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Nomenclature 

List of symbols 

Roman symbols 

A Material constant [MPa] 

b Length of flat section [m] 

D Diameter of the circular cross-section [m] 

DMAX Maximum diameter [m] 

DMIN Minimum diameter [m] 

E Young modulus [MPa] 

f0 Ovalisation coefficient [-,%] 

I Second moment of area [m
4
] 

K Longitudinal curvature [1/m] 

Kαβ Curvature tensor [1/m] 

l Pure moment length [m] 

M External applied moment [Nm] 

Md Moment depression [Nm] 

Mn Plain strain plastic bending moment [Nm] 

M0 Fully plastic bending moment [Nm] 

Mp Plastic bending capacity of the deformed section [Nm] 

My Yield moment [Nm] 

Mαβ Bending moment tensor [Nm] 

Nαβ Membrane force tensor [N] 

n Material exponent [-] 
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R Initial (undeformed) pipe radius [m] 

r Current arc radius [m] 

Rm Mean radius [m] 

t Thickness [m] 

V Velocity of the hinge propagation [m/s] 

UXA Displacement of point A in x direction [m] 

UXB Displacement of point B in x direction [m] 

UY Displacement in y direction [m] 

 Bending energy [Nms
-1

] 

 Crushing energy [Nms
-1

] 

 External rate of work  [Nms
-1

] 

 Internal energy dissipation [Nms
-1

] 

zav Average distance from neutral axis [m] 

 

Greek symbols 

α Strain rate ratio [-] 

δ Flattening of tube minor axis [m] 

 Flattening of tube minor axis, normalized with undeformed tube 

diameter 

[-] 

ε Strain in the axial direction [-] 

εb Bending strain [-] 

εy Yield strain [-] 

θ Relative rotation [rad] 
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θy Yield rotation angle [rad] 

ηb Correction factor for bending [-] 

ηc Correction factor for crushing [-] 

σ0 Flow stress [MPa] 

σb Bending stress [MPa] 

σc Crushing stress [MPa] 

σy Yield stress [MPa] 

σαβ Components of stress tensor [MPa] 

 Rotation of the hinge [rad/s] 
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1. Introduction 

The pipelines are used for transporting gas or oil from the one place to another crossing 

the sea or ocean. These pipelines are usually layed by a vessel which is specialized to do 

this. The construction of the layer mechanism varies the depth to which the pipelines are 

layed to, material from which it is constructed and other aspects.  

There are several methods which enable laying of pipelines to the seabed. The main 

distinction of these methods is according to the depth of the sea in the place of laying and 

the type of the layed pipelines. The most commonly used installation methods are stated 

below. 

The method crutial in this work is Reel-Lay method where the pipe is wound on the 

reel so the originally round cross-section deforms and becomes oval. There is also a 

standard where the allowable ovalisation is limited so it is necessary to follow it.  

The aim of this work is to develop the analytical solution for getting the allowable 

value of ovalisation during the reel-lay process and also the parameterized numerical 

solution of the bended pipe. The numerical solution will be performed in software ANSYS 

13.0. 

 

1.1. Methods of laying the pipelines 

S-Lay method 

This method is named after the characteristic S-shape of the pipe going to the seabed. 

The pipes are welded on the multiple working stations on the board which enable to install 

concrete coated pipe. The line leaves the vessel via a long boom-like curved structure 

known as a stinger. This method is suitable for installation pipelines in shallow and 

intermediate waters. It is also possible to use this method of installation the pipelines in 

deeper water but it requires a very long stinger, usually longer than 100 metres. 
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Figure 1 – S-Lay system Sapura 3000 [1] 

Flex-Lay method 

Flex-Lay method of installation the pipelines is suitable mainly for flexible pipelines, 

risers and inline structures. The system is composed of the vertical tower which can change 

the working angle, tensioners, carousel or basket and reel on which the flexible pipeline is 

spooled on. This system can be used in shallow waters as well as in deeper and pipes are 

less sensitive to fatigue due to flexibility. On the other hand, flex-Lay method is not 

suitable for installation of rigid pipe i.e. with the concrete protection layer. This method is 

usually used with other methods. 

 

Figure 2 – Vessel with the Flex-Lay system [1] 
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J-Lay method 

J-Lay method is mainly used for installation pipelines to the very deep waters.  S-Lay 

method would need in this case very long stinger and consequently bigger tension. J-Lay is 

an alternative installation method in which the pipelines leaves the vessel from a nearly 

vertical position (actual tower angle vary between 0° and 15°from the vertical). Pipes are 

welded together on the tower and going to the sea. The advantage of this method is that the 

tube is bended only once on the seabed which is suitable for material sensitive to fatigue. 

This method is also suitable for installation pipes of large diameter and with concrete 

protection layer. On the other hand, J-Lay method has low production rate due to the single 

welding station and is less suitable for shallow water due to limited pipe angle. 

