gaussian beam is in the form:

I(z, ρ) = |A0|2
[

w0

w(z)

]2
exp

[
− 2ρ2

w2(z)

]
. (3.1.5)

3.1.2 The Gouy phase

The Gouy phase shift ζ(z) arises from a confinement of the Gaussian beam close to the
focus, connected to a spread of the transverse wave vector components [4, 3], equiphase
surfaces of a plane and Gaussian wave are shown in Fig. 3.1.1.
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Figure 3.1.1: Comparison of equiphase surfaces of a plane wave (blue lines) and of a
Gaussian beam (red lines). The corresponding blue and red lines have the same phase
and the on-axis dephasing is due to the Gouy phase shift. Dashed red lines represent
the divergence radius of the Gaussian beam.

Frequently the complex Gouy phase ζc is defined, which describes both the amplitude
(imaginary part) and phase (real part):

U(z) = A0 z0 exp [−jkz + jζc(z)] , (3.1.6)

where

ζc(z) = arctan
z

z0
+ j ln

√
z2 + z20 = j ln(z0 − jz) (3.1.7)

The complex Gouy phase as a function of the distance z from the beam waist is shown
in Figure 3.1.2.
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Figure 3.1.2: Dependence of the real part (a) and imaginary part (b) of the complex
Gouy phase. Red dashed line shows linear approximation ζc = z/z0.

The Gouy phase shift acquires a significance in THz range due to a small Rayleigh
parameter z0. The beam radius can be derived [22] from situation when the collimated
Gaussian beam is focused by a lens with the focal length f (Fig. 3.1.3). The diameter
of aperture D is chosen to fulfill a criterion D = πw(f), which means that 99% of the
beam energy is focused.

D

z = f

2w0

w(0)w(f )

Figure 3.1.3: Scheme of focusing the collimated Gaussian beam in situation for deriving
the beam radius.

If f >> z0, we can derive approximation formula

w0 ≈
fλ

D
z0 ≈

πf 2λ

D2
. (3.1.8)
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The expressions (3.1.8) are derived from the condition for w(z) i.e. (3.1.2) with includ-
ing the Taylor approximation.
It is clear that the Rayleigh parameter in THz range is around ten thousand times
shorter in comparison with the visible range for the same aperture. For TPS spec-
tra 3000 setup, the Rayleigh parameter z0 covers approximately 122 mm to 2 mm for
focusing on the sample position (for range 2 cm−1 to 100 cm−1). The beam radius
at focus w0 is for majority of curve under 1 mm. It is shown in Fig. 3.1.4, which is
calculated from informations at the manual [19].
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Figure 3.1.4: Rayleigh parameter and beam radius at focus for TPS spectra 3000. It
is evident that with increasing wavenumber, both of them decrease.

As schematically shown in Fig. 3.1.5a, the sample positioned into a focused beam shifts
the position of the focal plane by a displacement ∆ with respect to the reference mea-
surement and thus changes the Gouy parameter ζc at the detector. This displacement
depends on the order m of the partial beam undergoing internal Fabry-Pérot reflections
(m = 1 for the direct pass, m > 1 for pulses corresponding to higher order Fabry-Pérot
reflections, see Fig. 3.1.5b) and reads:

∆m =
d [n0 − (2m− 1)]

n0

, (3.1.9)

where d is the thickness of the sample and n0 is the refractive index of the sample.
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Figure 3.1.5: (a) Scheme of the beam focusing on a detector for the reference and
sample measurement, where f is the focal length of focusing mirrors. (b) Scheme for
determining ∆1 with sample of the thickness d and the real refractive index n0 which
is placed in a vacuum. Red lines demonstrate light beam passing through a sample.
Blue line demonstrates beam passing without sample during reference measurements.
∆1 may be determined from the paraxial Snell’s law in the form φ = n0φ0.

3.2 Mechanical method

3.2.1 Principle of the compensation

A method of the Gouy shift compensation by a posteriori analytical transformation
of the measured data was proposed in [5]. In order to perform such a transformation,
exact knowledge of the experimental setup must be available. Such information is not
always accessible with commercial instruments or it may vary depending on the par-
ticular adjustment of the experimental setup.

The experimental method of the Gouy shift compensation described in this thesis
allows one to directly obtain the data free of the Gouy shift influence and it is also
very robust with respect to possible misalignments of the experiment. For this com-
pensation, the mechanical displacement ∆m of the emitter and mirrors controlled by a
micrometric screw during the sample measurement is used as shown in Fig. 3.2.1. The
complex phase shift ζc due to the propagation through the sample is thus compensated
by a mechanical displacement along the beam of the focusing elements placed in the
first part of the setup (before the sample). Note that this procedure assumes that the
individual Fabry-Pérot reflections can be separated by temporal windowing [23]. The
compensation is then performed for a particular reflection of the order m. Typically
the experiment is performed for m = 1 but exploitation of high-order reflections can
be useful in some cases [23]. Moreover, many materials exhibit a THz refractive index
close to 3, for such materials the compensation required for the reflection of the order
m = 2 is ∆2 ≈ 0 following (3.1.9). For such materials using this particular reflection
can lead to the best results in uncompensated experiment.

Note also that the displacement ∆m depends on the sample thickness and refractive
index but it is independent of the focal length of the mirrors. It is clear from Fig. 3.2.1,
that the displacement does not create any additional time delay between the IR sam-
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pling beam and the THz beam.

femtosecond laser

∆

emitter

sample

IR

detector

Figure 3.2.1: Scheme of the measuring system (TPS spectra 3000 from Teraview com-
pany) with the moveable part in a dashed box (Blue lines: optical beam path, red
lines: THz beam path).

To determine the displacement ∆m from (3.1.9) it is necessary to know the average
value of the refractive index n0. We estimate it from the time delay τ of the maxima
of THz pulses of the reference and sample time-domain signal:

n0 =
τc
d
+ 1

2m− 1
, (3.2.1)

where c is the light velocity in vacuum.

Our compensation procedure thus consists of 3 steps. First, the reference is mea-
sured. Second, a trial sample waveform is measured without any displacement in the
setup: this allows us to estimate n0 following (3.2.1). Third, the sample waveform is
measured with the emitter and mirrors appropriately displaced by ∆m obtained from
(3.1.9). This waveform is free of the Gouy phase shift influence and it is used for the
final evaluation of the sample complex refractive index.

The method is demonstrated on a 1.93 mm thick high-resistivity silicon crystal plate.
Figure 3.2.2 shows the transmission data obtained with and without the Gouy shift
compensation. The compensation makes clearly the spectral dependence of the refrac-
tive index more realistic, free of parasitic dispersion bumps.
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Figure 3.2.2: Transmission spectra of the 1.93 mm thick silicon plate. (a) Comparison
of compensated and uncompensated amplitude and phase of the transmission spectra
through the sample, (b) related complex refractive index calculated from the transmis-
sion data.

3.2.2 Proof of the mechanical method robustness

To show the robustness of the mechanical method we performed a set of measurements,
in which we systematically varied (within the large range of 12 mm) the position of
the moveable part of the setup (see Fig. 3.2.1) both for the reference measurement and
for the measurement with the sample. In this way we shifted the position of the focus
created by the first (moveable) pair of paraboloidal mirrors with respect to the sample.
As a sample we used a 1.93 mm thick high-resistivity Si wafer for these experiments.
Among the measured set of waveforms we may select reference-sample pairs with the
same position of the moveable part and those separated just by the shift ∆1 (corre-
sponding to the direct pass through the sample). Fig. 3.2.3a shows a set of transmission
functions belonging to the former pairs of waveforms (uncompensated measurements),
while Fig. 3.2.3b shows transmission function relative to the latter pairs of waveforms
(compensated measurements). The red curves correspond to the standard adjustment
of the spectrometer (the emitter plane is imaged onto the sensor plane), for which the
maximum THz peak intensity is obtained.

Note that for uncompensated measurements various artifacts are observed in the spec-
tra. In contrast, the compensated measurements correctly feature a flat amplitude of
the transmittance practically over the whole scanned range. This demonstrates the
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robustness of the compensation method with respect to on-axis misalignments of the
focusing optics (i.e. with respect to the changes of the focal plane position with respect
to the sample and sensor).

