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Owe Axelsson, Zdeněk Michalec, Maya Neytcheva, Johannes Kraus, Jiří Bouchala,
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Abstrakt

Práce se zabývá Stokesovou–Brinkmanovou rovnící, která je modelem pro simulaci prou-
dění v plně saturovaném porézním prostředí. Stokesova–Brinkmanova rovnice je uni-
kátní spojení Darcyho a Stokesovy rovnice. Přesněji, Darcyho rovnice je využívána pro
simulaci proudění v porézním prostředí a Stokesova rovnice simuluje proudění ve vo-
lných oblastech porézního prostředí. Obě oblasti (porézní a volná) mají odlišný tenzor
propustnosti K, který odlišuje obě oblasti ve Stokesově–Brinkmanově rovnici.

V této práci je Stokesova–Brinkmanova rovnice využita pro simulaci proudění skrz
různá porézní prostředí s různými okrajovými podmínkami. Každá oblast je diskreti-
zována pomocí smíšené metody konečných prvků s použitím Q2 − Q1 elementů, na
nichž je ověřena stabilita úlohy. Využití slabé formulace Stokesovy–Brinkmanovy rovnice
spolu se smíšenou metodou konečných prvků vede na sedlobodový systém. Tento sed-
lobodový systém je přirozeně špatně podmíněný, ale navíc se v něm projevují skoky
koeficientů z tensoru propustnosti K. Tyto skoky zvyšují špatnou podmíněnost řešeného
sedlobodového systému.

Tato práce navrhuje řešit tento sedlobodový systém pomocí GMRES metody s vho-
dným typem předpomínění. Většina typů předpomínění využitých v této práci pracuje s
SPD maticí A z řešeného sedlobodového systému. Obecně tato matice A obsahuje skoky
v koeficientech a je proto těžké najít vhodné obecné předpomínění. Proto v této práci
byly využity a testovány metody aproximace předpodmínění A−1. Tato práce nabízí
obecné srovnání několika typů předpomínění včetně jejich kombinace s různými meto-
dami aproximace inverze A−1 pro několik různých příkladů. Tato práce se také zabývá a
posteriorním odhadem chyby, kde byla vyvinuta a použita technika, která umožní měřit
kvalitu různých diskretizačních sítí. Navíc tato technika umí objevit singularity způ-
sobené náhlou změnou proudění a tvarem porézního prostředí.

Klíčová slova: Darcyho rovnice, Stokesova rovnice, Stokesova–Brinkmanova rovnice,
porézní prostředí, předpodmínění, a posterioriorní odhady chyb, tenzor propustnosti,
sedlobodová matice.



Abstract

This thesis works with the Stokes–Brinkman equation, which is the model for simulation
of the fluid flow in a fully saturated porous medium. The Stokes–Brinkman equation is
a unique equation combining the Darcy and Stokes equations. More precisely, the Darcy
equation is used for simulation of fluid flow in porous region and the Stokes equation
simulates the fluid flow in void spaces of a porous medium. Both domains (porous and
void) have different values of permeability tensor K, which separates one from another
in the Stokes–Brinkman equation.

In this thesis, the Stokes-Brinkman equation is used for simulation of the fluid flow
through various types of porous domains and boundary conditions. Every domain is
discretized by mixed finite element methods by means of Q2 − Q1 elements, where the
stability is verified. The usage of the weak formulation of the Stokes-Brinkman model
together with the mixed finite element method leads to the saddle point system. This
saddle point system is ill-conditioned by itself, and it further contains the jumps in coef-
ficients from K. Such jumps increase ill-conditioning of the solved saddle point system.

This thesis suggests to solve the saddle point system by the GMRES method with
appropriate types of preconditioning. Most of the presented preconditioners require to
solve a system with SPD matrix A from the saddle point system. Generally, this matrix
A contains jumps in coefficients and it is hard to find a general preconditioner. Hence
some types of SPD approximation of A−1 are presented and tested. The thesis offers a
general comparison of preconditioning techniques with various types of approximation
of A−1 for different examples. Here, also some technique of a posteriori error estimates,
which measure the quality of the mesh on various elements, is presented. This technique
discovers singularities which can be caused by sudden changes of the fluid flow or by
the inner structure of a porous medium.

Keywords: Darcy equation, Stokes equation, Stokes–Brinkman equation, porous media,
preconditioning, a posteriori error estimate, permeability tensor, saddle point system.
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Nomenclature

Physical quantities:

u = velocity [m · s−1]
p = pressure [Pa]
µ = dynamic viscosity [Pa · s = kg ·m−1 · s−1]
µ∗ = effective viscosity [Pa · s = kg ·m−1 · s−1]
K = permeability tensor [m2]
ρ = density [kg ·m−3]
M = mass [kg]
V = volume [m3]
φ = porosity [−]
S = water saturation [−]
g = acceleration due to gravity [m · s−2]
T = temperature [◦C or ◦F ]
x = spatial coordinate [m]
f = outer body force term [N ]
q = sources (sinks or well) [m · s−1]; or Darcy’s velocity [m · s−1]

Domain and grid:

Ω = entire physical domain
∂Ω = boundary of the domain Ω
Ωp = porous (Darcy) part of the domain Ω
Ωf = free fluid (Stokes) part of the domain Ω
Ωs = solid (impermeable) part of the domain Ω
Ωi = one element i part of the domain Ω
Ω− = inflow boundary
Ω0 = characteristic boundary (wall)
Ω+ = outflow boundary
ΩD = boundary with Dirichlet boundary condition
ΩN = boundary with Neumann boundary condition

Vectors and matrices:

S = stiffness matrix
M = mass matrix
A = finite element representation of bilinear form (4.17)
B = finite element representation of bilinear form (4.18)
Ar = augmented matrix - Section 7.13
S = Schur complement to matrix A
I = identity matrix
D = diagonal matrix
λ = vector of eigenvalues
n = normal vector
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Numbers:
N = number of elements in grid
n = spatial dimension; or size of matrix A ∈ R

n×n from (7.3)
nu = number of velocity nodes in one spacial coordinate
np = number of pressure nodes
α = variable parameter for preconditioners
r = variable parameter for Augmented type preconditioners
ε = relative accuracy
h = length of edge of the element

Acronyms:
FEM = finite element method
MFEM = mixed finite element method
SPD = symmetric and positive-definite matrix
AGMG = aggregation based algebraic MultiGrid method
CG = conjugate gradient method
PCG = preconditioned conjugate gradient method
GMRES = generalized minimal residual method

Subscripts:
i = element number or iteration step
j = element number or iteration step
e = related to actual element
D = related to matrix D
local = matrix related to local element
diag = matrix related to diagonal approximation of the inverse
as = matrix related to assembled approximation of the inverse
el = matrix related to element by element approximation of the inverse
ainv = matrix related to approximation of the inverse based on Kolotina

and Yeremin technique
ebe = element by element approximation of the Schur complement
ebe_2×2 = 2×2 version of overlapping element by element approximation of

the Schur complement
ebe_4×4 = 4×4 version of overlapping element by element approximation of

the Schur complement

Basis functions, etc.:
v = test function for velocity on fine scale
q = test function for pressure on fine scale
φi = basis test function for Q2 element
ψi = basis test function for Q1 element
‖.‖F = Frobenius norm
(·, ·) = dot product
a(·, ·), b(·, ·) = bilinear forms
R
n = n-dimensional Euclidean space
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Operators

Let u =

[
ux
uy

]
and v =

[
vx
vy

]
; and operators used in this thesis for two dimensional

case are defined as:

u · v = uxvx + uyvy

∇ · u =
∂ux
∂x

+
∂uy
∂y

∇u : ∇v =
∂ux
∂x

∂vx
∂x

+
∂ux
∂y

∂vx
∂y

+
∂uy
∂x

∂vy
∂x

+
∂uy
∂y

∂vy
∂y

∇u =

[
∂ux
∂x

∂ux
∂y

∂uy

∂x
∂uy

∂y

]

∆u = ∇ · (∇u)T =

[
∂2ux
∂x2 + ∂2ux

∂y2

∂2uy

∂x2 +
∂2uy

∂y2

]

(u · ∇)u =

[
ux

∂ux
∂x + uy

∂ux
∂y

ux
∂uy

∂x + uy
∂uy

∂y

]
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Introduction

The flow in porous media receives close attention in many engineering and environmen-
tal applications. In geo-engineering it is underground disposal of the spent nuclear fuel
and more generally contaminant transport, carbon-dioxide sequestration, construction of
enhanced geothermal systems, enhanced oil recovery (EOR) and others. Other applica-
tions can be found in civil engineering, development of filtration systems, construction
of modern batteries as well as in biomechanics.

The currently used models describe the flow in saturated and unsaturated porous me-
dia, multiphase flow etc. Analysis of this models, development of the numerical meth-
ods, and available software are still under a significant development.

Classical (e.g. Darcy’s) models take porous medium like a continuum. On the other
hand with arising computational power, porous medium can be modelled with respect to
each small fracture within. Such approach allows the fluid flow to be described more pre-
cisely. One of such approaches is to use the Stokes-Brinkman equation, which combines
the fluid flow inside porous medium on microscopic level with the fluid flow through
fractures and void spaces on macroscopic level.

Current state-of-the-art

Since the moment when H. C. Brinkman firstly published his articles [30] and [31] rele-
vant to the topic, a lot of work has been done with respect to his work. It is not in the
power of the author to cite all articles, books, scientific research etc., which connect with
the Stokes–Brinkman equations. Here follows the short list of publications crucial to the
topic of the thesis and current research.

Author’s initial interest in the Stokes–Brinkman model was caused by articles [122]
and [100], which show the usage of the Stokes–Brinkman model of real applications.
Basic properties of porous medium can be found, e.g., in [146, 150, 156].

General ideas used in this thesis as mixed finite element method (MFEM), properties
of saddle point systems, Stokes and Darcy mixed formulation, creation of matrices from
equations etc. are described in books [26, 29, 56].

The mathematical analysis of the Stokes–Brinkman equation was done in [72, 90].
The theoretical justifications of the Brinkman model exists, see [103, 115] and [80] and the
references therein.

The Stokes–Brinkman model is certain connection of the Stokes equation [26, 56] and
Darcy equation [48, 149]. The optional choice for the Stokes–Brinkman model is the
Stokes–Darcy model [149]. The multiscale approach of the Darcy model as a macro model
and Stokes–Brinkman model at micro level is shown in [105, 159, 123].

Numerical solution of the Stokes–Brinkman system can be found e.g. in [121] which
suggests to work with incomplete Cholesky factorization technique. Another one [152]
is based on different approach of introducing the flow’s vorticity as an additional un-
known. Recently published article [91] is based on the divergence-conforming discontin-
uous Galerkin methods and overlapping patch based domain decomposition smoothers.
General information about solving the saddle-point system is described in [21] and [26].

A posteriori error estimate is represented by articles [90] and [2].
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Thesis outline

The main aim of this thesis is to deal with the whole process of using the Stokes–Brinkman
equation. It concerns understanding of physical laws describing the behaviour of the
fluid flow in porous medium. It compares the Stokes–Brinkman model with other appro-
priate mathematical methods, which allows to compute similar problems on computers.
Moreover, it has to handle all issues which can happen during numerical simulations.
Consequently, the thesis is organized as follows.

Chapter 1 guides the readers through basic facts about porous medium. Chapter 1
aims at better understanding of the relationships between the physical properties of
porous medium and mathematical modelling by the presentation of basic characteristics
of porous materials. It also concerns the basic characteristics of the fluid flow regimes in
porous domains including the properties which define the fluid flow in porous medium.

Chapter 2 defines equation of the fluid incompressibility, which is considered through
the whole dissertation thesis. It defends the assumptions of usage the incompressibility
condition and slightly shows other variations of fluid properties.

Chapter 3 introduces basic models describing the fluid flow in porous medium under
various physical conditions. It shows the usage, limits, pros, and cons of the Stokes–
Brinkman equation against other models.

The next Chapter 4 concerns the derivation of the weak formulation of the Stokes–
Brinkman equation which is a necessary step to approximation by the mixed finite el-
ement method. This chapter also describes the involvement of pressure and velocity
boundary conditions into mixed formulation of the Stokes equation, which are extended
to the Stokes–Brinkman equation.

Chapter 5 is short but very important, as it proves the well-posedness of continuous
and finite element (on chosen finite elements) solution. The necessary condition is the
LBB condition, whose proof for continuous form is in Appendix A.

Examples illustrating the potential of the Stokes–Brinkman model for real application
are given in Chapter 6. Each of them was designed to validate the unique properties of
the Stokes–Brinkman model, like various boundary conditions, two interrelated free flow
regions, usage of transition zone, validation of the condition between the free flow and
porous domain named Beaver-Jones condition, and setting the permeability tensor K by
CT-scan. Furthermore, Chapter 6 contains two examples which show the industrial and
technical potential of the Stokes–Brinkman equation. Both of them were computed in
COMSOL Multiphysics (this program also served for validating of some of the author’s
codes).