 

Figure 3 – J-Lay system CSO Deep Blue [1] 

Reel-Lay method 

Using this method, the flexible and rigid pipeline can be installed on the seabed. The 

pipe is welded and tested onshore and than it is spooled onto the reel. The length of the 

pipe depends on the diameter of the reel and the diameter of the pipe. During the reel-lay 

process the pipe is unspoiled from the reel, goes through aligner and tensioners to the 

seabed. This method is suitable from shallow waters to the ultra-deep, so it has very high 

production rate. On the other hand, the length of the pipe is limited by the diameter of the 

reel and the space on the vessel. This method is also not suitable for installation of concrete 

coated pipe but it is used for pipelines with thermal outer coatings or inner linings. 
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Figure 4 – Reel-Lay system on the Seven Oceans [1] 

 

 

Figure 5 – The scheme of the reel-lay system 

 

Multi-Lay method 

This method is the combination of the above stated methods on the one vessel. This 

allows for large flexibility and cost efficiency.  
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Figure 6 – Vessel with the Multi-Lay system [1] 
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2. Description of solved problem 

Cylindrical tubes have been widely used as structural members in engineering 

application. However its circular cross-section is sometimes subjected to the deformation 

and changes its shape from the circular to approximately oval. The pipe used during reel-

lay process is spooled onto the reel then goes through aligner and tensioners to the sea 

(Figure 5). During this reel-lay process the pipe is bent plastically several times into certain 

radius which mainly depends on the reel and aligner radius, the distance between reel and 

aligner and its height difference. Such bending introduces forces which squeeze the pipe 

section into slightly oval shape. The exact description of the oval shape is quite difficult 

and it is usually replaced by some approximations, some of these approximations will be 

introduced in the following chapter.  

The resultant cross section after whole process is not circular. The ovalisation of the 

pipe is controlled by Offshore Standard, specifically by DNV-OS-R101, January 2000. 

This document states the maximum ovalisation coefficient  as: 

 

  (2.1) 

 

where  is the minimum diameter,  is the maximal diameter of the deformed 

cross-section and  is the diameter of the circular cross-section (see Fig.7). 
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Figure 7 – The ovalisation dimensions 

 

In general there are three phases of the bending of the pipe: 

1/ Elastic behaviour 

In this phase, the moment increases linearly with constant slope up to a yield moment-

rotation. The elementary theory of elasticity is used to predict the linear moment-rotation 

characteristic of a circular tube. This relationship is defined as: 

 

  (2.2) 

  (2.3) 

 

where  is the yield moment,  is the second moment of area,  is the yield stress of the 

material, L is the pure moment length, E is the elastic modulus and  is the yield rotation 

angle. 

 

2/Ovalisation plateau 

The solution of the moment-rotation characteristic in this phase will be essential for the 

solution of the given problem. The ovalisation of the initially circular cross-section of the 

Dmin 

Dmax 

D 
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pipe subjected to bending is obvious and the material exhibits slight hardening. The 

bending moment is assumed constant during the increment of bending rotation. The 

resulting cross-section of this section is oval. 

 

3/Structural collapse 

This phase includes the collapse of the cross-section which it is necessary to avoid with 

solving given problem.  
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3. Analysis of existing analytical solutions 

There are many papers describing the problem of the ovalisation of the pipe or tube but 

most of them deals with the collapse of the mechanism. The problem of the ovalisation was 

first solved by L.G. Brazier in 1927 in his paper On flexure of thin cylindrical shells and 

other thin sections [5]. After him, the effect when large plastic deformation causing 

ovalization of the initially circular cross-section of tubes subjected to pure bending is 

called Brazier effect. 

Tomas Wierzbicki and Monique V.Sinmao in 1996 used his work to calculate external 

applied moment during the pure bending of the tube and compared this analytical solution 

with numerical using software ABAQUS [2]. This paper will be used in analytical solution 

of given problem. 

Other approaches are introduced in papers written by Elchalakani, Zhao, Grzebieta [3] 

and second by Poonaya, Thinvongpituk, Teeboonma [4]. Both papers dealing with collapse 

and do not focus a lot on the ovalisation phase before collapse. The main difference 

between these two papers and paper written by Wierzbicki and Sinmao is in the ovalised 

shape which they consider. In [3] and [4] it is oval depicted in Figure 8. 

 

Figure 8 – Ovalisation of the cross-section considered in [3] and [4] 

 

 

 

 

 

Dh 
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3.1. Analytical solution proposed by Wierzbicki and Sinmao 

It is considered a cylindrical tube of rigid-perfectly plastic strain-hardened material 

which is subjected to pure bending. When the tube is bending, the moment increases with 

the increasing rotation until the fully plastic bending moment is reached. If the bending 

last, the moment decreases whereas the rotation angle still increases. The fully plastic 

bending moment of the undeformed cross-section is defined as [2]: 

 

  (3.1) 

 

where  is the yield stress,  is the tube mean radius and  is the thickness. The 

deformation of the tube can be described by the equation [2] according to the Figure 9: 

 

  (3.2) 

 

where  is the longitudinal curvature,  is the relative rotation of the middle axis and is 

the length of the considered element. 

 

Figure 9 – Pure bending of the cylindrical tube 

The analytical model is base on the global equilibrium of the loaded structure by 

equating the external rate of work  with the internal energy dissipation  [2]: 

 

M 

M 

θ  
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  (3.3) 

 

The external rate of work in case of pure bending is caused only by work of external 

forces and the internal energy dissipation composed of the bending and crushing part [2], 

the bending energy is used to bend the tube whereas the crushing energy is necessary to 

deform the circular cross-section: 

 

  (3.4) 

 

3.1.1. Assumptions 

These assumptions are taken from [2]: 

 It is considered rigid-perfectly plastic material.  