Figure 3.2.3: Amplitude transmission of 1.93 mm thick Si. (a) Set of uncompensated
measurements with various positions of the focal plane in the experiment (defined by
the position of the micrometer screw). Here the focusing optics is in the same position
for the reference and sample measurements. (b) Set of compensated measurements: the
transmittances are calculated from reference/sample waveform pairs where the focusing
optics displacement corresponds exactly to ∆1. Red lines: standard adjustment of the
spectrometer for which the emitter plane is imaged onto the sensor plane.

The data set shown in Fig. 3.2.3 is summarized in Fig. 3.2.4a: all the curves of Fig. 3.2.3
corresponding to various positions of the micrometer screw are plotted together here
and Fig. 3.2.4b shows also the data phase.
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Figure 3.2.4: The same as Fig. 3.2.3 in 2D (front view). Compilation of the amplitude
(a) and phase (b) of the data set plotted in Fig. 3.2.4. Green curves: measurements
without compensation; blue curves: measurements with compensation. The red curves
correspond to red lines in Fig. 3.2.3, i.e. to the standard position of the focusing optics
in the reference measurements.

Moreover, the dependences in Figs. 3.2.3 and 3.2.4 show that the parasitic effects from
the Gouy phase influence exceed in our case the validity of linear approximation of the
Gouy phase. Note that, the strong influence on amplitude is partially linked to the
very small area of the photoconductive detector in our experimental setup in contrast
to large-area emitters and detectors used in other experiments.

3.2.3 Demonstration of the method on various samples

We verified the applicability of the method on various samples which are summarized
in Table 3.1. ∆1 is the shift for the first pass, n0 is the trial average refractive index
determined from the signal in the time domain (these signals are shown in Fig. 3.2.5).
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sample d (mm) n0 ∆1 (mm)

Si(1) (thicker) 1.93 3.385 1.36
SiO2 (glass) 6.27 1.947 3.0

Si(2) (thinner) 0.37 3.367 0.26
Topas (plastic polymer) 1.01 1.520 0.35

Table 3.1: Measured samples and their properties: d denotes the thickness of the
sample, n0 is estimated using (3.2.1) and ∆1 calculated from (3.1.9).
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Figure 3.2.5: Time-domain signals for the sample (blue) and reference (red) measure-
ments.

Figure 3.2.6 shows the compensated and uncompensated complex refractive index ob-
tained from transmission functions of the first pass through SiO2. The imaginary part
shows a weak absorption tail of phonons located in infrared spectral range. This ab-
sorption limits applicability of SiO2 glass as a transparent material for THz devices.
Corresponding normal dispersion is obtained in the real part of refractive index for
compensated data. Note that uncompensated data show non-physical absorption and
dispersion around 40 cm−1.
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Figure 3.2.6: Comparison of compensated and uncompensated complex refractive index
from transmission data through SiO2 plate.
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Figure 3.2.7 shows the obtained compensated and uncompensated complex refractive
index of the thinner Si(2) wafer. The absorption increases with decreasing wavenumber
similarly as for thick Si(1) (compare with Fig. 3.2.2b). The real part of the refractive
index for compensated data shows a negligible dispersion as expected. Decreased res-
olution at low frequencies corresponds to narrower time window due to the close first
echo. Note that the uncompensated data show again a non-physical behavior (parasitic
absorption and dispersion at 50-70 cm−1).
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Figure 3.2.7: Comparison of compensated and uncompensated complex refractive index
calculated from the separated first pass of Si(2).

A comparison of compensated and uncompensated data of the Topas (cyclic olefin
copolymer) is shown on Fig. 3.2.8. The imaginary part of the refractive index for com-
pensated data shows no absorption in the whole spectra. Therefore Topas is promising
transparent material for THz optics. The real part of the refractive index is approxi-
mately n ≈ 1.522 almost without dispersion in the THz spectral range. Note again the
uncompensated data shows a non-physical behavior (dip in refractive index, absorption
near 60 cm−1 and negative value of imaginary part of refractive index).
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Figure 3.2.8: Comparison of compensated and uncompensated complex refractive index
calculated from the separated first pass of Topas.
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3.2.4 More advantageous strategy for the mechanical method

The effectiveness of the demonstrated mechanical method may depend on the accuracy
determination of the displacement ∆m, which corresponds to how much is possible to
reconstruct the Gouy phase of the reference measurement. But the displacement ∆m

is obtained from the time delay τ between two pulses with different Gouy phases. This
phase shift (real part) as well as any kind of phase has an influence in the time-domain.
Figure 3.2.9 shows that two reference measurements, which differ only in the complex
Gouy phases obtained by defocussing on the detector. The displacement is 12 mm using
the micrometer screw. The real part of the Gouy phase causes shift in the time-domain
and the imaginary part changes the amplitude.
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Figure 3.2.9: Two reference measurements with the different complex Gouy phases ζc.
Time delay between them corresponds to subtraction of real parts of ζc and amplitude
changes to difference of imaginary parts of ζc and defocussing on the detector.

More advantageous strategy is to take the obtained ∆m by this way as indicated, com-
pensate the Gouy phase and repeat the procedure to obtain more precise ∆m for more
precise compensation. How much it is necessary depends on required accuracy and on
the influence of the Gouy phase. Let’s consider the reference and sample measurement.
The focus of the beam is shifted towards reference position due to defocussing during
the sample measurement. The difference of the real part of the Gouy phases ∆ζ arises
between them. It is clear that the residual Gouy phase causes error in n0 for obtaining
∆m in the form:

∆ζ =
2π

λ0

und, (3.2.2)

where un is the error in averaged refractive index n0 and λ0 is the wavelength corre-
sponding to n0. The error in the averaged refractive index for the considering case is
quantified as:

un =
∆ζ λ0

2πd
(3.2.3)

The displacement ∆m is determined from n0±un with the error u∆m , which is derived
from (3.1.9) using the Gaussian law of errors as:
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u∆m =

⏐⏐⏐⏐un
∂∆m

∂n0

⏐⏐⏐⏐ = (2m− 1)∆ζ λ0

2πn2
0

. (3.2.4)

It is clear that u∆m will be approximately below 0.1 mm due to the terahertz region
and maximal possible value of the real part of the Gouy phase. It means that the
influence of the residual Gouy phase due to inaccurate determination of ∆m will exist
for example in case of the extremely short Rayleigh parameter. The solution is to use
the strategy with repetition of determination ∆m, which is not necessary for common
configurations.

3.3 Simulation of the Gouy phase

3.3.1 Model for experimental detection of the Gouy phase

Up to now, the description of the observed influences as the Gouy phase have not
more specified. There was shown the method for compensation which is explicable by
the Gouy phase, but it has not been unequivocal yet. Moreover, the behavior of the
experimental data without compensation has nonlinear dependence and it is not clear
whether it is describable as the Gouy phase, which was presented by Fig. 3.1.2.

The detector has a finite size and measures also non-axial components of the com-
plex Gaussian amplitude. Moreover, the comparative reference can includes also own
Gouy phase. The model presumes the complex Gaussian amplitude U(z, ρ) from (3.1.1)
of references at various z-position. Comparative reference is placed at z′-position. The
resulting complex amplitude is expressed as

Û(z, ρ) =
U(z, ρ)

U(z′, ρ)
. (3.3.1)

The photo-conductive antenna in the measurement system averages the detected com-
plex amplitude in xy-plane. It is mathematically described for Û(z, ρ) in the form

⟨Û(z)⟩ =

˜
S

Û(z, ρ) dxdy

˜
S

dxdy
, (3.3.2)

where S is the detector area, which sets aside part of the beam. It is considered a
circular detection area with the center at the center of the beam due to circular lens
focusing the beam between electrodes. The expression (3.3.2) changes for the polar
coordinates system in

⟨Û(z)⟩ =

2π́

0

R0´
0

r′ Û(z, r′, α) dr′dα

2π́

0

R0´
0

r′ dr′dα

, (3.3.3)

where R0 is the detector radius, α is the angular coordinate and r′ is the radial coor-
dinate. The solution of (3.3.3) is for our case

⟨Û(z)⟩ = w(z′)

w(z)

exp (ΩR2
0)− 1

ΩR2
0

exp [jζ(z)− jζ(z′)], (3.3.4)
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where

Ω = −
[

1

w2(z)
− 1

w2(z′)
+

j k

2

(
1

R(z)
− 1

R(z′)

)]
. (3.3.5)

The model for the complex phase difference ∆θc(λ, z), which includes the Gouy phase
shift and finite size detector influence, is obtained as

∆θc(z, λ) = j ln(⟨Û(z)⟩). (3.3.6)

3.3.2 Model and experiment comparison

Our experimental setup allows to determine the spacial-frequency dependent complex
phase. The experiment is similar as the measurements shown in Section 3.2.2. But in
this case, only the reference measurements are used. Their positions of the focus are
systematically shifted towards to a detector (in z-axis). It is necessary to take one of
the reference as comparative for obtaining the complex phase difference between them
∆θc(z, λ).