Chapter 7 investigates the finite element approximation from the numerical point of
view. The first part of Chapter 7 examines the general properties of the saddle point
system arising from the finite element approximation of the Stokes–Brinkman equation.
It also focuses on individual properties of sub-matrices, from which the saddle point
system is assembled. It explores the properties that affect the condition number of the
whole saddle point system and individual sub-matrices. The second part of Chapter 7,
which exceeds beyond the Stokes–Brinkman model, tries to find an appropriate precon-
ditioning technique for the saddle point matrix with varying coefficients. It concerns the
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preconditioning techniques which deal with the whole saddle point system or individual
sub-matrices.

The last Chapter 8 presents a derivation of a posteriori error estimate for the Stokes–
Brinkman model. Moreover, it demonstrates the computation of a posteriori error esti-
mate based on the previous theory.

The final part of the thesis contains the conclusion and a brief discussion about the
thesis. Furthermore, it contains a discussion about future possible directions.

The last pages contain thesis’ references; and author’s references and talks.

Contribution of the thesis

This thesis introduces the numerical solution of the Stokes–Brinkman model by the us-
age of the mixed finite element method (MFEM). As fas as author knows, there is not
any similar coherent text which deals with presented problematic. The following lines
summarize the novel ideas and contribution of the thesis.

In Section 3.8 author compares the Stokes–Brinkman, Darcy, and Stokes flow in arti-
ficial domain. The results of such comparison show Figures 12 to 15.

In Chapter 5 author validates the stability of the numerical solution for Q2 −Q1 ele-
ments. He uses a general theory for the Stokes equation and extends this theory for the
Stokes–Brinkman equation.

In Chapter 6 various numerical examples linked to the Stokes–Brinkman model are
solved. It considers all possible combinations of various fluid flow, whereas some of them
are unique. Such as, the Example 4b has the permeability tensor set up in agreement with
Figure 42, where one single element has different value of permeability and this is unique
test of the Stokes–Brinkman model.

Bigger part of the thesis aims at solving to the saddle point system with jumps in
coefficients arising from the Stokes–Brinkman model. In Section 7.4 author provides an
investigation of both the properties of the saddle point system and individual element
matrices from the saddle point system.

Author suggest to solve the saddle point system by GMRES method with various
types of preconditioning, none of them being presented elsewhere in connection with the
Stokes–Brinkman model, except author’s articles [A5,A8,A10,A12].

The first types of preconditioners are HSS and its simpler version RHSS. Both HSS
and RHSS, and other following preconditioners need to solve a system with SPD matrix
A, which contains jumps in coefficients. Generally is difficult to find a general type of
SPD preconditioner for matrix A. Hence, author introduces several types of approxima-
tions of the inverse A−1 in Section 7.11. Thesis contains detailed discussion about cre-
ation and pros/cons of the approximations of the inverse A−1 for the Stokes–Brinkman
model. Novel is the usage of the correction in Frobenius norm (Section 7.11) in previous
techniques. Author further tests those approximations of the inverse A−1 not only as a
preconditioning of local matrices, but uses those techniques as a part of Schur comple-
ment in the Modified block triangular matrix preconditioner (Section 7.12).

Very robust are techniques based on Augmented matrix (Section 7.13) taken from ar-
ticle Axelsson et al. [9] for the Darcy problem. This Augmented matrix preconditioning
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is extended in this thesis and in [A5] to the Stokes–Brinkman problem. As such tech-
niques are very memory consumable, author presents modification based on projection
(Section 7.13.3). Fully original is author’s Two level preconditioner (Section 7.14), it cre-
ates a preconditioning which leads to SPD sub-problem which is preconditioned by some
of presented approximations of the inverse techniques.

Author also tested AGMG code created by Yvan Notay as an inner solver for block
triangular matrix preconditioner with various approximation of the Schur complement
(Section 7.15). Further author tested AGMG code in connection with all preconditioning
methods included in this thesis. Final part of the Chapter 7, Appendix B, and Appendix C
present various methods, which were developed and tested. It can be useful for the
readers who work with saddle point system too.

Author derived a posteriori error estimates for the Stokes–Brinkman model [A4]. Au-
thor presents a modified method of computation of special residual error from Burda et
al. [39] for the Navier–Stokes equation. This method applied to the Stokes–Brinkman
model is capable to measure the error of Q2 − Q1 elements. Moreover, it identifies the
singularities created by sudden change of the fluid flow and the shape of the porous
domain.
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1 Properties of porous media

Everyone knows mushrooms, bricks, soil, filter paper, stone, bentonite, chalk, bones, pa-
per, concrete, or cotton. It might seem that they have nothing in common, but it is not
true. Each of these materials has its own skeletal portion, which is often called the ”ma-
trix” or ”frame”, and the rest of the material is void. This void space is called pores. The
pores can be filled with a fluid (liquid or gas or both of them). This is the gross definition
of the porous medium (or the porous material). The skeletal material is usually the solid.
Often, both the solid matrix and the pore network (also known as the pore space) are con-
tinuous, and they can form two interpenetrating continua such as it is in the sponge. But
from the macroscopic point of view (Figure 2), the matrix can be impermeable or perme-
able (=porous) or partially-permeable. This has an affect on permeability, see Section 1.4.
This effect is also described by the concept of closed porosity and effective porosity, i.e.
the pore space allows flowing [146]. On the microscopic scale level, the skeleton and
fluid form two interpenetrating continua. Except the structures like foams without solid
skeleton, these cases are often usefully analysed by using the concept of porous media as
well [92]. Inside the porous medium, fluids are continuous too, but this will be explained
later as unsaturated and saturated fluid flow, Figure 3.

The concept of porous media is used in many areas of applied science and engineer-
ing: filtration [84, 110, 141], mechanics (acoustics [28], geomechanics [140]- soil mechan-
ics, rock mechanics), engineering [150] (petroleum engineering, bio-remediation, con-
struction engineering), geosciences [150] (hydrogeology, petroleum geology, geophysics),
biology and biophysics [94], material science [150, 83], etc. Fluid flow through porous
media is a subject of most common interest and has emerged as a separate field of study.
The study of more general behaviour of porous media involving deformation of the solid
frame is called poromechanics [140].

1.1 Basic characteristics of the porous material

V, Va, Vw, Vs, Vφ = V − Vs = Vw (only in the fully saturated case) represent the volumes
of the whole porous medium, and the subvolumes of air, water, solids and pores (voids)
in V , respectively, see Figure 1. Correspondingly, M,Ma,Mw,Ms denote masses and
ρ, ρa, ρw, ρs densities of the constituents, here constant ρa, ρw, ρs is considered.
Md = Ms is so called dry mass (without water in pores), ρd 6= ρs is the dry density. Note
that,

ρ =
M

V
=
Ma +Mw +Ms

Va + Vw + Vs
, ρd =

Ms

Va + Vw + Vs
, ρs =

Ms

Vs
. (1.1)

Further characteristics of the porous media state are porosity φ, void ratio (e = φ
1−φ ), and

volumetric θ and mass water content w,

φ =
Vφ
V

e =
Vφ
Vs
, θ =

Vw
V
, w =

Mw

Ms
. (1.2)

The mass water content (WC) belongs to the very basic characteristics as it is easily mea-
sured by weighing a sample of soil, drying it out in an oven, and re-weighing.
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Figure 1: Division of porous material by [73].

The next important physical quantity is water saturation Sw ∈ 〈0, 1〉

Sφ = θ = θw =
Vw
V
, S =

θ

φ
=
Vw
Vφ

(1.3)

Similarly, Sg ∈ 〈0, 1〉, θg = Sgφ = Vg/Vφ denote saturation and volume portion of gas,
respectively.
For the unsaturated case holds that

ρ =
M

V
=
Md +Mw

V
=

Md + wMw

V
= ρd (1 + w) , (1.4)

φ =
Vφ
V

=
V − (V − Vφ)

V
= 1− M/ρs

M/ρd
= 1− ρd

ρs
=
ρs − ρd
ρs

, (1.5)

ρd =
Ms

V
=
Ms

Vs

Vs
V

= ρs (1 + φ) . (1.6)

For the future perspective, it is good to understand that water and gas saturation give
the decision on question: ’Which kind of equation has to be used for a given regime of
the fluid flow?’. Because equations describing the fluid flow in unsaturated media can
simulate both saturated and unsaturated fluid flow in the porous media, but equations
describing only saturated media cannot simulate the unsaturated fluid flow. More about
this is in Chapter 3.
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1.2 Flow in porous media

Naturally fractured porous media in geology are characterized by a wide range of length
scales. It is important to notify that the porous medium can be divided into (at least)
three different scales. The presence of fractures and caves at multiple scales is shown in
Figure 2.

Generally speaking, each behaviour of a material can be divided into two scales. The
first one is the macroscopic scale and the second one is the scale of the discrete particles,
i.e. microscopic scale. Every material (in the porous case solid, fluid, and gas) is made
up of atoms or molecules with void space between. In this thesis the problems which
involve excessively large numbers of atoms and molecules are considered. Even if a
micro-scale problem is considered, still the scale is very large compared to the average
distance of atoms or molecules. In this thesis, several differential equations describing
the behaviour of the fluid flow in porous media are treated, but none of them considers
quantum effects, although there are also partial differential equations which play a role
[81, 82].

Further, the macroscopic scale can be divided into individual scales, as an ensemble
of porous media with well defined properties (porosity and permeability) and the free
flow regions. On the highest scale, which is the scale of the fractures and free flow region
(Figure 2, left), the flow can be described (under suitable assumptions) by a continuum
approach ignoring the individual molecules of the fluid. As was said above, the flow on
the macroscopic scale comprises a huge number of pores where the individual geometry
is usually not available in detail. Actually, the fluid flow in micro scale (level of sand
grains) of pores is expressed by porosity and it is not computed directly.

It is evident that the main problem is the co-existence of porous and free flow regions,
typically on several scales. The next problem is the probably co-existence of fractures
and long range caves, which can form various types of connected networks changing the
effective permeability of the media by orders of magnitudes. The fill (gravel, sand etc.)
and presence of damage at the interface between porous media and caves or free flow
regions present another important problem in real simulations [100]. The next task may
be to solve unsteady (time-dependent) problems. The current state-of-the-art research is
multiphysics problems. Multiphysics treats simulations that involve multiple physical
models or multiple simultaneous physical phenomena. For example, the fluid flow in
porous media can be combined with the unsaturated fluid flow (see section 3.3), turbulent
fluid flow (section 3.7), two or more phases fluid flow (see section 3.2 and e.g. [45]),
heat transfer [142], species transport [18], chemical reactions [18], diffusion of radioactive
nuclide [154], and deformations (elasticity, plasticity, and elastoplasticity) [140].

Consider a basic example of the unsaturated fluid flow in common soil, see Figure 3.
Unsaturated means that the water table is inside the soil, roughly speaking, detailed dis-
cussion is in [145]. If the water level is not inside the soil, two cases can be distinguished.
The first one is that the soil is without water as continuum inside, i.e. soil is dry and only
air (with or without water vapor) is inside. The second case is that soil is fully saturated,
i.e. only water is inside without air. When water enters the soil, air must be replaced,
and when water is removed, air must enter, this is irrigation and drainage process. The
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Figure 2: Conceptual model of fractured and free flow regions at multiple scales,
from [123].

flow therefore involves two immiscible fluid phases - air and water. Thus the water table
is the locus of points at which the pressure of the water is zero (gage) and is therefore
a convenient reference datum. Two distinguishing characteristics of the two regimes of
flow are as follows:

1. Above the water table, there is a functional relationship among saturation, pressure
difference between air and water, and the permeabilities 1 to air and water; and

2. below the water table, saturation and permeability are constants.

If engineers solve the problem of flow in porous media in some degree of accuracy,
the entire flow system must be considered, whether it includes the flow above or below
the water table or both. There are several functional relationships among the variables
in the region above the water table. Analytical solution of such problem can be found in
the article [33], where the general theoretical relationships between the variables are pre-
sented. And also relationships between these variables to certain characteristic properties
of porous media are determined.

1Permeability k in fluid mechanics and the earth sciences is a measure of the ability of a porous material
to allow fluids to pass through it, see Section 1.4 for more details.
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Figure 3: Naturally saturated/unsaturated fluid flow in soil

1.3 Multiphase flow

Generally, the fluid flow in a porous medium can not be expressed only by the single flow
equations, see Chapter 3. A small sign of the multiphase flow is in Section 1.1; there are
properties of fluid and water, i.e. this combination creates a basic multiphase problem
of the fluid flow in porous medium. A fully liquid saturated porous medium contains
only a liquid phase medium without a gas medium. Saturated medium may consist
of several types of liquids (water, oil, etc.). On the other hand, an unsaturated porous
medium may contain more than one type of gas (oxygen, nitrous, etc.). Also there can
be chemical reactions between fluid phases and the immiscible fluids, like water to oil.
Generally, there is no mass transfer between the phases. Each of the phases is considered
to have a separately defined volume fraction (the sum of which is unity) and velocity
field. The momentum equation for each phase is less straightforward. It can be shown
that a common pressure field can be defined, and that each phase is subject to the gradient
of this field, weighted by its volume fraction.
There are also additional differences between phases. One phase (e.g. water) wets the
porous medium more than the other (e.g. oil), and this phenomena is called the wetting
phase and indicated by a subscript w. Another phase is termed the nonwetting phase
and indicated by o. In general, water is the wetting fluid relative to oil and gas, while oil
is the wetting fluid relative to gas. More information about the multiphase flow can be
found in [45, 146].