 The Love-Kirchhoff hypothesis is in effect. It means that all cross-sections of the 

tube remain plane and normal to the tube axis. Thus, warping is not permitted but 

ovalisation is. 

 The radius thickness ratio should be less or equal to 30. The deformation is in the 

plastic range and there is uniform ovalisation of the cross-section over the 

considered length . 

 The plastic compressive-tensile deformations in the axial direction resulting from 

bending are coupled with bending-induced hoop deformation through an inscribed 

yield condition. 

 The tube circumference is inextensible. 

 The shear deformation and twist of the deforming shell element are neglected. 

 

3.1.2. Computational model 

The deformed cross-section of the tube is considered such described in Figure 10: 
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Figure 10 – Model of the ovalised cross-section 

Since the inextensibility condition is applied, there can be written the equation: 

 

  (3.5) 

 

The parameter   is introduced to describe the relative displacement (flattening) of the 

cross-section: 

 

  (3.6) 

 

Expressing  from eq.(3.5) and  from eq.(3.6), the velocity  of the hinge propagation 

can be written as: 

 

  (3.7) 

 

δ 

V V 

b 

2r 2r 

2R 

V V 
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3.1.3. The rate of plastic work to bend and crush the tube 

The internal energy dissipation  consist of two parts, the first part is the rate of 

plastic work to bend a tube section of the length  and second is the rate of energy of shape 

distortion or lateral crushing of the tube. The eq.(3.4) can be expanding into form [2]: 

 

  (3.8) 

 

where  is the curvature rate,  is the plastic bending capacity of the deformed section, 

 is the part of the rate curvature tensor,  is the plastic bending moment,  is the 

plane strain plastic bending moment,  is the rotation of the hinge.  

 

Bending energy 

The fully plastic bending moment is according to [2] and using eqs.(3.5), (3.6) and 

(3.1) calculated as: 

 

 

 

 

(3.9) 

 

where  is the dimensionless section deformation parameter. The rate of energy 

to bend the tube is using eqs.(3.2) and (3.9): 

 

  (3.10) 

 

Crushing energy 

The rate of rotation  at the moving hinge line is calculated from the condition of 

kinematic continuity: 
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  (3.11) 

 

where  is the velocity of hinge propagation and  is the jump in curvature 

where ahead of the hinge   and behind the hinge  (flat section). Using 

eq.(3.7), the rate of rotation is: 

 

  (3.12) 

 

The second part of eq.(3.9) using eq.(3.12) and the formula for the curvature rate 

 , the rate of the energy to crush the tube laterally is: 

 

  (3.13) 

 

This equation can be rewritten in terms of the fully plastic bending moment of the 

undeformed cross-section: 

 

  (3.14) 

 

The yield condition for this problem is given by: 

 

  (3.15) 
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This equation is geometrically the equation of the circle with the radius equal to 1 and 

the axis  as  axis and  as  axis. This nonlinear yield condition is depicted in Figure 

11. 

 

Figure 11 – The nonlinear yield condition 

According to the fourth assumption in charter 3.1.1, the relationship for moment and 

membrane forces can be written as [8]: 

 

  (3.16) 

  (3.17) 

 

3.1.4. The normalized bending moment 

The rate of plastic work consists of the crushing part and bending part as it was stated 

previously. Using equation (3.14) for crushing energy, equation (3.10) for bending energy 

and the nonlinear yield conditions in equations (3.16) and (3.17), the external applied 

moment can be expressed as: 

Nxx/N0 0 

Mθθ/M0 

1/√2 

1/√2 

1 

1 
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  (3.18) 

where  is the dimensionless strain rate ratio which is: 

 

  (3.19) 

 

The normalized bending moment is obtained using a minimalization procedure which 

depends on the parameter  and the unknown ratio . This ratio is calculated using the first 

derivative of the external applied moment from eq.(3.18) considering  as a constant (for a 

given  the amount of ovalisation adjusts itself): 

 

  (3.20) 

 

Expressing  from eq.(3.19), using eq.(3.20) and linear approximation, the parameter  

in terms of the curvature  can be expressed as: 

 

  (3.21) 

 

Finally substituting this parameter  into eqs.(3.18) and (3.20), the expression for the 

normalized bending moment is: 

  (3.22) 

 

3.1.5. Modification for strain-hardening model 

The strain-hardening model is considered in paper [2], so the elastic-plastic strain-

hardening material can be described by a power-type stress-strain law: 
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  (3.23) 

 

These equations apply to a monotonic loading. In case of strain reversal, the stress level 

will be different for isotropic and kinematic strain-hardening. For this reason there are 

introduced two correction factors, one for bending, , and one for crushing, : 

 

  (3.24) 

  (3.25) 

 

3.1.6. Modification for bilinear model 

The ratio  will be derived for bilinear kinematic model with Young´s modulus E, 

the yield strain , the yield stress  and tangential Young´s modulus . The elastic-

plastic material can be described [6]: 

 

  (3.26) 

 

The correction equations (3.24) and (3.25) are valid also here and using these equations 

with eq.(3.22), the ratio  can be expressed as: 

 

  (3.27) 

 

3.1.7. The external applied bending moment relationship 

Bending stress and strain 

The average bending strain can be expressed as: 
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  (3.28) 

 

where  is the average distance from neutral axis which can be calculated as: 

 

  (3.29) 

 

Using the expression (3.21) for , the bending strain is: 

 

  (3.30) 

 

Than the bending correction factor is: 

 

 

 

 

(3.31) 

 

Crushing strain and stress 

The crushing stress and strain can be divided into two parts. First is the crushing stress 

contribution due to continuous bending of the deforming semi-circular arcs and second 

when due to strain reversal, the hinge is straightening out. Regarding to [2] the crushing 

stress correction factor can be calculated as: 
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(3.32) 

 

The most detailed derivation of the correction factors can be find in [2]. 