The dependence of the Rayleigh parameter, which was shown in Fig. 3.1.4, is used.
The model corresponds to input parameters for R0 = 8 mm and z′ = 0.65 mm. Com-
parison of the model with the experimental data is shown for the real part in Fig. 3.3.1
as well as for the imaginary part in Fig. 3.3.2.
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Figure 3.3.1: Comparison of the real parts of measurement (a) and model (b) of the
complex phase difference. The model describes the measurement very similarly with
some contrast for shorter wavelengths. The position and resembling of the ”step” is
visible.
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Figure 3.3.2: Comparison of the imaginary parts of measurement (a) and model (b) of
the complex phase difference. The well-marked minimum shows closeness of the model
and data set. The model is not able to describe increasing of the phase with increasing
wavenumber.

Although, there are some differences between models and data sets, the dependences
are very similar in trend and values. The ”step” in real part is visible for both of the
model and measurement. Unfortunately, the ”step” is not so sharp-edged for model
as for the measurement. The real part of the model also describes the increasing
values in Fig. 3.3.1a with increasing distance position. Imaginary part of the model in
Fig. 3.3.2b includes minimum as the measurement. But just as the real part, the biggest
differences are visible for shorter wavelengths. Furthermore, it is impressive that the
model considering only the complex amplitude of the Gaussian beam is suitable if one
is aware of a lots of possible non-idealities at the experiment such as variable sensitivity
of detector in xy-plain, or changing spectral sensitivity, or considering of the circular
detection area although the beam is focused on the detection area, which is 5 µm
wide gap between electrodes, or changes of the Rayleigh parameter due to focusing
by the silicon lens on the semiconductor substrate, or only indicative values of the
Rayleigh parameter used for the model from the manual [19], or spherical lens which
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may cause chromatic aberration, or unknown quality of the Gaussian beam, or another
misalignments of the system. Note that the model consider also continuous Gaussian
beam. In fact, the experiment uses the pulsed Gaussian beam, where limitation in the
time-domain causes changes in spatial distribution of the Gaussian beam.



Chapter 4

Ultrafast pulses

This chapter is related to my future research and new experimental setup, which we
want to build in our laboratories. This problematics is concerned to ultrashort time
processes in the nature. We are going to use femtosecond pulses for this research. The
aperture is introduced on the end of this chapter together with our plans. At first, it
is important to understand ultrashort pulses. Therefore I will present mathematical
description of the pulses and various operation with them. Typical physical process
in this branch of optics is demonstrated. It is shown that behavior of the pulses in
dispersive medium is very similar as the behavior of the Gaussian beam, which was
presented in the previous chapter. The most of knowledges in this chapter are gained
from [6, 24].

4.1 Introduction to ultrafast time-domain

4.1.1 Ultrashort time-scale

Physical processes in the nature are time-limited. Reasonable time-scale for people are
seconds, minutes, days and years. These durations are noticeable for us due to our
biological resolution. Effects with this length are also typical as response of a lots of
macroscopic objects from routine experience of the life. The time duration depends
crucially on a size of the macroscopic objects and complexity of physical processes.
Most of the phenomenons in universe take thousands and millions of years. But all
of these processes from physical, biological and chemical branches are composed from
fundamental effects of interactions among electrons, nucleons, photons, or another el-
ementary particles. These processes are in the ultrashort time-scale with duration in
orders of femtoseconds and picoseconds.

Ultrafast pulse does not allow only possibility of study ultrafast processes, but also
create special physical behaviors of the matter, which are possible, but during common
physical conditions are improbable. It is not only caused by the time-duration of the
pulse but also by the possibility to concentrate energy of the pulse in time and space.
It produces curious states of matters and many of nonlinear processes.

4.1.2 Properties of pulse electric field

The time-dependent amplitude of the electric field E(t) without spatial distribution is
considered. Complex spectrum of the electric field Ẽ(ν) is calculated from the Fourier

44
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transform as

Ẽ(ν) =

∞̂

−∞

E(t) e−j2πνt dt (4.1.1)

Although, a detector measures electric field E(t) as real physical value, the time-
dependent electric field of pulse is described as a complex function Ẽ(t) [6]

Ẽ(t) = E(t) + jE ′(t). (4.1.2)

It causes, that the important part of information is lost. The mathematical tool, the
Hilbert transform, allows to calculate imaginary part E ′(t) from real signal E(t) as the
Cauchy integral over the time displacement t′ in form

E ′(t) =
1

π
p.v.

∞̂

−∞

E(t′)

t− t′
dt′, (4.1.3)

where p.v. means the principle value of the Cauchy integral. Moreover, computation
procedure may be converted to the discrete Hilbert transform. The integral limits are
not difficult to fulfill due to time-limitation of the pulse in the time-domain.

Time and spectral widths are connected by the Heisenberg relation in the phase space,
which will be discussed in Section 4.4. But it is important to know now, that the tem-
poral width in femtoseconds (10−15) means approximately spectral width at petahertzs
(1015), which are optical and infrared frequencies. Analogically, the picoseconds (10−12)
means terahertz frequencies (1012). Decreasing width at the time-domain means in-
creasing width at the frequency-domain and vice versa. This principle is used for
broadband spectral pulses.

Moreover, the very short duration of pulses and conditions for its generation causes
that they are very coherent. It may be surprising because the coherence is related to
the spectral width for common sources of radiation, which emit stochastically. The
narrow spectral lines means higher coherence, which is not valid for ultrashort pulses.

4.2 Mathematical description of pulses

4.2.1 Gaussian pulse

The complex time-dependent electric field Ẽ(t) of the pulse may be mathematically
described as

Ẽ(t) = Ẽ(t) exp (jωct) , (4.2.1)

where ωc is the central angular frequency and Ẽ(t) is the complex envelope of the
electric field, which is defined in form

Ẽ(t) = Ẽ0 exp
(
− t2

τ 21

)
(4.2.2)

for the Gaussian pulse. Quantities Ẽ0 and τ1 in (4.2.2) are the complex envelope
amplitude and the temporal width, respectively. Full width half maximum temporal
width τFWHM is obtained for the intensity of the electric field |Ẽ(t)|2 from

τFWHM =
√
2 ln(2)τ1. (4.2.3)
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The envelope of electric field is defined as |Ẽ(t)|. Figure 4.2.1 shows the real and
imaginary part and the envelope of the Gaussian pulse electric field. The spectral
amplitude of Fig. 4.2.1 is shown in Fig. 4.2.2.
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Figure 4.2.1: Temporal dependence of the complex electric field is shown. Real and
imaginary parts of complex field are demonstrated. The envelope surrounds them. The
temporal width is in order of femtoseconds τ1 = 7.5 fs (τFWHM = 8.85 fs for intensity of
the field) and the central frequency is chosen νc = 0.1765 Hz (corresponding wavelength
is λc = 1.7 µm). The reason of the choice is obtain to the few cycle pulse, which is
more illustrative for further modeling.
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Figure 4.2.2: Spectral amplitude of the temporal electric field presented in Fig. 4.2.1
is plotted. It is clear that the central frequency of the spectrum corresponds to νc =
0.1765 Hz (corresponding wavelength is λc = 1.7 µm).

The instantaneous angular frequency for the Gaussian pulse is defined as

ω(t) = ωc +
dφ(t)

dt
, (4.2.4)

where
φ(t) = arg{Ẽ(t)}, (4.2.5)
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which is the instantaneous phase.