In Section 1.1, several properties of porous medium, with their relationships to porous
medium were introduced. In this section, these terms will be upgraded of the two-phase
fluid flow. So the fact that two fluids jointly fill voids implies the relation

Sw + So = 1, (1.7)

where Sw and So are saturations of the wetting and non-wetting phase, respectively.
Generally, the capillary pressure pc in the two-phase flow water-air is expressed as

difference of pressures between phases as pc = pa − pw. Also the multi-phase flow and
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wetting must have an effect on capillary pressure pc. The curvature and surface tension
of the interface between two phases causes that the pressure in the wetting fluid is lower
than that in the non-wetting fluid. The pressure difference is given by the capillarity
pressure pc

pc = po − pw. (1.8)

Empirically, the capillary pressure is a function of saturation Sw. Taking the presumption
that there is no mass transfer between phases in the immiscible flow, then the mass is
conserved within each phase by

∂ (φραSα)

∂t
= −∇ · (ρα~uα) + qα, (1.9)

where each phase has its own density ρα and α ∈ {w, o}. Equation 1.9 is general term for
mass conservation for the two phase fluid flow and it can change in various situations,
e.g. each phase is incompressible.

1.4 Hydraulic conductivity and permeability

Hydraulic conductivity, symbolically represented as K [m · s−1], describes the ease with
which a fluid can move through pore spaces or fractures. It depends on the intrinsic
permeability of the material and on the degree of saturation (it stays constant in fully
saturated case), and on the density ρ [kg ·m−3] and dynamic viscosity µ [kg ·m−1 · s−1]
of the fluid. Permeability k [m2] 2 is a portion of the hydraulic conductivity, and is the
property of the porous media only, not the fluid. The given value of hydraulic conductiv-
ity for a subsurface system, the permeability (or intrinsic permeability) can be calculated
as follows

k = K
µ

ρg
, (1.10)

where g is the acceleration due to gravity, [m · s−2].
Permeability is typically determined in the lab by the application of Darcy’s law under
steady state conditions or, more generally, by application of various solutions to the diffu-
sion equation for unsteady flow conditions ["CalcTool: Porosity and permeability calcula-
tor". www.calctool.org. Retrieved 2008-05-30]. Permeability needs to be measured, either
directly (using Darcy’s law), or through estimation using empirically derived formulas.
However, for some simple models of porous media, permeability can be calculated (e.g.,
random close packing of identical spheres [139]).
There are several types of permeability: intrinsic, absolute, relative, and effective. The
difference between intrinsic permeability and absolute permeability is in that the perme-
ability value in question is an intensive property (not a spatial average of a heterogeneous

2The unit of measure is often called the darcy [1D = 1cm3/s/cm2·1centipoise
1atmosphere/cm

], named after Henry Darcy,
see Section 3.1. Darcy unit is more frequently used by engineers and more common is use millidarcy [mD :
1D = 10−12m2]. Because the concept of permeability is of importance in determining the flow characteristics
of hydrocarbons in oil and gas reservoirs, and of groundwater in aquifers. For example, the number in mD
defines the potential of mass yield of oil from earth.



25

block of material), that it is a function of the material structure only (and not of the fluid),
and explicitly distinguishes the value from that of relative permeability (= dimensionless
measure of the effective permeability of given phase, is always between 0 to 1). Hence
relative permeability is a term devised to adapt the Darcy equation to multiphase flow
conditions. Relative permeability is the ratio of effective permeability of a particular fluid
at a particular saturation to absolute permeability of that fluid at total saturation. Rela-
tive permeability is 1.0 for a single phase fluid. If there is more than one fluid inside
the porous medium, then the calculation of relative permeability allows a comparison of
these fluids. It is needed because the presence of more than one fluid generally inhibits
flow of each of them. The effective permeability is an ability to preferentially flow or
transmit a particular fluid when other immiscible fluids are present in the reservoir (e.g.
effective permeability of gas in a gas-water reservoir). The relative saturations of the flu-
ids as well as the nature of the reservoir affects the effective permeability. And the last
absolute permeability is the measurement of the permeability conducted when a single
fluid, or phase, is present in the porous medium.

In an isotropic porous medium, hydraulic conductivityK is a coefficient that depends
on both the solid matrix and fluid properties. It can describe the saturated or unsaturated
porous medium. In this thesis only isotropic material is considered. It means the same
properties of a medium in each axis (x, y, z) direction. And for computations the real
values of hydraulic conductivity are used. In Chapter 1, porosity φ was introduced. Hy-
draulic conductivity K can be proportional to porosity, but generally it is not, it always
depends on a particular situation.

1.4.1 Relative permeability functions

In Section 1.4, permeability magnitude was introduced. This part is focused on the rel-
ative permeability and its computation. There are lots of numerous formulas that relate
permeability to various geometrical properties of the solid matrix. One purely empirical
formula is

kI = Cd2, (1.11)

where kI is the intrinsic permeability [length2], C is a dimensionless coefficient that is
related to the configuration of the flow-paths, and d [length] is an effective grain diameter
say, d10 (i.e., it is such diameter that 10% of the weight of the grains are smaller than the
diameter of the flow-paths). For example, in 1943 Krumbein and Monk suggested taking
C = 6.17 · 10−4 for k and d expressed in [cm2] and [cm], respectively. Although this is
an empirical formula, the dependence on the square of a characteristic length of the pore
space can be justified by a theoretical analysis, e.g. [18].

Another example is the Fair and Hatch formula [61], developed from dimensional
considerations, and verified experimentally

k =
1

β


(1− φ)

2

φ3


 α

100

∑

(m)

Pm

dm




2

−1

, (1.12)
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Figure 4: Range of permeability and hydraulic conductivity by Daene C. McKinney.
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where β is a packing factor, found experimentally to be 5, α is a sand shape factor, varying
from 6 for spherical grains to 7.7 for angular ones, Pm is the weight percentage of sand
held between adjacent sieves, and dm , is the geometrical mean hole diameter of adjacent
sieves.

The third often used term is called Kozeny–Carman equation [44, 113]

k = C0
φ3

(1− φ)2(Sw)2
, (1.13)

where C0 is a coefficient for which Carman (1937) suggested the value 0.2, but it is an
object of modern research to find more precise value of C0 coefficient. A lot of people
try to modificate this term, for example [113, 158]. One version called Black-Kozeny-
Cartman formula can be used for computation of saturated permeability with respect to
pore deformation during mechanical changes, see e.g. [154] for more details. The last two
terms (1.12) and (1.13) are important because they give the relation between porosity and
permeability. There are more terms, but (1.12) and (1.13) are the most known ones. There
is a big research to find the relative porosity for all known species of porous material.

The last two terms (1.11) and (1.12) describe the situation of the fully saturated porous
medium. But for the unsaturated fluid flow permeability depends on the level of normal-
ized saturation. Simple power-type relationships between the normalized saturation Sew
and the relative permeabilities kr· for water and air are

krw = (Sew)
ηw , (1.14)

kra = (1− Sew)ηa , (1.15)

where the exponents ηw and ηa are fitting parameters [3]. These parameters are differ-
ent for every porous material, e.g. for bentonite MX-80, which is created from clay and
quartz sand in dry weight proportions 70/30 is ηw ≈ 3.1. Relationships of this type can
be obtained on the theoretical basis, for simple models of laminar flow in bundles of cap-
illary tubes [145]. Or a modern way can use the inverse optimization methods, see [51]
and [A5]. As it is the wetting fluid, water tends to move along the solid phase surface
and preferentially fills smaller pores. Therefore, at the same saturation of each fluid the
resistance of the medium to the flow of water is larger than the resistance to the flow of
air. Thus, the exponent ηw is typically larger than ηa.

Burdine [40] and Mualem [114] introduced a statistical model of permeability. This
statistical model is based on the consideration of statistical distribution of the pore size
within the medium, and the connectivity between pores of various sizes. The pore size
distribution can be computed from the capillary function, due to the inverse relationship
between the capillary radius and the capillary pressure, as given by the Laplace law [40].
The statistically-based models from Burdine [40] and Mualem [114] can be written in the
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following generalized form

krw (Sew) = (Sew)
κ




Sew∫
0

pc(Ŝ)
−η1

dŜ

1∫
0

pc(Ŝ)
−η1

dŜ




η2

, (1.16)

kra (Sew) = (1− Sew)κ




1∫
Sew

pc(Ŝ)
−η1

dŜ

1∫
0

pc(Ŝ)
−η1

dŜ




η2

, (1.17)

where κ is the connectivity parameter, which is more difficult to derive and is often used
as a fitting parameter in the resulting model, such as in equations 1.14 and 1.15 are ηw
and ηa, which are the objects of inverse optimization methods, [51]. Exponents η1 = 1,
η2 = 2 and κ = 0.5 by Mualem [114]; and η1 = 2, η2 = 1 and κ = 2 by Burdine [40].
There are a few disadvantages of this model. The first one is the bad guess of exponents
and the second one is the numerical integration. Integral can be computed analytically
for simple domains but generally not.
In particular, it is possible to avoid numerical integration by usage the Brooks–Corey
capillary function [32], for which the following terms are obtained as

krw (Sew) = (Sew)
η3 , (1.18)

kra (Sew) = (1− Sew)κ[1− (Sew)
η4 ]η2 , (1.19)

where the exponents η3 = 2.5 + 2/nb and η4 = 1 + 1/nb by Mualem; and η3 = 3 + 2/nb
and η4 = 1+2/nb by Burdine. And nb is a parameter related to the pore-size distribution.

For Richardson equation (see Section 3.3), the empirical models of the relative per-
meability are computed directly as a function of the capillary pressure. In Richardson
equation, there is an assumption of constant air pressure. This allows the relative wa-
ter permeability to be computed as a function of the water pressure only. One empirical
model was created by Gardner, [63],

krw(pc) =
1

1 + (pc/pg)
ηw , (1.20)

where pg is the pressure scaling parameter. (1.21) is the modification of formula (1.20),
which was created by Philip [120]

krw(pc) =

{
exp

(
−pc−pe

pg

)
if pc > pe

1 if pc ≤ pe
, (1.21)

where pe is the air entry pressure. Equations (1.20) and (1.21) can be alternatively ex-
pressed in terms of the capillary pressure head Hp.
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In this section basic facts about flow in porous media and its characterization were
introduced, although the problem of determination of relative permeability is more com-
plex. For example the permeability may vary with time. Such a change may be caused
by compaction of a layer by external loads. Increasing saturation may cause the swelling
process, and then the porosity is changed [A1,A2]. Clogging, e.g. by precipitation of
minerals, may also produce changes in the structure and texture of the solid matrix [150].
Fine-grained solids carried by infiltrating surface water may also cause the clogging of
pores. There can be a dissolution of the solid matrix caused by chemical reactions or
natural degradation, see [144] for more details. For example, a soil contains argillaceous
(clay-type) materials drying the soil may shrink the clay, especially the bentonite, causing
the permeability to the air of the dried soil to be higher than the permeability to water
before drying. Biological activity in the void space may produce biomass that tends to
fill the void space thus reducing the permeability with time.
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2 Conservation of Mass

Conservation of mass is a basic law of physics. Observation from the conservation of
mass is an important point of view on the incompressibility of the fluid flow. It is natural
to look at incompressibility of the fluids as constant volume of the fluid which does not
naturally grow or decrease, i.e. the volume of the fluid more or less stays the same in
time. Basic facts about conservation of mass are discussed in this chapter.

Conservation states that the total amount of such an extensive state variable in a
closed system remains constant over time. In an open system, the total amount of the
quantity can vary through the exchange with the environment, [17].

Figure 5: Domain ω.

Let Ω ⊆ R
n, n = 1, 2, 3 denotes do-

main which is filled by compressible fluid.
The domain Ω is open and simply con-
nected space. Denote domain ω ⊂ Ω
which is chosen arbitrarily, Figure 5. For
the subsequent derivation, ω and Ω are
fixed in space and do not depend on time
(an assumption to be relaxed when solids
are considered). One can imagine Ω as
a aquarium and ω as a drop of water of
aquarium. This is called the Eulerian point
of view [17]. The function ρ(x, t) gives the
mass density in units [kg ·m−3]. The total
mass Mω(t) (in [kg]) contained in ω at time
t is given by

Mω(t) =

∫

ω

ρ(x, t) dx (2.1)

Equation (2.1) gives total mass at one given time t. But during the time, total mass of
material can be changed, especially by two different ways:

1. inflow or outflow of the material over the boundary ∂ω is connected with velocity
of the material v(x, t) in [m · s−1]. The direction of material flow is given by exterior
unit normal vector n(x) at x ∈ ∂ω. Therefore v · n > 0 labels the reduction of the
mass in ω and vice versa,

2. injection (resp. extraction) of material into (resp. from) ω is described by source
function f(x, t). If f > 0, then it is a source and if f < 0, then is a sink.