Substituting the correction factors into eq.(3.27) we obtain the expression for the 

normalized external applied bending moment: 

 

  (3.33) 

 

3.1.8. Ovalisation considered in this model 

The ovalisation of the circular cross section is considered in this model from the point 

where the moment ration  is ultimate. Then the relationship between original radius  

and ovalised radius  is: 

 

  (3.34) 

 

This expression is again derived using minimalization process of the eq.(3.37) which 

gives the parameter : 

 

  (3.35) 
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Using the relationship , the final relationship in eq.(3.34) is obtained. 

 

3.1.9. Numerical solution performed by Wierzbicki and Sinmao 

The relationship between the normalized bending moment applied to the tube and the 

curvature-radius obtained by the analytical solution in [2] was compared with the 

numerical solution using ABAQUS (see Figure 12). The analytical solution approximates 

the numerical solution very well. The maximum bending moment occurs when 

. The error between numerical and analytical solution is 1%.  

 

Figure 12 – Comparison of analytical results with ABAQUS calculations – moment 

The ovalisation for this example using equation (3.34) is in graph below. The 

ovalisation in per cent is calculated using formula (2.1) where , 

 and  and expressing  from eq.(3.5): 

 

  (3.36) 
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Figure 13 – Comparison of the analytical results with ABAQUS [2] 

 

3.2. Validation of the numerical model and its modification 

3.2.1. FE model description 

It was considered four-point bending since in this case, the moment between two 

sliding supports should be constant so we could determine its value and the value of the 

rotation angle. The dimension of the example is depicted in Figure 14. The cross-section 

has radius  and thickness of the pipe is . The pipe is modelled in 

symmetry using two symmetry planes. First plane cuts the pipe in the middle of its length 

and second plane is in the middle of the cross-section of the pipe. The model of the pipe is 

depicted in Figure 15. 

Dimensions of the pipe 

Radius R 0.2 [m] 

Thickness t 0.01 [m] 

Length L1 1 [m] 

Length L2 1 [m] 

Table 1 – Dimensions of the pipe 
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Figure 14 – The dimensions of the pipe 

 

Figure 15 – The geometry of the pipe in ANSYS 

The pipe was discretized with element SHELL 281. It is 8-node structural shell element 

suitable for analyzing thin to moderately-thick shell structures [4]. The element has 8 

nodes with 6 degrees of freedom at each node (translation in the x,y,z and rotations about 

the x,y,z axis). This element is well-suited for linear, large rotation and large strain 

nonlinear applications. The geometry of SHELL 281 is in Figure 16. 

D 

L1=1000mm L2=2.1000mm L1=1000mm 
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Figure 16 – Geometry of the SHELL 281 element 

The application of the boundary condition is through multipoint constraint element 

MPC184. This element comprises a general class of multipoint constraint elements that 

apply kinematic constraints between nodes. It connects the nodes at the specific location on 

the circumference of the tube and the boundary condition is applied to the node in the 

middle.  

The size of the element is set to 20mm and it was used mapped mesh. The model has 

after discretization 9867 nodes and 3330 elements. The discretization of the pipe is shown 

in Figure 17. 

 

Figure 17 – The discretization of the pipe 
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3.2.2. Material data 

It was considered steel with these properties: 

Constant  Constant  Yield stress  Yield strain  

[MPa] [-] [MPa] [-] 

698.2 0.399 250 0.002 

Table 2 – Material properties 

Every material used for the above stated analytical solution has to be approximated 

with the curve of equation [7]: 

 

  (3.37) 

 

The behaviour of the material is strain-hardening. The stress-strain diagram of the 

given material is in Figure 18.  

 

Figure 18 – Material stress-strain diagram, strain hardening material 

 

3.2.3. Boundary conditions 

The boundary conditions were applied using MPC element. MPC elements are depicted 

in Figure 19 and the boundary conditions are symbolized in Figure 20. 
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Figure 19 – MPC elements with applied boundary conditions 

At the end of the pipe, there is applied fixed support which does not enable rotation 

about x and y axis and translation in z axis of the tube. 

The sliding support is defined with zero displacement in y axis and certain value of 

displacement in x axis. This boundary condition is applied in the middle of the pipe 

depicted in Figure 20. 

Finally, there is applied symmetry boundary condition on the lines in Figure 20. It 

means that it is not allowed the translation in y axis and rotation around z axis on the side 

lines and translation in z axis and rotation around y axis on the circular line. 
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Figure 20 – Boundary conditions 

3.2.4. Solver setting 

The pipe was solved as the static structural and there was considered large 

displacement. The setting of the loadstep and substeps are in Table 3. 

