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Abstract 

This paper discusses numerical model failure modes to determine the post-buckling strength 
of uniformly loaded square simply supported thin (steel) plates with sinusoidal shaped initial 
imperfections and longitudinal edges free to wave in plane. Based on the findings from a FEM 
parameter study two main types of failure are distinguished: edge failure and center failure. The 
parameters determining which failure mode occurs are explained using a simple two-strip model. 
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Abstrakt 

Článek se zabývá pokritickým chováním rovnoměrně tlačených prostě podepřených tenkých 
stěn s počáteční deformací. Podélným okrajům stěny je umožněna deformace v rovině stěny. Na 
základě parametrické studie pomocí metody konečných prvků jsou rozlišeny dva zkladní způsoby 
porušení: na okraji stěny a uprostřed stěny. Chování tlačené stěny a jednotlivé typy porušení jsou 
vysvětleny pomocí jednoduchého modelu dvou pásů (two-strip model) 
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 1 INTRODUCTION 
This paper originates in an attempt to develop an effective width method to determine the 

strength of compression flanges of cold-formed deck sections, with an explicit influence of initial 
imperfections. Full section can be separated to small parts (plates) which can be studied separately. 
All edges of the plate are simply supported (uz = 0). The edges loaded by the compression force are 
forced to remain straight, but free to experience Poisson’s contraction. The other two edges are free to 
wave in-plane, thus membrane stresses in the y-direction are equal to zero. These boundary 
conditions correspond to conditions usually used for the modeling of compression flanges in thin-
walled steel deck sections. The concentrated load causes deformations of the compression flange 
which may be quite large [1]. Therefore it was decided to study the behavior of those plates for loads 
up to three times the buckling load, and for initial imperfections up to two times the plate thickness. 

When a perfectly flat simply supported plate is subjected to uniaxial compression, the stress 
distribution is uniform over the plate, until the buckling load is reached. After buckling the stress 
distribution becomes non-uniform, both over the width b and the length a of the plate. Plate with 
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unloaded edges forced to remain straight but free to move in-plane have the same buckling load, but 
differ in their post-buckling behavior, see Fig.1. 
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Fig.1: Behavior of the compressed plate a) F ≤ Fcr, b) F > Fcr 

 2 FINITE ELEMENT SIMULATIONS 
A numerical parameter study has been carried out on square, simply supported plates with initial 
imperfections in the shape of the first buckling mode (sinusoidal), and a reference slenderness λ 

varying between 1 and 8 , where: 

λ – reference slenderness: cryf    (1) 

σcr – buckling stress:  tbDKcr  22  (2) 

D – plate flexural rigidity factor:   23 112  tED  (3) 

εcr  – buckling strain: Ecrcr    (4) 

ucr  – buckling shortening: Eaau crcrcr     (5) 

Fcr  – buckling force:  crcr tbF   (6) 

fy – yield stress [MPa], 

t  – plate thickness [mm], 

a, b – length and width of the plate [mm], 

E  – modulus of elasticity [MPa], 

ν  – Poisson’s ratio [-], 

K  – buckling coefficient [-]. 
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The post-buckling failure behavior of plates as shown in Fig.2 was studied. All initial 
conditions were kept as mentioned before. In the parameter study square plates were studied, the 
plate thickness and the material properties were kept constant: t = 0,7 mm, fy = 300 N/mm2 
(hypothetic steel material), ν = 0,3 and E = 210 000 MPa. 
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Fig.2: Schematic view of numerical model: a) boundary conditions; 

b) initial imperfection, load, measures and location of points A and B. 

According to Little [2], for two plates having the same values of ν, a/b, b/t, (or fy /σcr) and 
w0 /t, but different values of fy, E, and w0 /b, numerical analysis will predict precisely the same non-
dimensional load-shortening response. Table 1 gives an overview of the considered values for the 
buckling stress and the resulting values for parameters depending on buckling stress for a parameter 
study. Each simulation has been performed with linear-elastic material properties, and also with 
linear-elastic/ideal plastic material properties, using von Mises yield criterion. In the model elements 
SHELL43 were used. The deformation shapes are linear in both in-plane directions. The mesh density 
was 40×40 elements. In the model the effect of large deformations was included. 