Hence the change of total mass for an arbitrary time interval ∆t is changed by

Mω(t+∆t)−Mω(t) =

t+∆t∫

t





∫

ω

f(x, r) dx−
∫

∂ω

ρ(x, t)v(x, r) · n(x) ds



 dr. (2.2)
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Using
∫ t+∆t
t g(r)dr = ∆tg(t) + O(∆t2) for sufficiently smooth g, passing to the limit

∆t→ 0 and applying Gauss’ theorem
∫
ω∇ · u dx =

∫
∂ω u · n ds on (2.2) gives the integro-

differential form of the conservation law

∂t

∫

ω

ρ(x, t) dx+

∫

ω

∇ · (ρ(x, t)v(x, t)) dx =

∫

ω

f(x, t) dx (2.3)

equation (2.3) holds for arbitrary ω. If functions are sufficiently smooth, then (2.3) can be
rewritten onto the final differential form of the mass conservation law

∂tρ(x, t) +∇ · (ρ(x, t)v(x, t)) = f(x, t). (2.4)

In this thesis, only incompressible fluids are used ⇒ ρ(x, t) = constant is considered,
hence

∇ · v(x, t) = f(x, t). (2.5)

which further reduces to ∇ · v = 0 when there are no sources and sinks presented
(i.e. the velocity field of an incompressible fluid without sources and sinks is divergence
free).

2.1 Compressibility, Density, and Viscosity of Fluids

In a introduction of Chapter 2 incompressible condition∇ · v = 0 was introduced. In this
thesis a water medium which can be taken as incompressible is considered. In this sec-
tion, the hypothesis such as that water can be taken as incompressible fluid is defended.
In the transition from (2.4) to (2.5) the condition ρ(x, t) = constant is considered. But gen-
erally this is not true. Density of the water phase depends on the pressure, temperature,
and the concentrate of dissolved substances, see Figure 6. For pure water in isothermal
conditions, the dependence on density and the pressure can be expressed by following
equation [74]

ρw(pw) = ρrefw exp
[
βw

(
pw − prefw

)]
, (2.6)

where ρrefw is the reference water density (998.2071 kg ·m−3 at 20◦C), prefw is atmospheric
pressure (101325Pa), and βw is the isothermal relative compressibility coefficient. For
the range of temperatures from 10 to 50◦C and pressures from 0 to 106 Pa, βw are ap-
proximately constant and equal to 4.5 · 10−10 Pa−1. The reason why water is taken as
an incompressible fluid is that, with above taken water ρrefw , prefw and βw properties is the
change of density around 0.5 kg ·m−3, if the pressure changes by 106 Pa. It is said that the
pressure change inside a porous medium is << 106 Pa, note that order 106 Pa = 1MPa.
Pressures around and more then 1MPa mostly cause the deformation of porous matrix,
and these cases are not solved in this thesis. For more details see [140].

Changing the density of water in dependency on increasing or decreasing tempera-
ture is not so important because the temperature inside the porous media from Chapter 1
are often uniformly stable. Changing the density with changing the temperature is re-
lated to the following term

ρw(pw) =
ρrefw

1 + γw (tw − trefw )
, (2.7)
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Figure 6: Calculating density of fluids for changing pressure and temperature from engi-
neeringtoolbox.com.

where γw is the volumetric temperature expansion coefficient (0.0002m3 · m−3 · ◦C at
20◦C), trefw is the initial temperature [◦C], and tw is the final temperature [◦C] of water.

The density of water depends on temperature, but Figure 6 shows the range of change
of density (y-axis), which is not significantly varying with temperature. On the other
hand in cases as geothermal energy simulations the change of density plays a role, due to
higher temperature difference from 4◦C up to 350◦C. Based on above mentioned theory,
water can be considered as incompressible fluid without loss of generality in this thesis.
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3 Mathematical models

In this chapter several basic models of the fluid flow in porous media are described. As
was mentioned in Chapter 1, there are several types of the fluid flow in porous media.
Basic division is onto saturated and unsaturated type of the flow. In Chapter 1, there is
example of water fluid in soil. Above the water level, it is basically the model of unsat-
urated fluid flow. Under the water level, the porous medium is fully saturated, i.e. from
Section 1.1, Se = 1. The following Table 1 shows basic mathematical models with their
usage. These models with their pros/cons and usage are described more in detail in the
following subsections.

Model Saturated Unsaturated Multiphase flow
Darcy’s equation X × X (immisible)
Two-phase flow X X X

Richards’ equation X X ×
Richards’ equation
with isothermal vapor diffusion

X X X (immisible)

Darcy-Stokes X × ×
Stokes-Brinkman X × X

Navier-Stokes-Brinkman X × X

Table 1: Comparison of mathematical models for simulation of the fluid flow in porous
media in capability of simulation of saturated/unsaturated and multiphase flow.

As the Table 1 shows, this section will introduce the Stokes–Brinkman model. In the
foregoing was shown that various conditions of the fluid flow models in porous media
can exist, which can not be simulated by the Stokes–Brinkman model.

There are two main reasons for introducing other models. The first one is that the
Stokes–Brinkman model is a unique equation which connects the Darcy (Section 3.1) and
the Stokes (Section 4.2) equations. The second reason is that knowledge of other models
of the fluid flow in porous media helps to understand the usage of the Stokes–Brinkman
model. It can help to understand the behaviour, way of usage, advantages, disadvantages
and define the limits of the Stokes–Brinkman model in comparison to others models,
which can simulate the fluid flow in porous medium.

3.1 Darcy model - Darcy law

Darcy’s law is a phenomenologically derived constitutive equation that describes the
flow of a fluid through a saturated porous medium. In 1856 Henry Philibert Gaspard
Darcy, the Engineer of the town of Dijon, formulated the law, which was based on the
results of experiments on the flow of water in a vertical, saturated, homogeneous sand
filter (= column), Figure 3.1, in connection with the city’s fountains, Figure 8. The model
he created is based on fountains in the town of Dijon in eastern France, see Figure 8.
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Figure 8: Fountain from [48] most probably from the town of Dijon.

Figure 7: Picture from [48].

Although Darcy’s law was determined
experimentally, it can be derived from the
Navier-Stokes equations via homogeniza-
tion too, see [156]. Generally, the Darcy’s
law describes the flow through an aquifer.
The Darcy’s law along with the equation
of conservation of mass are equivalent to
the groundwater flow equation, one of the
basic relationships of hydrogeology [156].
The Darcy’s law is a simple proportional
relationship between the instantaneous
discharge rate through a porous medium,
the viscosity of the fluid, and the pressure
drop over a given distance. From his ex-
periments, varying the length and diame-
ter of the column, the porous material in
it, and the water levels in inlet and out-
let reservoirs, he concluded that the rate of
flow (= volume of water passing per unit
time, e.g. [m3/s]), Q, through a sand col-
umn of length L (e.g. [m]) and a constant
cross-sectional area, A (e.g. [m2]), is:
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Figure 9: Darcy’s experiment

• proportional to the difference in water level elevations, h1 and h2, in the inflow and
outflow reservoirs of the column, respectively

• proportional to the cross-sectional area, A of the column, and

• inversely proportional to the column length, L,

when these facts are combined, then they result to Darcy’s formula

Q ∝ Ah1 − h2
L

Q = −KAh2 − h1
L

= −KAhL
L

(3.1)

Coefficient of proportionality K is called hydraulic conductivity. The elevations h1 and
h2 are measured with respect to some common datum level. The similar experiment is
depicted in Figure 9. Figure 9 shows Darcy’s experiment where the fluid flows through
an inclined column of a saturated, homogeneous porous medium. The negative sign is
needed because fluid flows from high pressure to low pressure. Equation (3.1) can be
rewritten into following form without the loss of precision

Q = −KAP2 − P1

L
= −KA∆P

L
= −−kA

µ

∆P

L
, K =

−k
µ
, (3.2)

where k is permeability of the medium [m2], P represents pressure in Pascals [Pa], and
µ is the viscosity. In the fluid flow, the basic law of volumetric flow rate is generally
known. Volumetric flow rate Q is the velocity of the substance elements q of fluid which
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passes through a given surface (cross-sectional vector area), Q = A · q. Note that this
equation is only true for flat, plane cross-sections. Generally, it presents the volumetric
flow rate computed trough surface integral. If both sides in (3.2) are divided by the area
and use in more general notation, than

A · q = Q = −−kA
µ

∆P

L

q = Q
A = −−k

µ

∆P

L

q = Q
A = −−k

µ
∇P

where q is the flux (discharge per unit area, with units of length per time [m/s]). It
is important to notify that q is not the velocity of the fluid travelling through an area
because there are some pores inside. Hence, the q is often called Darcy flux. Real fluid
velocity u is related to the Darcy flux divided by the porosity φ. If someone looks closer
on porosity structure, see Figure 2, then one will see that fluid can flow only in the space
between inner solid sections. Then the total volume of fluid, which flows trough a porous
medium, has to be divided by porosity due to the fact that total mass of fluid can be
carried only in inner non-solid space. The real velocity of fluid inside a porous medium
is

u =
q

φ
. (3.3)

Very useful for future work is the derivation of the Darcy’s equation from the Navier–
Stokes equation [156], where the Stokes equation (Section 4.2) is needed. Generally, the
Stokes equation is a simplification of the Navier–Stokes equation for stationary, creeping,
incompressible flow, more in [56]. The used Stokes equation is

−µ∆ui + ∂iP = −ρgi, (3.4)

where ui is the velocity in the i direction and gi is the gravity component in the i direction.
Under assumption, the viscous resisting force is linear with the viscosity and kij = 0 for
all i 6= j, then the equation (3.4) has form

(kij)
−1µφuj + ∂iP = −ρgi, (3.5)

where kij is the second order permeability tensor. This gives the velocity in the n direction

kni(kij)
−1uj = δnjuj = un = −kni

φµ
(∂iP − ρgi) ,

this equation gives Darcy’s law for the volumetric flux density in the n direction,

qn = −kni
µ

(∂iP − ρgi) ,

In isotropic porous media, the off-diagonal elements in the permeability tensor K are
zero, kij = 0 for all i 6= j and the diagonal elements are identical k = kii. Note that only
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such case of permeability tensor considered isotropic porous media is used in this thesis
and since now it will be marked as K. Then the common form of Darcy’s law is

~q = −K
µ
(∇P − ρ~g) . (3.6)

Darcy’s model has a wide spectrum of usage in simulation of groundwater flow. For
example in construction of flownets, groundwater flow equation (is based on Darcy’s law
and the conservation of mass), and flowing under a dam etc. But there are some restric-
tions to this model. (3.6) can be used only in fully saturated medium. In another case
two or more equations have to be used, see [157] for more details. Then Darcy’s model
is only valid for slow, viscous flow; fortunately, most groundwater flow cases fall in this
category.
From the computational point of view, Darcy’s model is not so computationally demand-
ing, but it is not so precise in the micro-flow inside fractures in porous medium. From
hence Darcy’s model is successfully used in modelling of rocks, mountains, soil under a
dams, and other large-scales areas, where not every fracture is modelled. For example,
FEFLOW software widely uses the Darcy flow, see [52].

3.2 Two-phase immiscible flow equation

There are several types of two phase fluid flow, e.g. [145] and [45]. In this thesis, the non-
isothermal compositional two-phase flow in a porous medium is considered. The next
part of this subsection aims at the description of the flow of liquid water and water vapor
in porous media. Under the assumption of constant pressure density pG = constant, the
mass balance equation is derived as

∂ (φSeLρL + φSeGρV )

∂t
= −∇ (~qrL + ~qrV ) . (3.7)

above φ is the porosity, Se is the effective saturation, t is time and ρ is the density, (index
L-liquid water, G-gas-air, V -water vapor). For SeG = 1− SeL, ρL = const. and capillary
pressure pC = pG − pL, (3.7) can rewritten by using the chain rule as

∂ (φSeLρL + φSeGρV )

∂t
= φρL

∂SeL
∂t

+ φSeL
∂ρL
∂t

+

+ φρV
∂SeG
∂t

+ φSeG
∂ρV
∂t

+

+ (SeLρL + SeGρV )
∂φ

∂t
=
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∂ (φSeLρL + φSeGρV )

∂t
= (ρL − ρV )φ

∂SeL
∂t

+ φ (1− SeL)
∂ρV
∂t

+

+ (SeLρL + (1− SeL) ρV )
∂φ

∂t
=

= (ρL − ρV )Cm + φ (1− SeL)
∂ρV
∂t

+

+ (SeLρL + (1− SeL) ρV )
∂φ

∂t
, (3.8)

where Cm is the specific moisture capacity

Cm =
∂θL
∂t

=
∂SeL
∂t

φ, (3.9)

where θL is the volumetric water content.
The mass flow of water in liquid stay ~qrL is derived form Darcy’s law, Section 3.1 as

~qrL = −ρL
kr · ~κS
µL

(∇pL + ρL · g · ∇H) , (3.10)

where kr is the relative permeability, ~κS is the saturated (intrinsic) permeability, µL is the
dynamic viscosity, pL is the water liquid pressure, g is the gravity constant and∇H is the
change of elevation.
The ~qrV represents the mass flow of water vapor

~qrV = −DV · ~I∇ρV , (3.11)

where DV is the diffusion of water vapor and ~I is the identity matrix. Diffusion of water
vapor DV can be computed from the following equation [144]

DV
∼= 2.16 · 10−5

(
T

275.15

)1.8

· (1− SeL) · φ · τ, (3.12)

where τ is the tortuosity and the T is the absolute temperature. The tortuosity can be
computed from the following equation

τ =
(φSeG)

7

3

φ2
. (3.13)

Very important is Kelvin’s equation

ρV = ρVsat(T ) exp

(
− pc
ρLRV T

)
, (3.14)

whereRV is the specific gas constant for water vapor, ρVsat is the saturated vapor density,
and T is the absolute temperature. From Kelvin’s equation (3.14) one can compute the
gradient of vapor depending upon capillary pressure as

∇ρV =
DV · ρV
ρL ·RV · T

∇pC . (3.15)
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One can define isothermal vapor diffusivity DPV , which is computed from (3.12) and
(3.15) as

DPV =
DV · ρV

ρL2 ·RV · T
. (3.16)

With assumption pL ∼= pC , the final equation for the flow of water and water vapour in
porous media arising from equations (3.8-3.16) can be written as

− (SeLρL + SeGρV )
∂φ

∂t
=

[
(ρL − ρV )Cm + φ (1− SeL)

∂ρV
∂t

]
+

+ ∇
[
−ρL

(
kr · ~κS
µL

(∇pL + ρL · g · ∇H) +DV · ~I · ∇pc
)]

.