Solver setting 

Analysis type Static structural 

Analysis options Large displacement static 

Time at end of loadstep 1 

Number of substeps 100 

Max number of substeps 2000 

Min number of substeps 50 

Table 3 – Solver setting 

 

Fixed support 

Sliding support 

Symmetry 
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3.3. Comparison of the results 

The comparison of the results is performed for three analyses for different radius R and 

thickness t. 

At first, there is also compared the analytical solution for different radius and thickness 

using given moment relationship . In Figure 21 you can see the curves for different 

values of radius  and thickness . These three cases are also solved numerically and will 

be compared with these analytical curves. 

 

Figure 21 – Moment history for different radius and thickness 

This analytical solution is valid only for radius/thickness ration less than 30. This ratio 

is calculated in Table 4 and for all this cases the analytical solution can be used. 

,  
 

,  
 

,  
 

Table 4 – Radius – thickness ratio 
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The fully plastic bending moment  is determined using eq.(3.1). This moment is 

necessary to calculate the normalized external applied bending moment. The external 

bending moment is calculated from the numerical results where the value of the reaction in 

the support is taken off (see Figure 22).  

 

Figure 22 – The moment diagram 

 

,  
 

,  
 

,  
 

Table 5 – The fully plastic bending moment  

The returned value of the reaction in the fixed support had to be multiplied by two 

because of using the symmetry boundary condition. The curvature was calculated using the 

last but one node (see Figure 23). The displacement was taken off the results and the 

rotation angle  was determined as: 

 

  (3.38) 

 

The curvature was calculated from equation (3.2) using for  the result from eq.(3.39). 

L1 
FX 

MMAX = FX . L1 
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Figure 23 – Calculation of the rotation angle  

The numerical solution in paper [2] was solved only for specific values of KR. It 

should be taken into account that the numerical solution starts at value 0 at both axis but 

analytical solution at value 1 at y-axis for  ratio. It is because the moment  is the 

fully plastic moment and moment M is considered from the value corresponding to the  

when the tube becomes to bend (the value of the stress is higher than yield stress). The 

maximum value of the  ratio occurs at  and  There is 

mentioned in the text that this maximum value of the analytical result vary about 1%. 

These results are summarized in Table 6 along with the difference between the analytical 

solution and with considering error.  

 
Analytical 

solution 

Analytical solution 

with error 

   -1.445 

Difference[-] 

Difference[%] 

Table 6 – The comparison of the analytical and numerical solution 

The numerical solution is performed for the different set of values for radius R and 

thickness t which are mentioned in Table 5. These analyses were made to check the 

analytical solution with the numerical and than apply it to the specific pipe and material for 

HUISMAN. 
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3.3.1. Numerical solution for R=0.2m, t=0.01m 

At first, there was modelled the pipe with exact dimensions which correspond to the 

case solved in [2]. The maximum ratio  and maximum value of KR are stated in 

Table 7 along with the difference between the analytical and numerical solution. The 

comparison of the numerical and analytical solution is also depicted in graph in Figure 

24. Curves correspond to each other quite good till the certain value of moment ratio is 

reached when the external applied moment decreases. 

 

Figure 24 – The comparison of the numerical and analytical solution 

 

 
 

 

Numerical solution 1.469 0.017 

Analytical solution 1.431 0.020 

Difference  0.038 (2.66%) 0.003 (15%) 

Table 7 – The maximum values of moment ratio  and corresponding KR 
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3.3.2. Numerical solution for R=0.3m, t=0.01m and R=0.2m, t=0.02m 

The following two analyses were performed to compare the numerical solution with 

analytical solution for different radius/thickness ratio. At first, there was changed radius to 

 and then there was changed thickness to . The comparison of the 

analytical and numerical solution is shown in Figures 25 and 26. The maximum values of 

moment ratio  and the difference between analytical and numerical solution are in 

Tables 8 and 9. 

 

Figure 25 – The moment-curvature curve for different radius (  ) 
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Numerical solution 1.413 0.015 

Analytical solution 1.365 0.014 

Difference 0.048 (3.40%) 0.001 (6.67%) 

Table 8 – The maximum values of moment ratio  and corresponding KR (  )

 

Figure 26 - The moment-curvature curve for different thickness (  ) 

 

 
 

 

Numerical solution 1.645 0.028 

Analytical solution 1.572 0.042 

Difference 0.073 (4.44%) 0.014 (33.33%) 

Table 9 – The maximum values of moment ratio  and corresponding KR ( ) 
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3.4. The summary of the analytical and numerical results 

The comparison of the difference in analytical and numerical solution for different 

solved cases is stated in Table 10 and it is ordered according to the radius/thickness ratio. 

The solution is more exact with the higher radius/thickness ratio but the limit for the 

solution is  which is stated in Assumptions in part 3.1.1. This calculation shows that 

shell elements are more applicable for higher radius/thickness ratio. The error of the results 

is the least for   . 

 
Difference [%]

 

Difference [%]

 

 4.44% 33.33% 

 2.66% 15% 

 3.40% 6.67% 

Table 10 – The summary of the difference between analytical and numerical solution 

 

4. Numerical solution of the pipe for HUISMAN 

The aim of this part was to apply the previous analytical solution to the specific pipe 

used by HUISMAN and create macro in ANSYS 13.0 which will numerically solve the 

problem of ovalisation and also create the calculation in EXCEL. 