4.2.2 Chirping

The Gaussian pulse presented by (4.2.2) corresponds to only situation that the pulse is
not frequency modulated. In case, that the instantaneous angular frequency is linear
function, this frequency modulation is called the linear chirping. It is fulfilled, when
the instantaneous phase φ(t) of the pulse is the quadratic function

φ(t) = a
t2

τ 21
, (4.2.6)

where a is the chirp parameter. The chirp parameter can be defined as

a =
1

2

d2φ(t)

dt2
τ 21 . (4.2.7)

The expression for the complex envelope of the Gaussian pulse will change to new
expression:

Ẽ(t) = Ẽ0 exp
[
−(1 + ja)

t2

τ 21

]
. (4.2.8)

The spectral complex envelope is defined by the Fourier transform in form

Ẽ(ν) = Ẽ0
√
πτ1

4
√
1 + a2

exp

[
jΘ(ν)− ν2τ 21

4(1 + a2)

]
, (4.2.9)

where

Θ(ν) = −1

2
arctan(a) + a

ν2τ 21
4(1 + a2)

. (4.2.10)

Figures 4.2.3 and 4.2.4 are the same Gaussian pulses as Figs. 4.2.1 and 4.2.2, but with
the chirp parameter (a=2). It is clear from (4.2.8), that the temporal width is not
changed with changing the chirp parameter. The spectral width alters with changing
the chirp parameter in contrast with the temporal width. This fact follows from (4.2.9).
A pulse with the chirp parameter a > 0 is called up-chirped and a pulse with a < 0
is down-chirped. In a general case, the chirp parameter may be a time-dependent
function.
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Figure 4.2.3: The complex electric field of chirped pulse is demonstrated. The temporal
width is not changed. The pulse is up-chirped.
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Figure 4.2.4: The spectral amplitude of the chirped pulse from 4.2.3 is shown. The
spectral width is bigger than for the pulse without chirping for the same temporal
width.

4.2.3 Pulse propagation

One of basic procedures with pulses is propagating of a pulse through a free space. It
is described mathematically as addition of the phase in frequency domain as

Ẽ2(ν) = Ẽ1(ν) exp [−j2πν(t2 − t1)] , (4.2.11)

where
Ẽ2(ν) = F{Ẽ(t2)}, Ẽ1(ν) = F{Ẽ(t1)} (4.2.12)

for temporally different moments t1 and t2, where t2 > t1. The mathematical operation
F means the Fourier transform. The exponential function, which is multiplied with the
original pulse, is called transfer function. Figure 4.2.5 demonstrates the displacement
of the pulse in the time-domain.
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Figure 4.2.5: Figure demonstrates the Gaussian pulse, which propagates through vac-
uum. The displacement is equivalent to 100 fs delay. In the spectral-domain, the phase
is only changed.
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The same principle is used for passing through a dispersive material and equation 4.2.11
changes to

Ẽ2(ν) = Ẽ1(ν) exp

[
−j

2πν

c
n(ν)z

]
, (4.2.13)

where z is the distance in a dispersive material with the phase refractive index n(ν).
In this case, the shape of the pulse can be changed substantially in the time-domain
as well as in the frequency-domain.

4.2.4 Chirp filter

A method how to change the chirp parameter of the Gaussian pulse is use to a chirp
filter. The propagating through empty space means that the pulse gains the additional
phase, which is the linear function. It is not true for a general optical component. Its
phase response Ψ(ν) may be expressed as the Taylor expansion:

Ψ(ν) = Ψ0 +
dΨ(ν)

dν
ν +

1

2

d2Ψ(ν)

dν2
ν2 + ... (4.2.14)

The chirp filter is a component, which includes the quadratic term of phase, which
causes change of the chirp parameter. The transfer function for the chirp filter is
defined as

exp(−jbπ2ν2), (4.2.15)

where

b =
1

2π2

d2Ψ(ν)

dν2
. (4.2.16)

The parameter b (units are s2) is called the chirp coefficient of the filter. This coefficient
changes the chirp parameter of the original pulse from a1 to a2 as follows

a2 = a1 + (1 + a21)
b

τ 21
, (4.2.17)

where τ1 is the original pulse width, which alters by applying the chirp filter to the
new temporal width τ2 defined as

τ2 = τ1

√
1 + 2a1

b

τ 21
+ (1 + a21)

b2

τ 41
. (4.2.18)

Although the width of pulse in the time-domain changes, the spectral width stays the
same. There is the contrast with the previous case for the chirping, the temporal width
was the same and the spectral width changes. But not only the temporal width and the
chirp coefficient alter for the chirp filter. The amplitude of the pulse in time-domain
increases or decreases with regards to narrower or wider temporal width, respectively.
It is intuitive due to the law of conversation of energy. Equation (4.2.19) defines the
amplitude of pulse A1, which changes to A2 by the chirp filter.

A2 =
A1√

1 + jb/τ 21
(4.2.19)

An example of application of the chirp filter (b=112.5 s2) on the pulse without chirping
is shown in Fig. 4.2.6. The pulse becomes up-chirped with the chirp parameter a2 = 2
and τ2 is very close to 16.77 fs. It is significant increase of the temporal width, when
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the original width was 7.5 fs. The spectrum amplitude is not changed as visible in
Fig. 4.2.7
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Figure 4.2.6: Original Gaussian pulse without chirping is prolonged and chirped after
applying the chirp filter. Amplitude decreased.
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Figure 4.2.7: Amplitude of the spectrum is not changed after applying the chirp filter.

There are a lot of possibilities how to construct optical component with properties of
the chirp filter are a lots. Material dispersion is frequency dependent and allows to
change chirping of the pulse. Alternative, the angular dispersion can be used. Each
frequency has specific angle of refraction and diffraction in components such as gratings
and prisms. System of prisms is up-chirping filter and system of gratings has down-
chirping coefficient. Suitable arrangement (Fig. 4.2.8) works as the chirp filter due to
different spatial distance for each frequency. Also anisotropic dispersion is available as
well as nonlinear processes, which are also frequency dependent.
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Figure 4.2.8: The chirp filter constructed from diffraction gratings. Illustrative decom-
position of frequencies is shown. Different angular dispersion alters optical path of each
frequency. Pulse, which passes through these optical components will change chirping
and temporal width.

The Bragg mirror with changing period (i.e. with a chirping) is special kind of chirp
filter. The Bragg mirror without the chirping is a structure with periodically repeated
two layers with different refractive indices. This structure reflects specific frequencies
very well and another are attenuated by destructive interference. In case with the
chirping, Bragg mirror reflects each frequency in specific thickness due to changing
period. Waves of various frequencies are not attenuated by interference due to not
enough repeated period and pass farther. It means that any frequency finds local part,
which has right period for its reflecting as shown in Fig. 4.2.9.

Figure 4.2.9: It is shown the chirped Bragg mirror, which effectively reflects each
frequency in different thickness. It is schematically depicted to the picture. The chirp
filter is up-chirping when chirping of the Bragg mirror is down-chirping.

A lot of applications of the ultrashort pulses requires a very narrow temporal width and
high intensity. One of the methods is an amplification of the pulse in a gain medium for
obtaining higher intensity of pulse. Unfortunately, the gain medium may be damaged
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by extreme intensity of the amplified pulse. Therefore the trick with a chirp filter is
used. In the chirp filter, the pulse changes the chirping, but also alters the temporal
width. The width of pulse is extended advisedly and intensity is spread. The pulse
is amplified and coming to another chirp filter with inverse chirp coefficient as the
previous filter. The temporal width is original, pulse is amplified and the amplifier is
protected.

4.2.5 Quadratic phase modulator

There is another possibility how to change the chirping of a pulse. One can use an
optical component which operates in the time-domain in contrast with the chirp filter.
This type of optical component is the quadratic phase modulator. The incoming pulse
is multiplied in time-domain by the factor

exp(j ξτ 21 ), (4.2.20)

where ξ is a constant. The quadratic phase modulator changes only the chirp parameter
and temporal width remains the same, but the spectral width alters. It is visible in
comparison of Figs. 4.2.3 and 4.2.4 with Figs. 4.2.1 and 4.2.2, where the chirp parameter
is changed for the same pulse. The new chirp parameter a2 of the pulse is now

a2 = a1 + ξτ 21 . (4.2.21)

The quadratic phase modulators are components which use nonlinear effects such as
the Kerr effect. It is the third order nonlinear effect which is proportional to the
instantaneous intensity. The difference in phase ∆φ(t), which the Kerr effect causes is

∆φ(t) = −n2I(t)k0z, (4.2.22)

where n2 is the Kerr coefficient, I(t) is the instantaneous intensity and k0 is the
wavenumber in the vacuum. It was shown in (4.2.4), that the instantaneous angu-
lar frequency is dependent on the first derivative of the instantaneous phase of a pulse.
It is valid for the difference in the instantaneous angular frequency ∆ω(t) that

∆ω(t) = −n2
dI(t)

dt
k0z. (4.2.23)

It follows that the derivative has different sign when the intensity increases or decreases.
Fig. 4.2.10 shows the temporal intensity and the first derivative of the pulse of Fig. 4.2.1.
This is the reason of the chirping change although the temporal width remains the same.
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Figure 4.2.10: The intensity of the Gaussian pulse from Fig. 4.2.1 is shown (red line).
The corresponding negative value of the first derivation, which is proportional to the
instantaneous frequency, is also plotted. It is the clear reason of change of the chirping.