(3.17)

Equation (3.17) represents the general form of time-dependent hydro model of unsatu-
rated flow of liquid water and water vapor if pG = constant. In the case of ∂φ

∂t = 0,
it gives only hydro model without mechanical changes. Hydro-mechanical changes are
very interesting part of the theory in porous media, but this is beyond this theses. The
topic of hydro-mechanical changes in extraction of crude petroleum is the subject of book
[45]. Hydro-mechanical behavior of bentonite is described in [155]. PhD. thesis [154]
by Wang describes the hydro-mechanical behaviour of bentonite-based materials used
for high-level radioactive waste disposal. Equation (3.17) is two phase option to the
Stokes–Brinkman model, but it can also be used for more advanced coupled thermo-
hydro-mechanical-chemical processes in Geo-Systems, see [144].

3.2.1 Entries into Equation (3.17)

Some initial properties are needed into Equation (3.17) of two phase flow, especially sat-
uration (Se), saturated (intrinsic) permeability (~κS) and relative permeability (kr). The
crucial thing is to know the Water retention curve. The Water retention curve shows the
dependency between suction or capillary pressure pC = pG − pL and effective saturation
SeL. There are several models of water retention curves, e.g. Brooks and Corey (1964),
van Genuchten (1980), Kosugi (1996), Durner (1994), and Seki (2007). Each of them is con-
venient for a given porous medium. Generally, each model displays descent function, see
Figure 10. The water retention curves are generally known for various types of porous
media. There are several ways to determine water retention curves. These methods are
described in the following literature [32] and [151].

Another initial value which is needed into equation (3.17) is saturated (intrinsic) (~κS)
permeability. Once again, there are several relationships for the computation of saturated
permeability for unsaturated fluid flow with swelling. Here is one of the most used
called Black-Kozeny equation (3.18), [96]. In this thesis, the mechanical behaviour is not
considered. Under these assumptions, ~κS = constant.

~κS = ~κS0
φ3

(1− φ)2
(1− φ0)2
φ0

2 , (3.18)
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Figure 10: Water retention curve for Bentonite MX-80 based on van Genuchten model.
Red line represents classical bentonite saturation. Purple line represents highly com-
pacted bentonite and blue line represents less compacted bentonite MX-80 specimen.

~κS0 represents the constant initial permeability.
There are several relationships for the computation for the value of the relative per-

meability kr, for example Irmay’s expression [86], Brooks and Corey, and van Genuchten
models. The last two are mentioned in Section 3.3. Irmay’s expression (1954) is

kr = (SeL)
k, (3.19)

where k is the saturation exponent; this exponent is different for different porous media.

3.3 Richards equation

The basic model for unsaturated/saturated flow in all porous materials is represented by
the Richards equation [129], with the pore pressure p as principal unknown

(Cm + SeLCS)
∂p

∂t
= ∇ ·

(
kr(SeL)ksat

µ
(∇p+ ρg∇H)

)
, (3.20)

Cm = ∂SeL
∂p is the specific moisture capacity. The relative permeability kr can have any

form of the equations from Section 1.4.1. ksat is the saturated permeability and H is the
change of elevation. The storativityCS is in most cases kept to be equal to compressibility
of the liquid, e.g. for the water at 20◦C CS = 4.6e − 4[MPa−1]. This term stabilizes the
equation (3.20) in fully saturated region with Cm = 0. In the unsaturated region, the term
Cm = ∂SeL

∂p depends on the water retention (saturation) function, see Figure 10 and [144,
p. 121].

The Richards equation is one of the most widely used models for simulation of unsat-
urated/saturated flow in porous materials, see, e.g. [144, 150]. Basically, it is an extension
of Darcy’s equation (3.6) for unsaturated regime.

In this theses, this was the last piece, into the theory of unsaturated fluid flow regime,
which creates important part of the fluid flow in porous medium and real applications
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have to take care of fluid flow regime. In further parts, only fully saturated regimes will
be considered.

3.4 Darcy-Stokes model

The classical Darcy law is used in the porous domain, along with conservation of mass,and
it has the mixed form

u = −K
µ
(∇p− f) in Ωp, (3.21)

∇ · u = 0 in Ωp, (3.22)

where µ is the dynamic viscosity of the fluid and K is the permeability tensor and f rep-
resents outer forces as gravity, inertia, Coriolis, etc. Note, since now vector function will
be marked as bold letter.
The Stokes equation is used to describe the free flow domain, in the mixed form

∇p− µ∆u = f in Ωf , (3.23)

∇ · u = 0 in Ωf .

The first equation (3.23) expresses the balance of linear momentum. The second equations
in (3.23) and also (3.22) represent incompressibility condition.

The Stokes–Darcy model uses the Darcy equation in porous domain Ωp and the Stokes
equation in free flow domain Ωf . It connects the Stokes and Darcy equations by the con-
ditions at the interface Γ, see [149] for more details. For example, the classical boundary
conditions are

[u] · n = 0, (3.24)

2µDn = [p]. (3.25)
∂u
∂n

=
αBJ√
k
[u]ti, (3.26)

where [·] denotes the jump in a given quantity while moving from the fluid to the porous
side, that is, for some field φ : [φ] = φf − φp. n is a unit normal pointing from Ωf to Ωp

and u is the velocity in the fluid region. D is the strain rate

D =
1

2

(
∇u +∇uT

)
.

More about interface condition can be found in [123]. Conditions (3.25) and (3.26) are
discussed in Section 4. Where (3.24) expresses conservation of mass across the interface
and (3.25) represents conservation of momentum. The third condition is called slip-flow
condition, which is more often called Beavers-Joseph interface boundary condition, orig-
inally form article [19]. More mathematical information about these conditions for the
Darcy–Stokes model is in [41] and in Section 6.5.

Basically, this condition postulates slip velocity uB between the fluid flow region and
porous medium. The slip velocity at the permeable interface differs from the mean filter
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Figure 11: Velocity profile for the rectilinear flow in a horizontal channel formed by a
permeable lower wall (y = 0) and an impermeable upper wall (y = h), [19].

(Darcy) velocity within the permeable material and that shear effects are transmitted into
the body of the material via a boundary-layer region, see Figure 11. Slip velocity can be
computed as

uB = − k

2µ

(
σ2 + 2αBJσ

1 + αBJσ

)
∂P

∂x
, (3.27)

where σ = h/
√
k and αBJ is dimensionless quantity depending on the material parame-

ters which characterize the structure of permeable material within the boundary region.
It can be obtained either numerically, if such information is available, or obtained ex-
perimentally. Velocity uB from (3.27) is equation based on experiments and it should be
similar to the solution of the Darcy–Stokes model with conditions (3.24) to (3.26).

The disadvantages of the Darcy–Stokes model are conditions at the interface. It is
hard to meet these conditions. These conditions block the numerical modelling of the
multiphase flow. Moreover, it is impossible to have the void space in the model. On
the other hand, this approach is not so exhaustive for numerical simulation because
the Darcy model needs only the Raviart-Thomas elements in the finite element method.
In other words, these elements are not so consuming for computer memory as Taylor-
Hood’s for Stokes flow, see Section 4.3 for more details. In most porous materials, φ < 0.2,
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i.e. less than 20% higher order elements are needed for simulation of the free flow region
and rest belongs to Darcy’s domain, which is computed on Raviart-Thomas elements.

3.5 Darcy and Stokes equations - boundary value problems and discretiza-
tion

Let be reminded the formulation of the Darcy problem, which is the basis for the future
Stokes–Brinkman model in the porous subregion, and the Stokes problem, which de-
scribes the flow in a complementary free flow region. The formulation of the Darcy flow
problem consists of a combination of Darcy’s law with mass balance. In the stationary
case, it gives

µK−1u +∇p = f in Ω, (3.28)

∇ · u = 0 in Ω, (3.29)

where f represents fluid sources or sinks. The boundary conditions can be mixed, i.e.
prescribed either p = p̂ on ∂pΩ or u · n = q̂n on ∂fΩ. The classical formulation of the
Darcy flow which eliminates flux is

−∇ ·
(

K
µ
∇p
)

= ∇ · f in Ω. (3.30)

This elliptic equation can be formulated variationally, and it is a basis for classical finite
element discretization. Some drawbacks of this classical FEM approach are in the viola-
tion of local (element) conservativness and a worse approximation of fluxes (compared
with approximation of pressures).

To remove these drawbacks, a mixed variational formulation can be used with both
(u, p) ∈ W × Q as unknown variables. Such variational formulation can be formulated
in spaces W = H(div,Ω) and Q = L2(Ω) and with proving existence, uniqueness, and
stability through LBB theory (Section 5), see [26] and [29].
The FEM is realized through introducing suitable FE subspaces Wh ⊂ H(div,Ω) and
Qh ⊂ L2(Ω). The convergence and stability requires to prove LBB condition for the pair
(Wh, Qh) and typical elements fulfilling this requirements are Raviart-Thomas RT0 − P0

elements. On the opposite the pairs like P1 − P0 are not stable, and their usage can show
instabilities as spurious oscillations of the computed solution, see, e.g. [60].

For the Stokes problem, it is again possible to consider p as primal variable and use
classical finite elements, but their behaviour may be problematic due to locking effect
imposed by the incompressibility constraint. Therefore a mixed variational formulation
in (u, p) and mixed FEM are recommended. The mixed variational formulation inW ×Q,
where W =

[
H1(Ω)

]d and Q = L2(Ω) is described and analyzed through LBB theory in,
e.g. [26], [29] and [56]. The finite element method is again realized through introducing
FE spaces Wh ⊂ W and Qh ⊂ Q and a typical family of FE of this type are Taylor-Hood
elements, P2 − P1 on triangles (tetrahedrons) or Q2 −Q1 on rectangles (bricks).
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3.6 Stokes-Brinkman model

The Stokes–Brinkman equation originally published in [30] and [31] by H.C. Brinkman is
a model for a single phase flow in porous/free flow media, and it is written as follows

µK−1u +∇p− µ∗∆u = f in Ω, (3.31)

∇ · u = 0 in Ω, (3.32)

where µ∗ is the effective viscosity and µ - the physical dynamic viscosity is a material
constant that defines the fluid under consideration (e.g., water, oil, etc.) and in this paper
it is a uniform constant in the entire domain Ω. Note that effective viscosity µ∗ is only
a parameter that allows for matching the shear stress boundary conditions across free-
fluid/porous medium interface [36]. K is a permeability tensor, which in Ωp is equal to
the Darcy permeability of the porous media. Note that by choosing µ∗ = 0 in the vugular
region, (3.31) is reduced to Darcy’s law (3.21). On the other hand by choosing kij → ∞
(or very large) in fluid domain Ωf , (3.31) is reduced to the Stokes equations (3.23) and
µ∗ is often taken equal to the physical fluid viscosity µ, see e.g. [123]. Thus, the Stokes
or Darcy equations can be obtained by suitable choices of the parameters µ∗ and K by
defining them in vugular and rock matrix regions, respectively.

In the porous region (K << 1) it is known [122] that for moderately small perme-
abilities and pore fractions, the diffusive term µ∗∆u, where µ∗ takes values close to the
fluid viscosity µ, introduces only a small perturbation of the velocity and pressure fields
in comparison with a pure Darcy’s law with µ∗ = 0. Thus it is assumed, that µ∗ = µ. In
[123] is shown that the Stokes–Brinkman equation with the choice µ∗ = µ in the porous
region is very close to the solution of coupled Stokes and Darcy’s equations from Sec-
tion 3.4.

The advantage of Stokes-Brinkman model is in the usage of uniform equations for
porous and free flow domains. Boundary conditions between these two domains are
satisfied naturally by the Stokes–Brinkman system, for more details see Chapter 4. The
distinction between flow in the porous and the free flow domain is done by K. This ap-
proach is also able to model heterogeneous material. Moreover, from a numerical point
of view, it is easier to solve a monolithic system such as the Stokes–Brinkman, in con-
trast to the coupled Darcy-Stokes system which requires an additional iterative scheme.
Also, near the interface, the Stokes–Brinkman equations allow to avoid the typical grid
refinement issues, which are necessary for solving the interface between the Darcy and
the Stokes region. The disadvantage of this approach is using Taylor-Hood’s element for
whole domain. This requires load for memory. See summary at the end of Section 3.4.