The material St52 of the pipe was set by HUISMAN in table and it was necessary to 

approximate these values by the curve of equation (3.37). These data were taken from the 

experiment and are stated in Table A1 in Appendix. The St52 stress-stain curve and its 

approximation is evident from Figure 27. The parameters A and n were estimated by 

Levenberg-Marquardt nonlinear least-square method in software MATHCAD. The extract 

of this calculation is in Appendix 2. 
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Figure 27 – St52 stress-strain curve and its approximation 

There was also made another change in geometry. Since there was found out that the 

axial dimensions of the pipe influence the results of the reaction in the support and the 

dimension used in the previous part did not match to those for material St52, the length  

was changed to 500mm and the length  was changed to 600mm. 

It is also necessary to calculate the fully plastic bending moment  and check if the 

analytical solution is applicable: 

 

  (4.1) 

  (4.2) 

 

Since the value of radius/thickness ration is less than 30, the analytical solution can be 

used. 
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The analysis was performed with the same settings as in the previous part which is 

stated in Table 3. The normalized moment curve is in graph in Figure 28 where it is 

compared with the analytical solution. The value of the maximum moment is then 

compared in Table 11. 

 

Figure 28 – The summary of the difference between analytical and numerical solution 

 

 
 

 

Numerical solution 1.253 0.073 

Analytical solution 1.244 0.056 

Difference 0.009 (0.72%) 0.017 (30.36%) 

Table 11 – The summary of the difference between analytical and numerical solution 

 

4.3. Ovalisation of the pipe 

The analytical solution of the ovalisation is using eq.(2.1) which is recommended by 

Offshore Standard, specifically by DNV-OS-R101. Also considering the ovalised shape of 
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the cross-section depicted in Figure 10, the formula for analytical calculation of ovalisation 

is (eq.3.36): 

 

  (4.3) 

 

where  is calculated from eq.(3.34). This formula for ovalisation is valid from the point 

where the value of the normalised bending moment is maximal.  

 The numerical solution ovalisation was also calculated using eq.(2.1). The value of 

the displacement of the nodes was taken from the ANSYS solution. Maximal value, 

maximum (or minimum), of the displacement in y direction represents the enlargement of 

the diameter (see Figure 30).  is then calculated as: 

 

  (4.4) 

 is calculated from the displacement in x direction as: 

 

  (4.5) 

 

 and  are depicted in Figure 29. 
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Figure 29 – The ovalisation calculation in x direction 

 

Figure 30 – The ovalisation calculation 

The ovalisation in per cent was applied to the graph in Figure 31. The analytical value 

of ovalisation is zero till the maximal normalized bending moment is reached. At that point 

the numerical value of ovalisation is 5%. In the middle part of the graph, both analytical 

and numerical solution of ovalisation is quite similar. The numerical solution of ovalisation 
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stars going very steeply up when the  which corresponding to the bending 

radius . This radius is very low and is not real for this kind of using as 

HUISMAN needs. The required value of ovalisation 3% is of course after relaxation of the 

pipe. So in the next part there will be performed the relaxation of the pipe and determining 

the final ovalisation. 

 

Figure 31 – The ovalisation of the pipe 

 

4.4. The relaxation of the pipe 

The pipe was at first loaded by certain amount of displacement applied to the sliding 

support and then it was relaxated to set the final displacement of the support to zero value. 

After the pipe was loaded which is driven by the equations stated in Chapter 3, the 

relaxation of the pipe is kinematic hardening, so the depression of the moment corresponds 

to the twice yield stress. Since the value of the moment when there is the yield stress was 

calculated as the fully plastic bending moment, this value is: 

 

  (4.6) 
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The relaxation is afterwards driven by the same equation as in the loading part, but the 

curve mirrors to the loading curve. The end of this curve is the point where this mirror 

curve crossing the relaxation line (in Figure 32 is the red line) moved to the beginning of 

the coordinate system. This point is solved incrementally. 

 

Figure 32 – The relaxation of the pipe 

The ovalisation of the relaxation part is not solved analytically here, but the ovalisation 

curve is in graph in Figure 33. Ovalisation for different bending radius can be solved using 

macro which is in Appendix 3. 
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Figure 33 – Ovalisation curve 

The last part of the thesis was to create the EXCEL sheet which will be solved the 

ovalisation and the bending. As I mentioned above, the ovalisation is solved analytically 

only for loading part but not for relaxation. For this purpose, it can be used macro in 

Appendix 3. The EXCEL sheet consists of the input values (see Table 12) and the output is 

graph in Figure 32. 

Input values 

      dimension 

thickness t 16 mm 

diameter D 219.1 mm 

bending radius ρ 3000 mm 

material constant A 471.6 MPa 

material exponent n 0.44 - 

yield stress σy 390 MPa 

Young modulus E 210000 MPa 

Table 12 – Input values 
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5. Conclusion 

The analytical solution for the problem of ovalisation and bending of the pipe was 

introduced. This solution was based on the previous papers published by Tomas 

Wierzbicki and Monique V.Sinmao [2]. This theory deals with the Brazier effect. The large 

plastic deformation causing ovalisation of the initially circular cross-section of tubes 

subjected to pure bending was firstly introduced by Brazier and this effect was named after 

him. This theory says that the ovalisation can be taken into account after the external 

applied moment reaches its maximum. The formulas for the deformed radius and 

normalized bending moment are also introduced in the thesis. 