4.2.6 Group velocity dispersion

A dispersive medium is suitable for the utilization as the chirp filter. Moreover, the
chirping will be dependent on the distance z, which the pulse will pass. If one will
consider, that the pulse has a narrow spectral width, the transfer function may be
defined around the center frequency νc as follows

exp {−jΨ(ν)} = exp

{
−j

2πν

c
z [n(νc + ν)− n(νc)]

}
. (4.2.24)

This approximation around the central frequency νc allows to define a dispersion
medium using the Taylor expansion as a combination of the chirp filter and the prop-
agation through the free space. It is expressed by

exp

{
−j

[
dΨ(ν)

dν
ν +

1

2

d2Ψ(ν)

dν2
ν2

]}
= exp (−j2πνtD) exp(−jbπ2ν2), (4.2.25)

where tD is the group delay defined as

tD =
1

2π

dΨ(ν)

dν
=

z

v
(4.2.26)

with the group velocity v described as

v =
c

ngr

=
c

n(λ)− λ ∂n(λ)
∂λ

. (4.2.27)

It is important to note, that the wavelength λ is in the free space. The chirp coefficient
is expressed as

b =
Dν

π
z, (4.2.28)

where Dν is the group velocity dispersion coefficient defined as

Dν =
d

dν

(
1

v

)
=

λ3 d2n(λ)

c2 dλ2
. (4.2.29)
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Let’s consider a down-chirping pulse, which propagates through a medium with a
normal dispersion. The chirp parameter will increase and the temporal width will
narrow up to a minimal width, where the chirp parameter is equal to zero. Farther,
the pulse width will extend. This behavior is plotted in Fig. 4.2.11. In the case, that
the dispersion is anomalous, the filter is down-chirping.
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Figure 4.2.11: The pulse propagates through a dispersive media with Dν =
57.54 fs2/mm. The pulse changes the temporal width and the chirping from down
to up. Red lines are real parts of the complex field, blue lines are imaginary parts of
the complex fields and dashed green lines are envelopes of pulses. There exists position,
where the temporal width is minimal.

This effect of obtaining the minimal width of a pulse is often called the pulse compres-
sion. An incoming pulse may be very wide in the time-domain. There is possibility to
use the quadratic phase modulator, which changes the chirping and the temporal width
is preserved. Further, the pulse is compressed by the chirp filter, which minimizes the
temporal width and cancels the chirping. This procedure is applied to gain a hight
intensity and narrower pulses.

4.2.7 Analogy between dispersion and diffraction

Effects of time-dependent Gaussian pulses in a dispersive medium are very similar as
the spatial behavior of the continuous Gaussian beams. The Gaussian pulse behaves
as if it was focused (Fig. 4.2.11). The temporal width as well as the beam radius has
a specific minimum. The temporal width minimum τmin is equal to

τmin =
τ1√
1 + a21

. (4.2.30)

If the pulse propagates from position z = 0, the position zmin with the temporal width
equal to τmin will be

zmin = −a1
π

Dν

τ 2min = −a1ẑ0, (4.2.31)
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where ẑ0 is the dispersion parameter. Now, we can define the space-dependent temporal
width and the space-dependent chirp parameter as

T (z) = τmin

√
1 +

(z − zmin)2

ẑ20
(4.2.32)

a(z) =
z − zmin

ẑ0
, (4.2.33)

which are analogical equations for the beam waist described by (3.1.2). But it is not
only one similarity. Table 4.1 pushes off some analogical properties between the dis-
persion and the diffraction.

Gaussian pulse Gaussian beam

Complex envelope Complex envelope

Ẽ(z, t) Ũ(ρ, z)

Temporal width Beam width

T (z) = τmin [1 + (z − zmin)
2/ẑ20 ]

1
2 w(z) = w0

[
1 + (z/z0)

2] 1
2

Dispersion parameter Rayleigh parameter
|ẑ0| = πτ 2min/|Dν | z0 = πw2

0/λ

Chirp parameter Spatial chirp
a(z) = (z − zmin)/ẑ0 a(z) = z/z0

Spreading rate (s/m) Divergence
|Dν |/(πτmin) θ0 = λ/(πw0)

Quadratic phase modulator Lens
f = π/(−Dνξ) focal length f

Table 4.1: Analogical quantities for the dispersion of the temporal Gaussian pulse and
the diffraction for the spatial Gaussian beam are demonstrated.

Very interesting is that in this analogy between the dispersion and the diffraction,
the Gouy phase also exists, which is demonstrated in (4.2.10) also as the function
arcus tangent. The imaginary part of the Gouy phase corresponds in (4.2.9) to the
chirping-dependent amplitude.
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4.3 Simulations with ultrashort pulses

4.3.1 Nondispersive single-layer

For the modeling of single-layer, it is used the matrix formalism presented in Subsec-
tion 2.2.2. The response of a single-layer is obtained in the frequency-domain for each
frequency separately. The procedure is applied on the complex spectrum of pulse and
the result is transformed to the time-domain by the inverse Fourier transform.

The structure is composed of a solid plate placed in vacuum as shown in Fig. 2.2.2. It
represents the sandwich vacuum/plate/vacuum. The solid plate is ideal without any
non-homogeneities, with ideally smooth surfaces etc. The thickness of he plate is for
this model d = 10 µm. Refractive index is constant n = 3.4434 for all of spectrum
of the pulse, which is the same as the pulse presented in Figs. 4.2.1 and 4.2.2. The
high refractive index is used for obtaining the significant reflection on surfaces. The
model is used in the transmission for the angle of incident perpendicular to surface of
a plate. Figure 4.3.1 shows the time-domain of the pulse transmitted by the structure
in comparison with the original pulse. Echoes arise in the time-domain due to internal
reflections in a solid plate. It means that the amplitude of the spectrum is modulated
by interferences.
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Figure 4.3.1: The real part of pulse, which passes through the nondispersive single-
layer with constant refractive indices. There are echoes, which arise due to internal
reflections. Infinity of echoes are transmitted, only well marked part of the signal is
shown. The transmitted signal including echoes is similar as THz electric field obtained
from the sample measurements shown in Fig. 3.2.5.
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Figure 4.3.2: The amplitude of the original pulse spectrum in comparison with the
spectral amplitude of the transmitted pulse through the multilayered system. Echoes
cause interferences in the spectrum, which are surrounded by the original spectral
amplitude.

4.3.2 Nondispersive single-layer with chirping

The same sandwich structure with the same parameters (presented as the nondispersive
single-layer) is used with only one difference. The plate will behave as the chirp filter
with b = 112.5. The transmitted pulses become chirped and broad (Fig. 4.3.3). The
chirping and the width increase, when the pulse passes through the plate multiple times.
The broadening of the pulse is a real difficulty in setups, which use ultrashort pulses.
It was presented previously, that the chirp filter is the approximation of dispersive
medium. Unfortunately, a lots of optical components are dispersive and change the
temporal width of the pulse.
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Figure 4.3.3: The transmitted pulse is now chirped due to that the plate is the chirp
filter. The multiple pass through the plate causes broader width and higher chirp
parameter.