3.7 Navier–Stokes–Brinkman model

Another, but not natural, extension of the Stokes–Brinkman model is the Navier–Stokes–
Brinkman model. Not natural, because it combines fast (often turbulent) flow with slow
flowing inside the porous medium. Further, the Stokes or the Darcy equation can be
derived from the Navier–Stokes equation, see e.g. Section 3.1, but the Navier–Stokes–
Brinkman can not be derived from the Navier–Stokes equation. Simply, the Navier–
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Stokes–Brinkman model is the extension of the Navier–Stokes equation by Darcy’s term
µK−1u. Or it can be understood as addiction of the Stokes–Brinkman equation (3.31)
about convection term (u · ∇)u. In any case, the resulting model has the form

(u · ∇)u + µK−1u +∇p− µ∗∆u = f in Ω, (3.33)

∇ · u = 0 in Ω, (3.34)

It turns out that this model might have a usage in areas which combine fast flowing with
some porous obstacle, e.g. [69] and [34]. The comparison between the modified Navier–
Stokes equation and the Stokes–Brinkman model with the natural convection in a porous
cavity gives [111]. This connection can be also useful in detailed simulations of wells or
aquifers, see the following section.

Note, that the Navier–Stokes–Brinkman is not examined in this thesis, but it is men-
tioned as an extension of the Stokes–Brinkman equation, whereas many topics in this
thesis can be extended to the Navier–Stokes–Brinkman model.

3.8 Comparison of the Stokes–Brinkman model to the other models

This section offers the comparison of the Darcy, Stokes, Stokes–Brinkman, and Navier–
Stokes–Brinkman cases. This is not a mathematical comparison. It is rather the collection
of examples and suggestions from various articles.

The first comparison comes from COMSOL Multiphysics software [47]. It was moti-
vated by the simulation of Creeping Flow (Stokes Flow) to solve the flow in the interstices
of a porous medium in [137]. To produce the model geometry, they used electron micro-
scope images; one of resulting image shows Figure 12. The example is divided into two
groups of models:

The first group takes one of the scanning electron microscope (SEM) image from [137]
and solves the Stokes flow only inside the Creeping Flow interface (grey area), whereas
the inner boundaries of the grey area have prescribed wall condition (u · n = 0), and
only the pore space is meshed and has the same outer boundary conditions as all others
models.

The second group involves the whole slice where the porosity and permeability for
further use in the Brinkman and Darcy equations interface are prescribed from image.

The entire model covers 640µm by 320µm. The water moves from right to left across
the geometry. The pressure at the inlet (right) side is 0.715[Pa] and outlet (left side) fluid
pressure is 0[Pa]. It is natural to distinguish that for the Stokes flow only short boundary
sides from Figure 12 are considered. On the other hand, the Stokes–Brinkman and Darcy
case have the pressure prescribed over the whole (left and right) sides. Of course, the
boundary values of pressures stay the same in all cases. The same assumption with the
boundary division holds for upper and bottom domain where the symmetry boundary
condition is prescribed.

As was said above, the solution of the velocity and pressure fluid flow over the do-
main in Figure 12 is solved by three ways. The first one involves using the Stokes equa-
tion (3.23). The second and third one use the Stokes–Brinkman (3.31) and Darcy (3.21)
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models with the following values of φ the porosity and κ the permeability of the medium.
In order to define physical properties from the image colour code, the following relations
has been implemented for the porosity and permeability

κ(x, y) =
κ0

100 · im1(x, y) + 0.1
, (3.35)

φ = 1− 0.99 · im1(x, y), (3.36)

here, im1 is an image function derived from Figure 12, which, in this example, ranges
either 0 (gray) or 1 (white) as a function of position. Other expressions can also be im-
plemented from importing various RGB or grayscale images, see Section 6.6 for more
details. κ0 is the initial permeability scale equals to 1000[mD] = 9.8692e−13[m2].

The fluid properties are constant and the same for all cases, where the density ρ is
1000

[
kg/m3

]
and the dynamic viscosity µ is 0.001 [kg/(m · s)].

Comparison results

The results of the numerical simulations of each model are shown in Figures 13 to 15. Fig-
ure 13 depicts the velocity field in the pore spaces of a micro-scale porous slice obtained
from the Stokes equation by COMSOL software. The velocity magnitude is higher in the
narrowest pores than at the inlet, tending to decrease in stretches where the channels’
cross-sectional area increases. It is in agreement with continuity of the flow.

The next Figure 14 shows the Darcy velocity magnitude and the last Figure 15 shows
the velocity magnitude obtained by the Stokes–Brinkman equation. What is interesting is
the comparison between the Darcys and the Stokes–Brinkman model. It can be seen that
both models have similar results. The difference between them is in better approximation
in narrower pore space, which cannot be simulated by Darcy’s equation. The simulation
only by the Stokes equation makes a sense in the cases where the pore matrix is highly im-
permeable. Otherwise, the choice between the Darcy and the Stokes–Brinkman depends
on the level of precision and the speed of the flow, which have to be considered. One
can use some homogenization or up-scaling techniques for using the Stokes–Brinkman
model at fine mesh scale and the Darcy model at coarse mesh, see e.g. [105, 122, 123].
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Figure 12: Geometry of the domain from COMSOL. Figure 13: Stokes velocity magnitude.

Figure 14: Darcy velocity magnitude. Figure 15: Stokes–Brinkman velocity magnitude.
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Figure 16: The well problem: Darcy law area (the far field for r > 1[m]), Brinkman area
from the well casing at 0.1 < r < 1[m] [47].

3.8.1 The usage of the Stokes–Brinkman model

From the previous examples, it can be seen that the Stokes–Brinkman model is capable to
simulate the flow in porous media with fractures. It seems that the Brinkman model can
be used in the case of faster flow with apparent viscosity (but not inertia) effects in two
types of applications:

1. for modelling the flow in an individual fracture or a set of individual fractures, see
e.g. [105].

2. for representing the homogenized flow in a volume (an area) of porous media with
many fractures, which are not represented individually, but as a homogenized con-
tinuum.

The second type of application appears in the well problem described in [35, 36, 47],
see Figure 16 and 17. The well model above consists of Navier-Stokes, Stokes–Brinkman,
and Darcy regions; and the results of the well modelling are in [36]. Such usage of the
Stokes–Brinkman flow, as a transition zone among the Darcy region with higher perme-
ability and a free flow domain was explored in [76].

The conceptual usage of some of the previous models is provided by Figure 18.
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Figure 17: Model geometry showing zones and boundary conditions for coupling Darcy’s
law (1m < r < 4m), Brinkman equations (0.1m < r < 1m), and the Navier-Stokes
equations inside the well (r < 0.1m). The water flows from the right side of the model
area to the well and enters through a perforation in the well casing [47].

Figure 18: An application scheme from COMSOL Transitional Flow Regimes [47].
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4 Weak formulation of the Stokes-Brinkman equations

In this thesis, only a 2-dimensional case is considered, hence the following adjustments
are done only for 2-dimensional case, although very similar adjustments can be provided
for 3-dimensional or 1-dimensional case. Velocity u = [u1, u2] is a vector function on
a domain Ω in 2-dimensional Euclidean space. Pressure p is a scalar function. A weak
formulation of the Stokes-Brinkman equation system (3.31) and (3.32) stems from the
identities

µ (G11u1 +G12u2) +
∂p

∂x
− µ∗

(
∂2u1
∂x2

+
∂2u1
∂y2

)
= f1 / · v1, (4.1)

µ (G21u1 +G22u2) +
∂p

∂y
− µ∗

(
∂2u2
∂x2

+
∂2u2
∂y2

)
= f2 / · v2, (4.2)

∂u1
∂x

+
∂u2
∂y

= 0 / · q, (4.3)

where K−1 = G. The continuity requirements on the weak solution (u, p) can be reduced
by using the Green theorem transferring the derivatives onto the test functions v and q

∫

Ω
µ (G11u1v1 +G12u2v1)−

∫

Ω
p
∂v1
∂x

+

∫

∂Ω
pn1v1

+µ∗
∫

Ω

(
∂u1
∂x

∂v1
∂x

+
∂u1
∂y

∂v1
∂y

)
− µ∗

∫

∂Ω

∂u1
∂n1

v1 =

∫

Ω
f1v1, (4.4)

∫

Ω
µ (G21u1v2 +G22u2v2)−

∫

Ω
p
∂v2
∂x

+

∫

∂Ω
pn2v2

+µ∗
∫

Ω

(
∂u2
∂x

∂v2
∂x

+
∂u2
∂y

∂v2
∂y

)
− µ∗

∫

∂Ω

∂u2
∂n2

v2 =

∫

Ω
f2v2, (4.5)

∫

Ω

(
u1
∂q

∂x
+ u2

∂q

∂y

)
−
∫

∂Ω
(u1n1q + u2n2q) = 0, (4.6)

for all v and q from suitably chosen spaces of test functions. Equations (4.4), (4.5), and
(4.6) together with the boundary condition (4.11) lead to the following velocity solution
and test spaces

H1
E := {u ∈ H1(Ω)n|u = w na ∂ΩD}, (4.7)

H1
E0

:= {v ∈ H1(Ω)n|v = 0 na ∂ΩD}, (4.8)

(Since H1
E is not closed for linear operations, it is not a vector space unless w = 0.) The

fact that there are no pressure derivatives on the left-hand side of (4.4) and (4.5) means
that L2(Ω) is the appropriate space for p. Moreover, choosing the pressure test function
q from L2(Ω) ensures that the left-hand side of (4.6) is finite. Then the weak Stokes–
Brinkman problem is defined as follows:
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Find u ∈ H1
E and p ∈ L2(Ω) such that

µ∗
∫

Ω
∇u : ∇v + µ

∫

Ω
uGv−

∫

Ω
p∇ · v =

∫

Ω
f · v +

∫

∂ΩN

s · v, ∀v ∈ H1
E0
, (4.9)

∫

Ω
q∇ · u = 0, ∀q ∈ L2(Ω). (4.10)

Boundary condition on ∂Ω = ∂ΩD ∪ ∂ΩN is given by

u = w on ∂ΩD,
∂u
∂n
− np = s on ∂ΩN , (4.11)

where n is the outward-pointing normal to the boundary vector, and ∂u/∂n denotes the
directional derivative in the normal direction. s is zero for the natural outflow condition.
In order to ensure a unique velocity solution, it is assumed that the Dirichlet part of the
boundary is non-trivial, that is

∫
∂ΩD

ds 6= 0. More information about boundary condi-
tions of the Stoke–Brinkman model can be found in [159]. The involvement of velocity
and pressure boundary conditions is described in Section 4.2.

A closer look at boundary integrals from equation (4.6) discovers a connection with
boundary equation (3.24).

−
∫

∂Ωf∩Ωp

(u1n1 + u2n2) q = 0 = [u] · n.

In domain Ω, the free fluid region and porous region are together. In the Stokes-Darcy
model, Section 3.4, this condition has to be forced, but in the Stokes-Brinkman model, it
arises naturally from the weak formulation. This is the big advantage against the Stokes–
Darcy model. This condition (4.6) holds fluid continuity on the interface.

Boundary integrals in equations (4.4) and (4.5) represent the relation between velocity
and pressure on the boundary. From (4.4) can be seen

∫

∂Ω
pn1v1 − µ∗

∫

∂Ω

∂u1
∂n1

v1 =

∫

∂Ω
v1 ·

(
pn1 − µ∗

∂u1
∂n1

)
.

Let this equation equal to zero

∫

∂Ω
v ·
(
pn− µ∗∂u

∂n

)
= 0⇒ pn = µ∗

∂u
∂n
.

Similar condition, but inside the domain Ω, is condition (3.25) from the Stokes–Darcy
model.

The Stokes–Brinkman model can use the so-called ”do nothing” condition, which
represents the natural outflow of a liquid. It is equalled to zero pressure at the outflow
boundary and it is assured by (4.28), more in Section 4.2.
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4.1 Approximation using mixed finite elements

From the theory of the mixed finite element method (MFEM) [56], spaces H1
E0

and L2(Ω)

are replaced, by their finite dimensional subspaces Xh
0 ⊂ H1

E0
and Mh ⊂ L2(Ω). Specif-

ically, for given velocity solution space Xh
E , the discrete problem is find: u ∈ Xh

E and
p ∈Mh such that

µ∗
∫

Ω
∇u : ∇v + µ

∫

Ω
uGv−

∫

Ω
p∇ · v =

∫

Ω
f · v +

∫

ΩN

s · v, ∀v ∈ Xh
0 , (4.12)

∫

Ω
q∇ · u = 0, ∀q ∈Mh. (4.13)

Note that u ∈ Xh
E here is different from u ∈ H1

E above this section. u ∈ H1
E is the exact

solution, but u ∈ Xh
E is the solution obtained by MFEM. For h → 0 the consequence

of Bramble-Hilbert lemma says that these solution are identical. The difference between
these solutions is solved in the theory of errors, see Chapter 8. The same applies to the
pressure.