The simulation of the bending of the pipe with the ovalisation check was performed 

using four point bending of the beam. In this case, the moment in the middle part is 

constant and it is able to use it to ovalisation calculation. 

The second part of the thesis deals with the comparison of the analytical solution with 

the numerical solution. The material and dimensions of the pipe were used the same as the 

authors of the paper [2] used. There was find out that the curves fit pretty well and is able 

to be used in the specific case. 

The last part consists of the analysis of the bending of the pipe and its ovalisation for 

the specific pipe set by HUISMAN. The material curve was given by the set of the 

experimental data, so it was necessary to approximate this curve into demanded form of 

equation. Subsequently, there was used similar analysis as in Chapter 3. The ovalisation 

was calculated with the analytical formula and also with the data from the simulation. 

Finally, there was also performed the relaxation of the loaded beam and the ovalisation 

after the relaxation of the beam was checked only numerically. 

The output of the thesis is macro for the simulation the loading and also relaxation of 

the beam. This is completed with the macro which enables listing of the deformation 

values to find out the ovalisation. The analytical solution is applied in the EXCEL sheet 

which consist of the loading and relaxation part and is driven only by the input values 

stated in Table 12. 

The calculation of the ovalisation of the pipe confirms that the shell elements are more 

suitable for beam with higher radius/thickness ratio. In this case, the ratio should approach 

the value 30. For the smaller values of the ratio, the results could inaccurate.s 
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The ovalisation of the circular cross section is quite complicated field of study. The 

future work could be focused on the beginning part of the loading because this theory 

considering the ovalisation after the maximum external applied moment is reached. Also it 

will be helpful to consider another shape of the ovalised cross section which will better suit 

to the reality. 
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7. Appendix 

Appendix 1 - St52 stress-strain experiment data 

St 52 stress - strain curve 

strain [-] stress [MPa] strain [-] stress [MPa] strain [-] stress [MPa] 

0 0 0.1 567.6 0.7 821.6 

0.0018571 390 0.11 578.0 0.75 832.4 

0.005 392 0.12 587.6 0.8 842.7 

0.006 392.3 0.13 596.7 0.85 852.4 

0.007 392.7 0.14 605.1 0.9 861.7 

0.008 393.1 0.15 613.1 0.95 870.6 

0.009 393.5 0.16 620.7 1 879.2 

0.01 393.9 0.17 627.9 1.05 887.4 

0.011 394.3 0.18 634.7 1.1 895.2 

0.012 394.7 0.19 641.3 1.15 902.8 

0.013 395.1 0.2 647.5 1.2 910.2 

0.014 395.5 0.21 653.6 1.25 917.2 

0.015 395.9 0.22 659.4 1.3 924.1 

0.016 400.7 0.23 665.0 1.35 930.8 

0.017 405.4 0.24 670.4 1.4 937.2 

0.018 409.8 0.25 675.6 1.45 943.5 

0.019 414.0 0.26 680.6 1.5 949.6 

0.02 418.1 0.27 685.5 1.55 955.5 

0.021 422.0 0.28 690.3 1.6 961.3 

0.022 425.7 0.29 694.9 1.65 966.9 

0.023 429.3 0.3 699.4 1.7 972.4 

0.024 432.8 0.32 708.0 1.75 977.8 

0.025 436.2 0.34 716.2 1.8 983.0 

0.026 439.5 0.36 724.1 1.85 988.2 

0.027 442.6 0.38 731.5 1.9 993.2 

0.028 445.7 0.4 738.7 1.95 998.1 

0.029 448.7 0.42 745.6 2 1002.9 

0.03 451.6 0.44 752.2 2.05 1007.6 

0.04 476.9 0.46 758. 6 2.1 1012.3 

0.05 497.6 0.48 764.7 2.15 1016.8 
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0.06 515.1 0.5 770.7 2.2 1021.3 

0.07 530.4 0.55 784.8 2.25 1025.6 

0.08 544.1 0.6 797.9 2.3 1029.9 

0.09 556.4 0.65 810.1     

Table A1 – St52 stress-strain experiment data 

 

Appendix 2 – Calculation in MATHCAD 
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Appendix 3 

Macro in Software ANSYS fot the bending and relaxation of the pipe 

This macro gives more realistic results for  but less than 30. 

FINISH 

/clear,start 

finish 

 

!number of processor 1 or 2 

/config,nproc,2 

 

!number of result files 

/config,nres,100000 

 

!name of the job 

name='Pipe' 

/FILNAME,%name%,1 

/TITLE,bending of the tube 

 

!preprocessing 

/PREP7   

ET,1,SHELL281  
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ET,2,MPC184  

KEYOPT,2,1,1 

KEYOPT,2,2,0 

 

!input parameters 

*ASK,D,diameter[mm]=,219.1 

*ASK,t,thickness[mm]=,16 

*ASK,yield_stress,Yield stress[MPa]=,390 

*ASK,yield_deformation,Yield deformation[MPa]=,0.001857143 

*ASK,material_constant_A,material constant A[-]=,471.607 

*ASK,material_constant_n,material exponent n[-]=,0.44 

*ASK,poisson_constant,Poisson constant[-]=,0.3 

*ASK,max_deformation,max deformation[-]=,2.3 

 