Figure 4.3.4 shows the spectral amplitude of Fig. 4.3.3. The spectral width is not
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changed, which is property of any chirp filter. Although the spectral amplitude looks
like Fig. 4.3.2. Moreover, the interference modulation of the spectral amplitude includes
information about the phase. It follows that the interferences are also chirped. It is not
almost visible on the spectral amplitude in Fig. 4.3.4 due to high density of interference
periods. The spectral amplitude looks very similar like Fig. 4.3.2.
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Figure 4.3.4: The spectral amplitude of chirped pulses from Fig. 4.3.3 is plotted. The
spectral width remains. The interference modulation is chirped. Unfortunately, it
is not so visible due to strong interferences. Fig. 4.3.5 shows this phenomena more
illustrative, when the thickness is changed.

For illustration of this phenomena, the same structure (with changed the thickness of
plate to 2 µm) is used. Figure 4.3.5 shows the spectral amplitude of this structure
with the chirping and without the chirping for the demonstration. It is evident that
the interference spectral amplitude of chirped pulses is also chirped.
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Figure 4.3.5: It is illustrated simulation of spectral interferences for the structure with
changed the thickness of plate to 2 µm. Interferences are superposition of pulses where
is included also the phase of each pulse. This is the reason why spectral amplitude
does not alter and why is also chirped. There is also shown spectral amplitude of this
single-layer structure without the chirping.
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4.3.3 Single-layer with absorption and dispersion

Now, we will consider a plate with a complex dielectric function, which will not be
described as a chirp filter. The single-layer system is the same as for the nondispersive
single-layer. Only the material of the plate is changed. Paradoxically, it was chosen
liquid water. We can consider, that it is placed in a cell with infinitely small thickness
of walls. Figure 4.3.6 shows the complex refractive index of water. The position of
the pulse spectral amplitude is also shown. The reason of using this material is low
refractive index for demonstration, that echoes will be smaller than for higher refractive
index. Dispersion dependence is mainly almost a constant, but there is the part with
the important change in the real part. The absorption curve includes the significant
minimum, which influences the pulse spectrum also on the edge.
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Figure 4.3.6: The complex refractive index of water is shown. The spectral amplitude
of pulse delimits effect of complex refractive index on the pulse. Significant influence
is on the edge of spectral pulse amplitude. The data for the complex refractive index
are used from [25].

Fig. 4.3.7 shows that the pulse in the time-domain is broader after the propagation.
There is the long tail due to smaller refractive index on the edge of the spectrum. The
second peak is significantly smaller than the direct pass. The transmitted pulse is also
asymmetric due to the dispersion. The spectrum is shown in Fig. 4.3.8. Interferences
are not so strong as for higher refractive index. There is also visible the absorption
around 0.1 PHz.
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Figure 4.3.7: Comparison of the original and transmitted pulse is shown for multilay-
ered system with dispersion and absorption. Smaller refractive index on the edge of
the spectrum causes the long tail, which propagates with the different phase velocity.
The echo is very tiny due to the small refractive index.
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Figure 4.3.8: Comparison of the original and transmitted spectral pulse amplitude is
plotted. There are visible interferences in all spectrum and also the absorption located
around 0.1 PHz.

4.3.4 Bragg mirror

Very interesting multilayered structure is the Bragg mirror, which was described in
Subsection 4.2.4. The Bragg mirror is composed from periodically repeated two di-
electric layers. The first layer has the refractive index N1 and the thickness L1. The
second one has the refractive index N2 and the thickness L2. The structure uses the
constructive interference to create a forbidden gap. Frequencies, which are in the for-
bidden gap are reflected totally. The parameters of layers have to fulfill the condition
in the center of band gap:

N1L1
ω0

c
= N2L2

ω0

c
=

π

2
(4.3.1)
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We will consider that the refractive indices are constants very close together (N1=1.00
and N2=1.02, this means L1=0.4246 µm and L2=0.4163 µm) and that the multilayer
is composed from 100 periods. The spectrum is shown in Fig. 4.3.9. The reflections is
narrow maximum with decreasing interferences around. Motivation is use the Bragg
mirror as filter for reflection. There is a possibility to minimize undesirable interferences
using closer refractive indices. Moreover, this will also narrow the reflection peak. In
the time domain, the original pulse is separated to series of little pulses, whose time-
delay is so short, that create long continuous pulses (see Fig. 4.3.10). The amplitude
of reflected pulse is significantly lower. These effects are disadvantages of this type of
filter. The pulse amplitude is decreasing in the time-domain. The amplitude decreases
because little pulses, which return later, are internal reflected much more, that the
start of the series. There is visible also something like the first echo, which is also
composed from series of little pulses.
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Figure 4.3.9: Spectrum amplitude of the reflected pulse on the Bragg mirror in com-
parison with the original spectrum. The refractive indices for this case are very close
together, which causes narrow reflection maximum.
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Figure 4.3.10: Comparison of the original pulse with the reflected pulse on the Bragg
mirror with the close refractive indices. The original pulse is changed to series of the
little pulses, which causes long duration pulse.

4.3.5 Anisotropic single-layer

Important is also understand polarization effects related to the ultrashort pulses. A
lot of optical components use the birefringence to change the pulse polarization. More-
over, the high intensity of laser pulse can cause birefringence in some materials. The
polarization is the superposition of two orthogonal electric fields Ex and Ey. The bire-
fringence means that Ex component of electric field propagates in such medium by the
different phase velocity than the component Ey. The different phase between Ex and
Ey causes the polarization.

The used single-layer system is also vacuum/plate/vacuum sandwich. The consid-
ered system is quaterwave plate without dispersion (n=3.5). The thickness of the plate
is d = 10 µm. The used pulse is composed from Ex and Ey electric fields, which both
of them have parameters as the field shown in Fig. 4.2.1, but with different temporal
width τ1 = 30 fs. It means that the spectral width is different. The phase difference
between them is equal to zero. It means that the used pulse is linearly polarized with
45◦ inclination. Figure 4.3.11 shows time-dependent electric field of transmitted pulse
through the anisotropic single-layer. Blue lines are the electrical components of the
field. Red lines are superposition of them. The first pulse is the original pulse with
the linear polarization. Another are the first pass and echoes. Polarization of the first
pass is circular due to the quaterwave plate behavior.
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Figure 4.3.11: Polarized electric fields of pulses are demonstrated. The first pulse is
the original pulse, which is linearly polarized with 45◦ inclination. The following pulse
is the first pass through multilayer. The multilayer works like the quaterwave plate.
Therefore the first pass is circularly polarized such as echoes.

The phase difference of echoes corresponds to retardation shifted by odd multiple of
π/2. It follows that the transmitted pulses change polarization from right-handed to
left-handed circular polarization. The polarization profile (front view) of the first pass
is shown in Fig. 4.3.12. The curve is composed from two spirals.
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Figure 4.3.12: The polarization profile of the first pass from Fig. 4.3.11 is shown. The
superposition of two field with π/2 phase difference causes the circular polarization,
which is transformed to spiral due to the time-limited electric field.

Following simulations consider the dispersive birefringence material barium borate
(BaB2O4). The ordinary and extraordinary refractive indices are shown in Fig. 4.3.13
as well as the difference between them. The barium borate has high difference between
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ordinary and extraordinary refractive index in comparison with common birefringence
materials.
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Figure 4.3.13: Ordinary and extraordinary real refractive indices of barium borate
are shown. The difference between them is significant due to special birefringence
of barium borate. There are also demonstrated spectral amplitudes, which are used
further. Dispersion formula is used from [26].

The ”spectrum 1” shown in Fig. 4.3.13 is considered for a following simulation. The
central frequency is νc = 0.1765 PHz (corresponding wavelength is λc=1.7 µm). The
position of the spectrum is localized in almost constant part of the barium borate
dispersion. The spectrum corresponds to linearly polarized with 45◦ inclination, where
each of the Cartesian field component has τ1 = 30 fs. The pulse propagates through
the barium borate plate, which fulfills condition for the quaterwave plate (for 5π/2) at
central frequency (i.e. thickness 15.54 µm). When the electric fields of x-axis and y-axis
propagate by the different phase velocity, the retardation between them is significant.
The pulses are time-limited, which changes the instantaneous polarization of the pulse.
This situation is simulated in Fig. 4.3.14. The simultaneous polarization changes from
linear y-axis over elliptical, circular, elliptical and x-axis linear polarization. Barium
borate is the ideal material for this simulation because of high difference between
ordinary and extraordinary refractive indices.