From the theory of the Galerkin finite element method, convenient bases
{φ1, φ2, . . . , φnu} and

{
ψ1, ψ2, . . . , ψnp

}
for the above introduced spaces are needed. Such

bases create a finite nu- and np- dimensional vector spaces of test functions, in which
the approximated solution is searched. The basis functions for Q2 − Q1 elements are
described in [56] and [138]. The nodes ordering is shown in Figure 57 (left) and Q2 −Q1

elements are shown in Figure 41 (left). Mesh created by Q2−Q1 is depicted in Figure 19.
Quadrilateral Q2−Q1 elements mean that velocity is approximated by Q2 functions and
the pressure is approximated by bilinear Q1 functions. Note, that Q2 −Q1 elements are
often called in the literature as a Taylor-Hood method [78].

The first basis set is extended by defining additional basis functions
{φnu+1, φnu+2, . . . , φnu+n∂

}, so that the function
∑nu+n∂

j=nu+1 ujφj interpolates the boundary
data w on ∂ΩD and uj : j = nu + 1, . . . , nu + n∂ are fixed coefficients. And so

uh =

nu∑

j=1

ujφj +

nu+n∂∑

j=nu+1

ujφj , (4.14)

where {φj} is a vector of basis functions (for velocity) and
∑nu

j=1 ujφj ∈ Xh
0 . Introducing

a set of scalar (pressure) basis functions {ψj}, and setting

ph =

np∑

k=1

pkψk, (4.15)

the discrete formulation (4.12) and (4.13) can be expressed as a system of linear equations

[
A BT

B 0

] [
u
p

]
=

[
b
g

]
. (4.16)
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The entries are given by

A = [aij ], aij = µ∗
∫

Ω
∇φi : ∇φj + µ

∫

Ω
φiGφj , (4.17)

B = [bkj ], bkj = −
∫

Ω
ψk∇ · φj , (4.18)

for i, j = 1, . . . , nu and k = 1, . . . , np. The entries into the right-hand side vector are

b = [bi], bi =

∫

Ω
f·v+

∫

∂ΩN

s·φi−
nu+n∂∑

j=nu+1

uj

(
µ∗
∫

Ω
∇φi : ∇φj + µ

∫

Ω
φiGφj

)
, (4.19)

g = [gk], gk = −
nu+n∂∑

j=nu+1

uj

∫

Ω
ψk∇ · φj , (4.20)

and solution uh a ph obtained by substituting the solution vectors uh ∈ R
nu a ph ∈ R

np

into (4.14) and (4.15) is the mixed finite element solution. The following sections deals
only with two dimensional problems. In other words, standard space of scalar finite
element basis functions {φj}nu

j=1 for the velocity basis set are defined as

{φj}2nu
j=1 =

{[
φ1
0

]
,

[
φ2
0

]
, . . . ,

[
φn
0

]
,

[
0
φ1

]
,

[
0
φ2

]
, . . .

[
0
φn

]
,

}
(4.21)

This componentwise splitting brings a natural block partitioning of the Galerkin system
(4.16), specifically, with u :=

(
[ux]1, . . . , [ux]n, [uy]1, . . . , [uy]n

)T , it can be rewritten as



Ax 0 BT

x

0 Ay BT
y

Bx By 0






ux

uy

p


 =




bx

by

g


 , (4.22)

where Ax, Ab ∈ R
nu×nu and Bx, By ∈ R

np×nu . The matrix and vector entries are given by

A = [aij ], aij = µ∗
∫

Ω
∇φi · ∇φj + µ

∫

Ω
φiGφj , (4.23)

Bx = [bx,ki], bx,ki = −
∫

Ω
ψk
∂φi
∂x

, (4.24)

By = [by,kj ], by,kj = −
∫

Ω
ψk
∂φj
∂y

. (4.25)

Sparsity pattern of the system (4.22) is shown in Figure 56. The structure of (4.22) is also
discussed in Chapter 7.



57

4.2 Boundary conditions

The main task in the Stokes–Brinkman equation is to compute the velocity field and pres-
sure for given properties of a porous medium. As Newton’s second law of motion says:
’When viewed in an inertial reference frame, an object either remains at rest or contin-
ues to move at a constant velocity, unless acted upon by an external force.’. Similarly,
the movement of the fluid inside the porous medium is caused by external forces. Here,
these external forces are prescribed by boundary conditions and external force vector f.
The boundary conditions can be prescribed for either pressure or velocity.

The boundary value problem considered in equations (4.1)-(4.3) posed on two or
there-dimensional domain Ω with boundary ∂Ω = ∂ΩD ∪ ΩN has the boundary con-
ditions (4.11), recall that

u = w on ∂ΩD,
∂u
∂n
− np = s on ∂ΩN , (4.26)

where n denotes the outward-pointing normal vector to the boundary, and ∂u/∂n de-
notes the directional derivative, see [56] and [62]. Moreover the involvement of boundary
conditions (4.26) is in following parts of this chapter.

In order to ensure a unique velocity solution, it is assumed that the Dirichlet part of
the boundary is non-trivial, that is

∫
∂ΩD

ds 6= 0. The Dirichlet boundary segment can be
further subdivided according to its relation with the normal component of the imposed
velocity:

∂Ω− = {x ∈ ∂Ω|w · n < 0} , the inflow boundary,

∂Ω0 = {x ∈ ∂Ω|w · n = 0} , the characteristic boundary,

∂Ω+ = {x ∈ ∂Ω|w · n > 0} , the outflow boundary,

If ∂ΩD = ∂Ω, i.e. velocity is prescribed on the whole boundary, then the pressure solution
is unique up to a constant (sometimes referred to as hydrostatic pressure).

The crucial thing is the incompressibility condition (4.3), also see Chapter 2. If the in-
compressibility condition is integrated over Ω using the divergence theorem, then

0 =

∫

Ω
∇ · u =

∫

∂Ω
u · n =

∫

∂Ω
w · n. (4.27)

If the domain is separated into ∂Ω = ∂Ω− ∪ ∂Ω0 ∪ ∂Ω+ then
∫

∂Ω−

w · n +

∫

∂Ω0

w · n
︸ ︷︷ ︸

=0

+

∫

∂Ω+

w · n = 0. (4.28)

In simple terms, the volume of a fluid entering the domain must be matched by the
volume of a fluid flowing out of the domain. In the most cases, it is very hard to prescribe
the inflow and outflow condition as the ’hard’ Dirichlet condition. It is quite easy to
impose the inflow velocity field condition, but a difficult problem is to impose the outflow
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velocity field condition with respect to the incompressibility condition. For example, the
inflow condition can be prescribed uniformly on the inflow boundary, but the outflow
one does not have to be uniform. Due to viscosity term the liquid is slowed by friction
over boundary, then the outflow velocity condition is not uniform in most cases. Hence
it is better to use ’Do nothing’ or ’natural outflow’ condition, basically it is the Neumann
condition in (4.26), where s = 0. The prescription of this condition at some part of the
boundary, i.e.

∫
∂ΩN

ds 6= 0, automatically ensures u · n on outflow boundary to ensure
that mass is conserved in the sense of (4.28). Moreover, the pressure solution of (3.31)
with condition from (4.26) is always unique in this case, more details in [56].

4.3 Stokes boundary conditions

In this thesis, the boundary conditions for the Stokes equation will be derived because
they can be easily extended for the Stokes–Brinkman case. The imposition of pressure
and velocity boundary conditions for Darcy’s case is in [109].

Let be considered the square domain with pressure conditions on the left (SL), resp.
on the right (SR) side. No flow/zero normal velocity/zero velocity on bottom (SB) and
top (ST ) sides. Motivated by [62] and [127], the boundary conditions (4.26) can be rewrit-
ten to the following form, whereas their derivation is shown later

u = 0 on Si for i = B, T

p− µ∂un

∂n
= Pi and

∂uτ

∂n
= 0 on Si for i = L, R

(4.29)

Above, n ∈ R2 denotes the unit outer normal vector, un = u · n, uτ = u · τ , τ ∈ R2 is
a unit vector orthogonal to n.

Having ∂un
∂n = 0 on Si, which according to [62] and [127] happens in this case (see the

following remark) provides si = Pi.

Note 4.1 ∂un
∂n = 0 can be proven in average sense. In this respect, it will be proven only

for SL, the others are similar.
SL can be shifted to S

′

L, the distance between SL and S
′

L is δ, which creates a narrow
domain Vδ. From incompressibility condition∇ · u = 0 and (4.28) in Vδ, it holds

0 =

∫

∂Vδ

u · nds =
∫

SL

[u(x)− u(x+ δ)] · nds +

∫

B
u · nds +

∫

T
u · nds.

As u = 0 on B ∪ T , then

0 =

∫

SL

δ−1 [un(x)− un(x+ δ)] ds →
∫

SL

∂un

∂n
= 0 for δ → 0+.

Therefore
∫
SL

∂un
∂n = 0, which is finally used. For more details see [62].
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Let the Stokes case be considered

−µ∆u +∇p = b
∇ · u = 0

}
in Ω. (4.30)

The variational formulation of the two field formulation of the Stokes problem is derived
from

∫

Ω
(−µ∆u +∇p) v =

∫
Ω bv, ∀v ∈ V, (4.31)

∫

Ω
(∇ · u) q, = 0 ∀q ∈ Q. (4.32)

Where
∫

Ω
−∆u · v =

∫

Ω
−
∑

i

∆ui · vi =
∫

Ω
−
∑

i

∑

j

∂2ui
∂x2j

· vi

=

∫

Ω
+
∑

i

∑

j

∂ui
∂xj

∂vi
∂xj

+

∫

∂Ω
−
∑

i

∑

j

∂ui
∂xj
· vi · nj

=

∫

Ω

∑

i

∇ui · ∇vi −
∫

∂Ω

∑

i

∂ui
∂n
· vi

=

∫

Ω
∇u : ∇v−

∫

∂Ω

∂u
∂n
· v

and
∫

Ω
∇p · v =

∫

Ω

∑

i

∂p

∂xi
vi =

∫

∂Ω

∑

i

pvini −
∫

Ω

∑

i

p
∂vi
∂xi

=

∫

∂Ω
p(v · n)−

∫

Ω
p (∇ · v)

The combination of the previous two equations together with µ gives the variational
formulation

∫

Ω
µ∇u : ∇v−

∫

Ω
(∇ · v) p =

∫

Ω
bv +

∫

∂Ω

(
µ
∂u
∂n
− pn

)
v, ∀v ∈ V,

∫

Ω
(∇ · u) q = 0, ∀q ∈ Q.

Generally, one can expect two types of boundary conditions:

1. velocity: u = û on Γu ⇒ test functions space V = {v : v = o on Γu},

2. pressure: Γp = ∂Ω\Γu, p = p̂ on Γp,

where o is zero function. The goal is to deal with pressure function because the situation
for velocity is clear and well-described in [56]. From the previous weak formulation, the
boundary integrals are
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a) ∫

∂Ω

∂u
∂n
· v =

∫

Γp

∂u
∂n
· v (4.33)

b) ∫

Ω
p (n · v) =

∫

Γp

p (n · v) (4.34)

The question is how to deal with this boundary integrals? Let the following cases be
considered:

a. If p = p̂ on Γp, then (4.34) is a given functional, but (4.33) remains a non-defined
bilinear form.

b. Prescribe both p and ∂u
∂n on Γp. This has no potential, as this can be done only in

special cases as the Poiseuille flow [56], where the analytic solution is known. The
discussion about this is in Section 4.2. For p1 > p2:

p1
∂u
∂n = 0

→ →
→ →

p2
∂u
∂n = 0

c. The usage of the combination (4.33) minus (4.34) gives
∫
Γp

(
∂u
∂n − pn

)
v, whereas

∂u
∂n
− pn = s

is prescribed. And cleverly use (4.34) to impose pressure on S =
⋃
i
Si. Note, simi-

larly

pn− ∂u
∂n

= si on Si

can be used, the only difference is the minus sign.

Back to the example, the boundary integral term on the right hand side is now handled
by the boundary conditions on ∂Ω: (a) u = 0 on SB ∪ ST , (b) pn − µ∂u

∂n = Pin on Si,
i = L,R as at the beginning of this section.

Then the variational formulation of the Stokes equation for the example is:
Find (u, p) ∈ V ×Q,

V =
{

v ∈ H1(Ω)d : v = 0 on SB ∪ ST
}
,

Q =

{
v ∈ L2(Ω) :

∫

Ω
v = 0

}
,

a(u, v) + b(v, p) = F (v) ∀v ∈ V,
b(u, q) = G(q) ∀q ∈ Q,
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where
a(u, v) =

∫

Ω
µ∇u : ∇v =

∫

Ω
µ
∑

ij

∂ui
∂xj

∂vi
∂xj

,

and
b(v, q) = −

∫

Ω
div(v)q.

The right hand side F (v) includes

F (v) = 〈b, v〉 −
∑∫

Si

si · v · n.

With this formulation, the Stokes problem would have unique solution, see [147].
For the Stokes–Brinkman problem only a(u, v) will change. For numerical treatment see
Appendix 1, but G(q) can be taken as zero without loss of generality.

Yet, there is a question of the numerical implementation of F . Let be reminded that
boundary Si, i = L,R, then F (v) includes 〈b, v〉−∑

∫
Si
si ·v ·n, where si is the boundary

value of (4.26) the Neumann type.
If u is sufficiently smooth, then

∫

Si

(
pn− µ∂u

∂n

)
v =

∫

Si

si · v · n.

If v is a constant, then ∀v|Si follows that

(p− si)n− µ
∂u
∂n

= 0.