E=yield_stress/yield_deformation 

 

l1=500 

l2=600 

 

!material definition 

MPTEMP,,,,,,,,      

MPTEMP,1,0   

MPDATA,EX,1,,E   

MPDATA,PRXY,1,,poisson_constant   

 

TB,KINH,1,1,NUMBER_ROWS 

TBMODIF,1,1, 

TBMODIF,1,2,0 

 

NUMBER_ROWS=20 

*DIM,istress,,NUMBER_ROWS 

*DIM,ideformation,,NUMBER_ROWS 

ideformation(1)=yield_deformation 
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istress(1)=ideformation(1)*E 

*DO,kk,2,20 

ideformation(kk)=yield_deformation+kk*(max_deformation-

yield_deformation)/(NUMBER_ROWS-1) 

istress(kk)=yield_stress+material_constant_A*(ideformation(kk)-

yield_deformation)**material_constant_n 

*ENDDO 

 

TB,KINH,1,1,NUMBER_ROWS 

*DO,kk,2,NUMBER_ROWS 

TBMODIF,kk,1,ideformation(kk-1) 

TBMODIF,kk,2,istress(kk-1) 

*ENDDO 

 

!definition of the shell element 

sect,1,shell,,trubka 

secdata,t,1,0.0,5  

secoffset,MID    

seccontrol,,,, , , , 

 

!geometry creation   

K, ,,,,  

k,,D/2 

k,,,,-100 

K, ,,,l1,  

K, ,,,l1+l2, 

CIRCLE,1,D/2,3 ,2,180, 2, 

L,      1,       4  

L,       4,       5  

ADRAG,1,2, , , , ,3,4   

 

!meshing 

AESIZE,all,20,  

MSHAPE,0,2D  
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MSHKEY,1 

 

TYPE,   1    

n,, 

n,,,,l1 

amesh,all 

 

!creating MPC algorithm 

TYPE,   2    

nsel,S,LOC,z,-0.01,0.01 

nsel,u,,,1 

*get,number,node,0,count 

 

*do,I,1,number,1 

*get,value,node,0,num,min 

e,1,value 

nsel,u,,,value 

*enddo 

value= 

number= 

allsel 

 

nsel,S,LOC,z,l1-0.01,l1+0.01 

nsel,r,LOC,x,-D/2-0.01,D/2+0.01 

nsel,u,,,2 

*get,number,node,0,count 

 

*do,I,1,number,1 

*get,value,node,0,num,min 

e,2,value 

nsel,u,,,value 

*enddo 

value= 

number= 
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allsel 

finish 

 

!solution 

/solu 

 

!boundary conditions part 1 - fixed support 

! symmetry 

nsel,S,LOC,z,l1+l2-0.01,l1+l2+0.01 

D,all, , , , , ,UZ,ROTY, 

allsel 

 

nsel,S,LOC,y,-0.01,+0.01 

D,all, , , , , ,UY,ROTZ, 

allsel 

 

D,1, , , , , ,UX, 

 

!boundary condition part 2 - sliding support 

 

*DIM,displacement,TABLE,3,1,1,time, ,    

*SET,DISPLACEMENT(0,1,1) , 0 

*SET,DISPLACEMENT(1,0,1) , 0 

*SET,DISPLACEMENT(2,0,1) , 0.5 

*SET,DISPLACEMENT(2,1,1) , 300   

*SET,DISPLACEMENT(3,0,1) , 1  

*SET,DISPLACEMENT(3,1,1) , 0 

 

D,2, , %DISPLACEMENT% , , , ,UX, , , , ,  

 

!analysis settings 

ANTYPE,0 

NLGEOM,on 

NSUBST,100,2000,50 



62 

 

OUTRES,ERASE 

!OUTRES,ALL,10     

OUTRES,ALL,all  

TIME,1   

NEQIT,100 

 

CNVTOL,U, , 1.0E-5 

CNVTOL,F,  ,0.001 

 

Solve 

 

Macro for listing the ovalisation values 

!Ovalisation in y direction 

/output,ovalisationY.txt 

alls 

set,last 

 

!find out the number of substeps 

*get,substeps,active,0,solu,ncmss 

 

*DO, iloop, 1, substeps, 1 

set,next 

/output 

 

! max UY 

ALLS 

*GET,nmax,NODE,0,NUM,MAX 

nnuymax=0 

uymax=0 

*DO, ni, 1, nmax 

*GET,uytmp,NODE,ni,U,Y 

*IF,uytmp,LT,uymax,THEN 

uymax=uytmp 

nnuymax=ni 
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*ENDIF 

*ENDDO 

 

/output,ovalisationY.txt,,,append 

/com,step %iloop% %UYMAX% 

/output 

 

*enddo 

 

!Ovalisation in x direction 

/output,ovalisationX.txt 

alls 

set,last 

 

!find out the number of substeps 

*get,substeps,active,0,solu,ncmss 

 

*DO, iloop, 1, substeps, 1 

set,next 

/output 

 

!determining of the displacement in x direction 

node1=node(-D/2,0,l1+l2) 

node2=node(D/2,0,l1+l2) 

N1UX=UX(node1) 

N2UX=UX(node2) 

 

/output,ovalisationX.txt,,,append 

/com,step %iloop% %N1UX% %N2UX% 

/output 

 

*enddo 