CHAPTER 4. ULTRAFAST PULSES 65

-1
1

-0.5

800

0

y
-a

x
is

 e
le

c
tr

ic
 f

ie
ld

0.5

750

x-axis electric field Tim
e (fs

)0

1

700
650

-1

Figure 4.3.14: The simulation how to high birefringence of barium borate causes im-
portant retardation between x-axis and y-axis electric field. The polarization is dra-
matically changing due to time limitation of the pulse.

If the birefringence material is more dispersive, the polarization of the pulse may be
radically diverse in different instants of the pulse duration, although the pulses co-
incide. The original pulse in this simulation is also linearly polarized pulse with 45◦

inclinatione. The temporal width is also τ1 = 30 fs, but the central frequency is
νc = 0.08 PHz (corresponding wavelength is λc = 3.75 µm) as shown in Fig. 4.3.13
(called ”spectrum 2”). Although the spectral amplitude is on the border of validity
of the dispersion model, this choice is for the demonstration of high dispersion of a
material. The propagation length fulfills the half-wave plate condition (for 5π) at the
central frequency (i.e. thickness 20 µm). Electric fields of x-axis and y-axis are shown
in Fig. 4.3.15. There is visible the long tail of each electric field component. The tem-
poral width extremely spreads. The fields coincide in almost whole temporal duration
in contrast to Fig. 4.3.14. The pulse polarization is simulated in Fig. 4.3.16.
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Figure 4.3.15: Electric field components of the pulse, which propagates through barium
borate in the spectral location with high dispersion, is shown. The electric fields
are spread. There is also visible the time retardation between them because of the
birefringence.
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Figure 4.3.16: Polarization of the electric fields presented in Fig. 4.3.15. The polariza-
tion of pulse changes due to the dispersion combined with birefringence.

The polarization profile is shown in Fig. 4.3.17. The polarization changes radically for
the high amplitude of pulse. The long tail of the pulse changes polarization very slowly
with a little phase retardation. It causes that the polarization looks harmonic. This
simulation is inspirited from [27].
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Figure 4.3.17: Figure shows the polarization profile of the electric field demonstrated
in Fig. 4.3.15. The profile is harmonic due elliptical changes in the polarization of the
pulse. These changes are slow for the long tail of the pulse. The polarization variously
changes in the time-scale.

4.4 Ultrashort pulse in phase space

4.4.1 Wigner distribution

It is the distribution in the time-frequency phase space, which is analogical to the phase
space in theoretical mechanics or quantum mechanics as the momentum-coordinate
description. The Wigner distribution is commonly used in quantum optics and pulse
processing [6, 28, 29, 30]. The Wigner distribution function is defined as the autocor-
relation function of the complex electric field of pulse:

W (t, ω) =

∞̂

−∞

Ẽ(t+
t′

2
) Ẽ∗(t− t′

2
) e−jωt′ dt′. (4.4.1)

From the Wigner distribution is possible to calculate the instantaneous angular fre-
quency or the group delay, the averaged time as well as frequency. The Wigner distri-
bution is valid with the Heisenberg law in the time-frequency space. The Heisenberg
law for the Gaussian pulse with the spectral and temporal width defined as FWHM is
described by

τFWHM . νFWHM =
2ln(2)

π

√
1 + a2. (4.4.2)

The Wigner distribution is related to the complex spectrum and the complex electric
field by these expressions:

∞̂

−∞

W (t, ω)dt = |Ẽ(ω)|2 (4.4.3)
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and
∞̂

−∞

W (t, ω)dω = 2π|Ẽ(t)|2. (4.4.4)

The instantaneous angular frequency is defined as

ω(t) =

∞́

−∞
ωW (t, ω)dω

∞́

−∞
W (t, ω)dω

(4.4.5)

and the instantaneous group delay analogically.

4.4.2 Computation of Wigner distribution of pulse

The Wigner distribution allows to see each frequency in every moment of a pulse. The
Wigner distribution is very suitable tool. There is also possibility to use the spec-
trogram, which is the correlation function of pulse with some window function as are
rectangular, Hanning, Gaussian functions etc. The window function causes located
integration for a chosen size of the window. In contrast with Wigner transform, the
spectrogram is not unequivocal due to infinit possibilities how to set the size of the
window function. The spectrogram is not valid with Heisenberg law in the phase space.
Moreover, the Winger function includes the information about instantaneous changes
of the group delay and the angular frequency, which have not to be the true for the
spectrogram.

The terahertz pulse of the reference measurement from TPS spectra 3000 will be used
to show properties of the discrete Wigner transform. The time-dependent THz pulse
is shown in Fig. 4.4.1.

Figure 4.4.1: The time-dependent electric field of the THz pulse is shown. THz pulse
was measured on TPS spectra 3000 in transmission mode.

Figure 4.4.2 shows the calculated Wigner distribution of the THz pulse. There was
necessary to calculate the imaginary part of the field using (4.1.3). The distribution
is very wild and complicated. It shows that high frequencies are included mostly in
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the maximum of peak. The increasing and decreasing of the time-dependent frequency
means the chirping. The significant sign of the up-chirping is between 164 ps and
166 ps.

Figure 4.4.2: Wigner distribution W (t, ω) of the THz pulse from 4.4.1 is shown as
colormap. The distribution is very structured, which may means interference processes
in the time-dependent pulse. High intensities are located at the maximum of THz
pulse.

4.5 Design of new experimental setup for pump-

probe time resolved spectroscopy

Our aim is to build a new experimental setup in our laboratories. The system using
the ultrashort pulses is schematically depicted in Fig. 4.5.1. The source of pulses is the
laser oscillator Vitara, which produces the 15 fs pulses with the central wavelength at
800 nm and the repetition frequency 80 MHz. The direct beam is plotted as blue lines.
The beam will be further amplified to the 35 fs pulses at 800 nm with the repetition
frequency 1kHz. The output beam is represented by green lines. The amplified pulses
will be wavelength converted using Optical Parametric Amplifier (OPA). The wave-
length is changed using the nonlinear effect three wave mixing to the range 580 nm to
10 µm covering a part of visible, near infrared and mid-infrared spectral range. Various
parts of the spectral range are generated by the different nonlinear crystals, which is
solved by few possible output from the OPA in the scheme. Each of them can be used
as the pump and it depends only on the experimental purpose, which of them will be
led to THz experimental setups. There is possibility also to use the original signal from
Vitara (blue lines) to THz setup.
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Figure 4.5.1: Scheme of the new optical table, which uses ultrashort pulses. Important
part of the setup are THz parts, which I will develop during my following study.

We propose to build two terahertz experimental setups. The first one is focused to
generation of THz radiation using nonlinear effects discussed in Section 2.3. There will
be used nonlinear crystals as ZnTe for generation and detection of THz pulse. Also
generation in the air will be tested. Moreover, the pump-probe experiments, which
allows to measure the instantaneous material response, will be also possible. For ex-
ample, if the sample is excited by high intensity pulse, there is possible measure, how
material properties are changed when the system is relaxing.

The second THz setup is oriented on THz ellipsometry [16] and developing of THz
antennas and spintronic sources. The terahertz ellipsometry measures the polarization
state of the material, for example using the Mueller matrix. The polarization of the
pulses is very complicated area, which is evident from simulation of the polarization
profile of pulses in the previous chapter. Photo-conductive antennas presented in our
setup TPS spectra 3000 generate and detect linearly polarized pulse. There is pos-
sibility use the special type of antenna shown in Fig. 4.5.2. This antenna allows to
generate two perpendicular electric fields with arbitrary phase difference for obtaining
any polarization. The setup will enable to test developed antennas and spintronics
emitters.
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Figure 4.5.2: Scheme of the crossed antenna [31], which allows to generate polarized
THz pulse for THz ellipsometry.

The signal from the Vitara (blue lines) is also led to high resolution 3-dimensional
printer. The ultrashort pulse interacts with photo-resist using two-photon absorption
and creates 3D structures. The pulse is concentrated to very small point and the time
duration of pulse is also very short. This fact causes that fabricated structures will
be very precise. It will allow to produce metamaterials and textures for photonics,
plasmonics, holography and diffraction effects, which can be used also in our terahertz
research.