Tab.1: Considered values for a parameter study 

σcr / fy λ (1) b b/t Fcr (6) ucr (5) 
[ - ] [ - ] [mm] [ - ] [N] [mm] 

1 1,000 35,2 50,3 7392,0 5,02110-2 
3/4 1,155 40,7 58,1 6410,3 4,36110-2 
1/2 1,414 49,8 71,1 5229,0 3,55710-2 
1/3 1,732 61,0 87,1 4270,0 2,90510-2 
1/4 2,000 70,4 100,6 3696,0 2,51410-2 
1/6 2,449 86,3 123,3 3020,5 2,05510-2 
1/8 2,828 99,6 142,3 2614,5 1,77910-2 

 3 FAILURE MODES OCCURRING IN FINITE ELEMENT SIMULATIONS 

 3.1 Introduction 
Fig. 3 shows selected elastic and elasto-plastic load-deflection curves obtained from the 

performed finite element simulations. In this figure the solid dots indicate the ultimate loads, the open 
squares indicate first outer fiber yield at the center of the plate (point B), and the open triangles 
indicate first membrane yield at the center of the longitudinal edge (point A). These graphs indicate 
in what order center yielding and membrane yielding occur. This order forms the basis for classifying 
failure modes as edge or center failure modes. Fig. 4 shows the development of yield zones for the 
various failure modes. First yielding and second yielding indicated in this figure can be either outer 
fiber yielding at the center or membrane yielding at the edges. Outer fiber yielding at the corners is 
not included in defining first and second yielding, since it hardly influences the load-deflection 
behavior. 
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 3.2 Center failure 
Plates failing by center failure (CF) can be distinguished into plates failing by center yielding 

of the plate (C-yielding) and plates failing by center yielding followed by edge yielding 
(EC-yielding). In plates failing by C-yielding, first yield occurs in the outer fibers of the center of the 
plate (point B), resulting in an immediate deviation of the elasto-plastic load-deformation behavior 
from the elastic behavior. Next the outer fibers in an area near the corners of the plate start yielding. 
First membrane yield (at point A of the longitudinal edge) occurs after failure, and thus can not 
influence the failure load. Failure by C-yielding results in failure with very little elasto-plastic 
reserve. The failure loads may be smaller than the (fictitious) elastic load corresponding to first 
membrane yield at the longitudinal edge. Failure by CE- yielding resembles failure by C-yielding, 
except that the plate has some elasto-plastic reserve after center yielding and fails only when in the 
longitudinal edge membrane yielding starts. 
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Fig.3: Overview of selected elastic and elasto-plastic curves obtained from the FEM simulations. 

 3.3 Edge failure 
Plates failing by edge failure (EF) can be distinguished in plates failing by edge yielding 

(E-yielding) and plates failing by edge yielding followed by center yielding (EC-yielding). In plates 
failing by E-yielding first yield occurs at the outer fibers of the corner. This outer fiber yield has 
hardly any influence on the load-deflection behavior of the plate. The elasto-plastic load-deflection 
curve starts to deviate from the elastic load-deflection curve only after first membrane yield (at point 
A of the longitudinal edge). Failure is not at first membrane yield, but after some membrane yielding 
of the plate edges, at average strains larger than the yield strain. The failure loads may be 
significantly larger than the (fictitious) elastic load corresponding to first membrane yield at the 
longitudinal edge [3]. Failure by EC-yielding resembles failure by E-yielding, except that additional 
center yielding occurs before failure, resulting in smaller strains at failure, and a steeper unloading 
behavior after failure. 

 3.4 Parameters determining failure modes 
Table 2 gives an overview which failure modes occurred in the FEM simulations. It shows 

that the more slender plates (λ ≥ 2) always fail by E-yielding, regardless of the imperfection. For 
more stocky plates, (λ ≤ 1.155) the failure mode changes from C-yielding, to CE-yielding, 
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EC-yielding and E-yielding with increasing initial imperfections. For plates with a reference 
slenderness λ = 1.414, the same sequence of failure modes is found, except that the failure by 
C-yielding does not occur, and that failure by EC-yielding is found for smaller imperfections than in 
the more slender plates. It is thought that for plates with a very small imperfection (w0 /t = 0,01), the 
failure mode changes from C-yielding, to CE-yielding, EC-yielding and E-yielding by increasing the 
slenderness. In Table 2 the failure by EC-yielding is missing for plates with an imperfection 
w0 /t = 0,01, but for plates with an imperfection w0 /t = 0,25, this failure mode is found between the 
CE-yielding and E-yielding failure modes. 

 first yielding second yielding failure of the plate 

     
 

     
 

     
 

     
Fig.4: Figures showing yield locations in C-, CE-, EC- and E-yielding failure modes;  

(white – no yielding, gray – outer-fiber yielding, black – membrane yielding). 
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terms) to the ultimate load. Therefore it seems justified to reduce the four modes to two modes: centre 
failure (CF) incorporating modes C-yielding and CE-yielding, and edge failure (EF) incorporating 
modes EC-yielding and E-yielding. 

According to Mahendran [4], center yielding of the plate will occur before edge membrane 
yielding if: 

  20 081,0086,067,0 SS
t

w
  (7) 

 

where: 

S – slenderness parameter: 
E

f

t

b
S y  (8) 

w0 –  maximum out-of-plane deflection. 

Using Eqs. (2) and (3), and taking ν = 0,3 it can be shown that: 

    901,1S  (9) 

This formula agreed well with the performed finite element simulations. In the few cases where 
Mahendran’s formula did not agree with the FEM results (see Table 2), edge yielding and center 
yielding occurred almost at the same time. 

Tab.2: Failure modes observed in FEM parameter study; the shaded cells represent center failure 
according to Mahendran’s criterion [4] 

σcr /fy 1 3/4 1/2 1/3 1/4 1/6 1/8 

λ 1,000 1,155 1,414 1,732 2,000 2,449 2,828 

w0 = 0,01t C C CE E E E E 

w0 = 0,10t CE CE CE E E E E 

w0 = 0,25t CE CE EC E E E E 

w0 = 0,50t EC EC EC E E E E 

w0 = 1,00t E E E E E E E 

w0 = 1,50t E E E E E E E 

w0 = 2,00t E E E E E E E 

 3.3 Explanation by two-strip model 
In [5] it was shown that the two-strip model (originally presented by Calladine [6]) can give an 

accurate description of elastic post-buckling behavior. Here it will be shown that the two-strip model 
can also be used to give a qualitative explanation of the occurring failure modes. In the two-strip 
model ([5], [6] and [7]) there are two edge strips and one center strip. The load carried by the plate is 
the sum of the loads carried by the separate strips: 

   ceceededceed tbtbFFF    (10) 

where: 

Fed, Fce – loads carried by the edge strips respectively the center strip, 

bed, bce – widths of the edge strip respectively the center strip, 

σed, σce – stresses in the edge strips respectively the center strip. 

If the plate behavior is elastic than the center strip is assumed to behave like a classical Euler 
column, that is, the stresses it can be calculated as: 
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  01  (11) 

where: 

σcr –  buckling stress of the plate (not of the strip). 

The two edge strips always remain straight and together constitute a single element of the 
system. The stresses in the edge strips are proportional to the in-plane shortening u of the plate: 
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where: 

u –  in-plane shortening: 
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The width of the edge strip can be determined, in the small-deflection range, from the ratio 
E*/E of post-buckling to pre-buckling stiffness of the perfectly flat plate, since it can be shown that 
for the two-strip model: 
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E ed
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 (15) 

The Eq. (15) can be modified to be valid also in the large-deflection range, as explained in [7]. 

 3.3.1  Contribution of the center strip 

The occurrence of different failure modes can be understood from the two-strip model by 
assuming that the center and edge strip have different failure mechanisms. It is proposed that failure 
of the center strip can be determined as the point of intersection of the elastic curve, and a rigid-
plastic curve (see Fig. 4a). The rigid-plastic curve can be determined by assuming a local plastic 
mechanism with one yield line at the center of the center strip, perpendicular to its longitudinal edges. 
The following formulas can then be derived: 
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m redp
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 ;  (16) 

where: 

mp;red – the reduced plastic moment capacity per unit width of the center strip which is reduced due 
  to the presence of a normal force tce   per unit width: 
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with: 
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where: 
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mp – plastic bending moment capacity per unit width of the center strip, 

np – plastic normal force capacity per unit width of the center strip. 