Pulses from the Amplifier (green lines) will be also used also for a generation of the
supercontinuum. The principle is use a nonlinear crystal (for example CaF2) with sig-
nificant Kerr effect. The temporal width of the pulse is preserved, but the chirping of
the pulse is changed. It causes an increasing of the spectral width. If the broadening
of the spectral width is high, we talk about a generation of the supercontinuum. This
issue is very complicated for real materials due to dispersion, another nonlinear effects,
and material ionization. The supercontiuum will be used for pump-probe spectral mea-
surements.

More precise design of the aperture will be aim of my future research. There is neces-
sary to create functional measuring systems across a lot of complex processes in this
area and I am looking forward to the first experimental results.
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Conclusion

Object of this thesis is focused to the terahertz time-domain spectroscopy and ul-
trashort pulses. Properties of the terahertz radiation was introduced to understand
broad spectrum of applications. Moreover, it is probable that the terahertz technol-
ogy is going to become next significant step in technology progress. The time-resolved
spectroscopy allows to measure the instantaneous electric field of THz pulse. It is
advantageous that the information about amplitude and phase is included contrary
to common optical spectroscopy methods. It was important to comprehend methods
and physical principles for THz generation, which most of them we plan to use and
develop. Our current spectrometer TPS spectra 3000, which is used in practical part
of this thesis, is described.

The Gouy phase shift is the one of the main themes of this thesis. The Gouy phase
was introduced as anomaly close to the focus of the Gaussian beam, where the phase
velocity is higher than the velocity of light. It can be very problematics in the terahertz
range, which is caused that the Rayleigh parameter is comparable with spatial shift
of the beam focus. The important result of this thesis is proposition of the method
for the Gouy phase shift compensation. The method is based on the fact, that the
wavefronts of sample and reference measurements have to have the same Gouy phase.
The method is verified on various samples, which are typical for transmission measure-
ments. The robustness of the method is proved in special suggested experiment. It
follows from the experiment, that the Gouy phase is always compensated although one
changes the Gouy phases of wavefronts systematically. This method will be published
in the scientific paper [20]. This research is extended in this thesis by the simulation
of averaging the complex amplitude of the Gaussian beam on the finite size detector
area. This model is compared with the experiment. Real and imaginary parts of the
simulation are very similar to results of the experiment. It confirms that influence of
the Gouy phase is included.

Theoretical simulations of ultrashort pulses were next topics of this thesis. The time-
domain spectroscopy is based on ultrafast processes and generation of pulses. There
is necessity to understand how pulses interact with matter and various optical medi-
ums. I simulated a fundamental operations with pulses and propagation through simple
layers with a dispersion, nonlinear behavior and anisotropy. The simple single-layer
structures vacuum/plate/vacuum or Bragg mirror were also modeled. Knowledges and
experiences obtained by the simulations have been very important for understanding
this phenomenon. It was shown, that it exists the analogy between pulses and beams.
The Gouy phase shift also arises in the Gaussian pulse in dispersion medium. I also in-
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troduced the Wigner transform to gain the terahertz pulse in the time-frequency space.
The new experimental setup, which is going to build in our laboratories is presented.
There are summarized our plans related to previous simulations. The scheme of the
new optical table is proposed.

My ambitions for next research are extended by simulation of the Gouy phase, where
I am going to use the pulsed Gaussian beam for taking into consideration time-space
effects. I plan focus my study to developing and building the new experimental setup
and continue in the ultrashort time-domain, which is exciting for me.
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List of symbols

ẑ0 dispersion parameter

⟨Û(z, ρ)⟩ averaged normalized complex amplitude ∆U(z, ρ) in xy-plain

α angular coordinate in the polar coordinate system

∆ω(t) difference in angular frequency due to Kerr effect

∆θc(z, λ) complex phase difference

∆φ(t) difference in phase due to Kerr effect

∆ζ the difference between the Gouy phases of two measurements

∆ displacement of focus due to placing a sample

∆m displacement of focus due to placing a sample of order m

ϵ0 permittivity of vacuum

ϵ∞ hight frequency relative dielectric constant

γ angle of deflection

γc dumping coefficient

Û(z, ρ) complex amplitude normalized by a comparative complex amplitude on fixed
position z′

h̄ the Dirac constant

λ wavelength

λ0 wavelength corresponding to the averaged refractive index n0

λc central wavelength

T (z) space dependent temporal width in dispersive medium

j imaginary unit

ν photon frequency

νc central frequency

νFWHM spectral width defined as FWHM

Ω substitution in expression ∆U(z, ρ)
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ω angular frequency

ω(t) instantaneous angular frequency

ω0 resonant angular frequency

ωc central angular frequency

ωTHz angular frequency in THz range

Ψ(ν) phase response of optical component

Ψ0 constant term in Taylor expansion of Ψ(ν)

ρ radial distance from the beam axis

τ time delay of the maxima between THz pulses

τ1 temporal width of the Gaussian pulse

τ2 changed temporal width from τ1

τD group delay

τmin temporal width minimum

τFWHM temporal full width half maximum of intensity of pulse electric field

Θ(ν) phase of spectral complex envelope

θ0 divergence of the Gaussian beam

Ẽ(ν) spectral complex envelope

Ẽ(t) complex envelope of the electric field

Ẽ0 complex amplitude of envelope

Ẽ(t) the complex electric field of the pulse

Ẽ(t1) complex electric field of pulse before propagating through free space

Ẽ(t2) complex electric field of pulse after propagating through free space

Ẽ1(ν) complex spectrum of electric field before propagating through free space

Ẽ2(ν) complex spectrum of electric field after propagating through free space

k̃ complex wavenumber

ñ complex refractive index

ñ1 complex refractive index of an environment one

ñ2 complex refractive index of an environment two

r̃ backward reflection function including contribution of all orders m

t̃ backward transmission function including contribution of all orders m
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φ angle of incidence

φ(t) instantaneous phase

φ0 angle of refraction

ξ constant of quadratic phase modulator

ζ(z) Gouy phase

ζc complex Gouy phase

a chirp parameter

A0 amplitude

A1 amplitude of pulse

a1 original chirp parameter

A2 changed amplitude of pulse from A1

a2 changed chirp parameter from a1

b chirp coefficient

c the velocity of light at vacuum

D diameter of aperture

d thickness

Dν group velocity dispersion coefficient

E electric field of electromagnetic wave

E ′(t) imaginary part of the complex electric field Ẽ(t) of the pulse

E(ν) complex spectrum of the electric field

E(t) real part of the complex electric field Ẽ(t) of a pulse

f focal length

h the Planck constant

i summation index

I(t) instantaneous intensity of pulse

I(z, ρ) optical intensity of the Gaussian beam

jc charge current

js spin current

k0 wavenumber in vacuum

kB the Boltzmann constant
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L1 thickness of the first layer in Bragg mirror

L2 thickness of the second layer in Bragg mirror

M transfer matrix

m order of a detected pulse (m=1 for direct pass/reflection i.e. without the internal
reflections, m > 1 with the internal reflections)

m0 mass of an oscillating particle

Mxy component of transfer matrix M with indices x ∈ {1, 2} and y ∈ {1, 2}

N number of paricles per unit volume

n real part of refractive index

n0 averaged real part of refractive index of a sample

N1 refractive index of the first layer in Bragg mirror

N2 refractive index of the second layer in Bragg mirror

n2 Kerr coefficient

nµm(λ) group refractive index of pumping pulse for wavelength λ at µm

nTHz(ν) phase refractive index of THz pulse for frequency at THz

q electric charge of oscillating particle

r forward reflection function including contribution of all orders m

r′ radial coordinate in the polar coordinate system

R(z) wavefront radius of curvature

R0 detector radius

rm model of reflection function of order m

r12 Fresnel reflection coefficient from environment one to an environment two

S detector area

T thermodynamic temperature

t forward transmission function including contribution of all orders m; or time

t′ time displacement in integrals

t1 moment, when pulse starts before propagating

t2 moment, when pulse is stopped during propagating

tm model of transmission function of order m

t12 Fresnel transmission coefficient from environment one to an environment two

U(z, ρ) complex amplitude of the Gaussian beam
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un error in the averaged refractive index n0

u∆m error in the mechanical shift ∆m

v group velocity

W (t, ω) Wigner distribution

w(z) beam radius at the position z

w0 beam radius at waist

x Cartesian coordinate

y Cartesian coordinate

z Cartesian coordinate

z′ position of comparative reference measurement with respect to focus

z0 Rayleigh parameter

zmin position where is temporal width of pulse equals to τmin
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