The factor 32  in Eqs. (18) and (19) arises from the assumption that no strain rates occur in the 

length direction of the yield line. Inserting Eq. 17 into Eq. 16 and solving for σce results in: 
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  (20) 

Note that it is assumed that relation between u and w is the same for elastic and elasto-plastic plate 
behavior (see Eq. 13). 
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b) contribution of edge strip 
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c) summation of edge and center strip contributions 
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Fig.4: Explanation of characteristics of failure modes by two-strip model. 
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 3.3.2  Contribution of the edge strip 

To model failure of the edge strip (see Fig. 4b) it is proposed that the edge strip remains elastic 
until the average strain of the plate equals the fictitious elastic average strain εfic;fmy corresponding to 
first membrane yield at the longitudinal edge (more about fictitious strain it can be find at [3]). After 
first membrane yield of the edge strip, the stiffness of the edge strip decreases. This is modeled by 
assuming that after first membrane yield of the edge the stress in the edge strip can be calculated as: 

    fmyficfmyficed EE ;; 5,0    (21) 

It is furthermore assumed that failure occurs at an average strain corresponding to the yield strain: 

   Ef yy   (22) 

Note that many of these assumptions are disputable. They will not be discussed here since the object 
is not give an accurate quantitative description of the post-buckling strength, but only to provide 
insight in the occurring failure modes. 

 3.3.3  Summation of edge and center strip contributions 

Fig. 4c shows the resultant behavior if the contributions of the edge strip and center strip are 
added, for a plate with a reference slenderness λ = 1 and a plate with a reference slenderness λ = 2. 
For the first plate fy = σcr and uy = ucr, for the second plate fy = 4.σcr and uy = 4.ucr. This figure shows 
that for plates with reference slenderness close to 1, and very small imperfections, failure of the plate 
is due to C-yielding. The smaller the imperfection is the steeper is the reduction of load carrying 
capacity after failure. For plates with slightly larger initial imperfections or a slightly larger 
slenderness, the decrease in load carrying capacity of the center strip may be compensated by the still 
increasing load carrying capacity of the edge strip, thus resulting in failure due to CE-yielding. When 
the imperfections or plate slenderness increase further, failure of the center strip will occur at strains 
larger than the elastic strain corresponding to first membrane yield, but at strains smaller than the 
yield strain, resulting in failure by EC-yielding. Finally the imperfections or plate slenderness may 
become so large that the center strip will fail only at strains larger than the yield strain, resulting in 
failure by E-yielding. 

 4 DISCUSSION 
As far as the author know the described failure modes have not been distinguished explicitly 

before, excluding [3]. Calladine [6] mentioned the possibility of different failure modes. He proposed 
a two-strip model to determine the failure load of uniformly compressed plates with the longitudinal 
edges kept straight, assuming that failure occurs at average strains larger than the yield strain, when 
outer fiber yield occurs in the center of the plate. He noted that failure at strains smaller than the yield 
strain might occur for plates with λ = 1 and very small initial imperfections. Calladine [6] furthermore 
commented that Walker and Murray [8] had taken a different view on the cause of failure, proposing 
a design formula based on first yield at the center of the longitudinal edge, “with complete 
indifference to the flexural stresses at the center of the plate, and to the unstable behavior which 
occurs in consequence.” 

Calladine [6] was aware of the difference between plates with longitudinal edges kept straight, 
where the membrane stresses in x-direction are uniform over the length of the plate, and plates with 
stress free longitudinal edges, where high localized membrane stresses in x-direction occur at the 
center of the longitudinal edge. He noted that these stresses might be responsible for the choice of 
final failure mode between the roof mechanism and the flip-disc mechanism, observed 
experimentally in the collapse of steel tubes in compression. This hypothesis was confirmed by 
Mahendran [4], and it is interesting to see that Eq. (7) developed by Mahendran to predict whether 
the roof or flip disc mechanism will occur, can also be used to predict whether the plate will fail by 
edge failure (EF) or center failure (CF). Note however that the edge failure and center failure do not 
have a direct relation to the roof and flip-disc mechanism. First, no yield line mechanism was 
observed at failure in the performed finite element simulations. Second, a flip-disc mechanism is 
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incompatible with the symmetrical deformation mode at failure (more or less corresponding to the 
symmetrical shape of initial imperfections). 

 5 CONCLUSIONS 
This paper clarifies the occurrence and character of different failure modes in square 

uniformly compressed simply supported plates with stress free longitudinal edges, depending on the 
slenderness and initial imperfections of the plate. It has been shown how relatively simply, elastic 
modified large-deflection solutions and empirically derived expressions for the fictitious elastic strain 
at failure can be used to obtain accurate strength predictions. The proposed method can be regarded 
as a modification of the effective width method for strength described by Rhodes [1]. The proposed 
method enables the determination of the effective width for strength with an explicit influence of 
initial imperfections. The effective width for strength may be different from the effective width for 
maximum membrane stress, and that the assumption that the edges of the plates start yielding at 
failure is not integral to the effective width for strength concept. 
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