This vector condition can be decomposed into n and n⊥ = τ directions, then

p− si − µ
∂un

∂n
= 0, (4.35)

and
µ
∂uτ

∂n
= 0. (4.36)

Whereas (4.35) represents the normal direction and (4.36) represents the tangential direc-
tion.

If ∂un
∂n = 0 (see remark 4.1), then p = si on Si!

Compared to Poiseuille flow [56] Si (left, right) sides, n = ±e1, ∂u
∂n = ±∂u

∂x = 0.
If outer force vector b = o and without the loss of generality µ = 1 then from the

previous

F (v) =
∫

∂Ω

(
µ
∂u
∂n
− pn

)
v =

∫

Si

si · v · n =

∫

SL

sL · v · n +

∫

SR

sR · v · n

From the mixed finite element approximation φj ≈ v, hence
∫

SL

sL · v · n ≈
∫

SL

sL · φj · n,
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where φj are the test functions. For more detail see Section 4.1.
Let be reminded that the boundary conditions are: u = [0, 0]T on SB ∪ ST , ∂u

∂n − pn =
sin on Si, i = L,R. Whereas this notation is used

E - element, ∂E ∩ Si 6= ∅,
~φj - basis function correspond to node Pj - the node where the pressure

boundary condition is prescribed,
~φj · n = 0 - do nothing condition,

The aim is to involve desired pressure value sL on pressure side SL

∫

∂E∩SL

sLφj · n = sL

∫

∂E∩SL

φj · n = sL ·





−h
3 , corner node = SL ∩ ST or SL ∩ SB,
−2h

3 , node on connection of two E,

−4h
3 , central node of E,

All of them have minus because the direction of the vector orthogonal to boundary aims
out from the domain n = [−1, 0]T ! The computations of

∫
∂E∩SL

φj are different because
the MFEM corner basis function of Q2 element is the following

φj =
(x− x2)(x− x3)
(x1 − x2)(x1 − x3)

=
1

2h2

2h∫

0

x2 − (x2 + x3)x+ x2x3 (4.37)

=
1

2h2

[
x3

3
− (x2 + x3)

x2

2
+ (x2x3)x

]2h

0

(4.38)

=
1

2h2

[
8h3

3
− 3h

4h2

2
+ 2h22h

]
(4.39)

=
h3

2h2

[
8

3
− 6 + 4

]
=

h3

2h2
2

3
=
h

3
, (4.40)

and basic function for node in the middle of E is

φj =
(x− x1)(x− x3)
(x2 − x1)(x2 − x3)

=
−1
h2

2h∫

0

x2 − (x1 + x3)x+ x1x3 (4.41)

= − 1

h2

[
x3

3
− (x1 + x3)

x2

2
+ (x1x3)x

]2h

0

(4.42)

= − 1

h2

[
8h3

3
− 2h

4h2

2
+ 0

]
(4.43)

= −h
3

h2

[
8

3
− 4

]
= −h

[
8− 12

3

]
=

4h

3
, (4.44)

The value of 2h
3 can be a little bit peculiar, but it is important to realize that this value

is at the connection of two elements, hence this contribution from two elements must be
divided by two! The realization is shown in Figure 19.
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Figure 19: Computation of basis function of given boundary node

Then the rest is similar to the involvement of the velocity boundary conditions, in
comparison to [56]. MatrixA can be split intoAx andAy part. The normal vector perpen-
dicular boundary n = [−1, 0]T has only the x-part and the y- part is zero. Consequently,
only the bx part of the right-hand side vector b is affected. There is need to identify SL
boundary nodes. As they are found, then add the pressure value sL multiplied by the
right basis function from set {h/3, 2h/3, 4h/3} to the right-hand side vector. Without the
minus sign, because it goes to the right-hand side.

This is the crucial point, because this involvement of pressure boundary conditions
affects right-hand side. Basically, it works with velocity basis functions in a sense to
prescribe the desired value of pressure. In consequence, there is a clear theory about
stability of the solution with velocity boundary conditions (if ∂ΩD 6= 0) and this transfer
of pressure boundary conditions assures the stability of the solution too, for more details
see [102].

4.4 Velocity boundary conditions

As was mentioned above, velocity u is the vector and itself can be separated onto normal
un and tangential uτ part. It holds that u = unn + uττττ , where n is the unit outer nor-
mal vector and τττ is the vector orthogonal to n. The velocity boundary condition acts to
velocity field with given speed and direction against the scalar value of the pressure. In
FEM the velocity is prescribed as a vector. Basically the velocity can be the function of
boundary, space coordinates, or time, but in the FEM method, it is the velocity vector im-
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posing for each node. As was mentioned in the previous section, there are three types of
boundary related to a normal component of the velocity vector. The inflow and outflow
boundary were discussed in the previous section.

The important is the boundary ∂Ω0 which is often called the ’wall or impermeable’
condition. This condition is like the impermeable wall, which does not allow a fluid to
flow inside or outside through the boundary. In practice the wall condition has several
types like no-slip, slip, or partially slip condition. For the hydrophobic materials, the wall
condition is different [101], and for the non-straight surfaces like surfaces with roughness
is different too etc., [87]. The common thing for all cases is impermeability, but the slice
or friction can be changed in dependency on the given types of the wall. In this thesis,
this condition will mostly be taken as u = [0, 0].

Even if the impermeable condition is prescribed over the whole boundary ∂Ω0 = ∂Ω,
it does not have to mean that the fluid is without moving. Still there non-zero tangential
velocity condition uτ 6= 0 can be imposed. This type of flow problems is called enclosed
flow. Some of them, like the driven cavity problem, are one of the most common ways to
check the stability and results of a numerical solution, see [56], compare to Example 1d.

The velocity boundary condition is the Dirichlet ’hard’ type boundary condition, then
imposing such a condition is well-known process. The prescription of such condition is
technical and well-described in [29, 56, 68]. Briefly, solution x = x0 + xD, where x0 is
the part from the space where the solution is found; and xD is an element from the space
which respects the Dirichlet boundary condition. The main aim is to find the solution of

Ax = b⇒ Ax0 = b−AxD︸ ︷︷ ︸
b̃

,

then the solution x̃0 of the whole problem leads to the following problem

x̃0 = Ã−1b̃, (4.45)

where matrix Ã is a matrix with zero rows and columns belonged to Dirichlet nodes; and
the unity (but there can be another value) at the diagonal indicate the Dirichlet boundary
node. Compare Figures 56 and 60. The crucial point is that, in this thesis, the average of
the diagonal elements instead of the unity at the diagonal value is used. This significantly
improves the properties of the system (7.3) from the iteration solver point of view.

4.5 Stokes–Brinkman boundary conditions

The imposition of the pressure resp. the velocity boundary conditions for the Stokes case,
which was mentioned above, shows the way of imposing the pressure resp. the velocity
boundary conditions for the Stokes–Brinkman case. Imposing both boundary conditions
for the Stokes–Brinkman is similar to the Stokes case. The only difference is in matrix Ã
from (4.45) which has a different entries against matrix arose from Stokes matrix, see the
previous section. The pressure conditions for the Navier-Stokes equation are described
in [67].
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5 Solvability

As it was mentioned in Chapter 4 the Stokes–Brinkman equation is solved by the mixed
methods in this thesis. In this chapter the basic facts about solvability of general Stokes–
Brinkman equation are shown.

Appendix A contains the detailed discussion and the proof of the existence of the
solution of the general mixed formulation in continuous spaces. It works with these
assumptions

• Π and V are some Hilbert spaces

• bilinear form a(u, v) is coercive and continuous over V × V → R,

• bilinear form b(v, q) is continuous over V ×Π→ R,

• bilinear form b(v, q) satisfies the LBB condition.

All presumptions are used and discussed in the proof in Appendix A. The important
thing is to realize that spaces Π and V can be identified with spaces L2 and H1

E . The
bilinear forms a(u, v) and b(v, q) can represent the forms (8.6) from the Stokes–Brinkman
equation. Coercivity of a(u, v) ensures the existence of the velocity and the LBB condition
is sufficient condition for existence of the solution to mixed formulation.

The first step in proof in Appendix A is to prove the existence of the solution of the
problem (A.8) with bilinear form a(u, v) on Hilbert space Z, for this purpose the Lax-
Milgram theorem is used. After that is worked with space Z⊥ on which is important to
show that bilinear form b(v, q) is injection. It requires the LBB condition. Similar crucial
steps are described in following text.

5.1 Solvability conditions

The construction of the weak formulation ensures that any solution of (3.31)-(3.32) satis-
fies the weak formulation (4.9)-(4.10) and (8.11) on the spaces H1

E0
and L2(Ω) which are

clearly Hilbert spaces. The homogeneous (zero forces) version of (4.9)-(4.10) is:
Find u ∈ H1

E and p ∈ L2(Ω) such that

µ∗
∫

Ω
∇u : ∇v + µ

∫

Ω
uGv−

∫

Ω
p∇ · v = 0 ∀v ∈ H1

E0
, (5.1)

∫

Ω
q∇ · u = 0 ∀q ∈ L2(Ω), (5.2)

where the Dirichlet boundary conditions are zero everywhere and ∂ΩD 6= ∅. The main
aim is to show that u = 0 and p = const. In other words establishing that the weak solu-
tions are uniquely defined up to constant pressure in the case of everywhere prescribed
velocity boundary condition, i.e. ∂ΩD = ∂Ω.
First taking u = v in (5.1) and q = p in (5.2) lead to µ∗

∫
Ω∇u : ∇u + µ

∫
ΩuGu = 0. Note

that matrix G has non-zero entries, then

µ∗
∫

Ω
∇u : ∇u + µ

∫

Ω
uGu ≥ µ∗

∫

Ω
∇u : ∇u + µmin(G)

∫

Ω
u · u ≥
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≥ min(µ∗, µmin(G))

[∫

Ω
∇u : ∇u +

∫

Ω
u · u

]
= c‖u‖21,Ω, (5.3)

where c = min(µ∗, µmin(G)) is the coercivity constant and ‖u‖1,Ω =
(∫

Ω∇u : ∇u +
∫
Ωu · u

)

is a norm for functions in H1
E0

. Inequality (5.3) shows that bilinear form
a(u, v) := µ∗

∫
Ω∇u : ∇v + µ

∫
ΩuGv is coercive over H1

E0
. From this coercivity condition

follows that u = 0. It is the only option for holding µ∗
∫
Ω∇u : ∇u + µ

∫
ΩuGu = 0. Note

to Appendix A, this is similar to coercivity property of bilinear form on Z, the continuity
of bilinear form a(., .) and b(., .) is straightforward from Cauchy–Bunyakovsky–Schwarz
inequality.

The backwards substitution into (5.1) gives
∫
Ωp∇ · v = 0 for all v ∈ H1

E0
. It remains to

show that

∫

Ω
p∇ · v = 0 ∀v ∈ H1

E0
⇒
{
p = constant, if ∂ΩD = ∂Ω;

p = 0, otherwise.
(5.4)

Both results can be derived from LBB condition or inf-sup condition

inf
q 6=constant

sup
v 6=0

|(q,∇ · v)|
‖q‖0,Ω‖v‖1,Ω

≥ C > 0, (5.5)

where ‖q‖0,Ω :=
∥∥q − (1/ |Ω|)

∫
Ω q
∥∥ is a quotient space norm. The condition (5.5) can be

viewed as a coercivity estimate for the bilinear form b(v, q) :=
∫
Ωq∇ · v on the spaces

b : H1
E0
× L2(Ω) → R, and it is used for proving of the existence of the pressure so-

lution, see Apendix 1 for more details. Detailed discussion for the Stokes case can be
found in [56]. General cases are considered in [26] and [29]. The Stokes–Brinkman case
is identical to Stokes case due to similar structure, the only difference is in a(u, v). More-
over, see Apendix 1 which contains the proof of the existence of the solution for mixed
formulations and all steps are discussed in more detail.

The similar condition in the finite dimensional space has to be considered. Again the
homogenized form of the system (4.16) is

(M + S)u +BT p = 0,

Bu = 0. (5.6)

When the first equation in (5.6) is multiplied by uT and the second by pT , then

uT (M + S)u + uTBT p = 0,

pTBu = 0. (5.7)

The usage of the transposition on the second equation in (5.7) gives uT (M + S)u = 0
or using uTxAux + uTyAuy = 0, where A = M + S the sum of the mass and the stiffness
matrix from (4.17). From previous coercivity bounds is simple to determine that A is
positive definite. Similarly to previous continuous example, it gives u = 0 and implies
the unique solvability with respect to velocity.
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The unique solvability to the pressure solution is again problematic. Substituting
u = 0 into gives BT p = 0 and it implies that any pressure solution is only unique up to
null space of the matrix BT . Similarly to previous case where the solution was unique up
to constant. In the finite dimensional case, the similar condition is needed. The enclosed
flow (Example 1d) requires nullBT = {1} and others require nullBT = {0}.

The crucial point is to choose carefully the approximation spaces which represent
the continuous Stokes–Brinkman equation and satisfy discrete LBB condition. This is
mainly the game of BT which is operator connecting the pressure and velocity quantities
together. The Stokes–Brinkman case is very similar to the Stokes case equation. Hence
the author refers to [56] where the situation is well-described and the general cases of
the mixture formulations are discussed in [26]. The proof of existence of the solution of
general form is in [29].

For the matrices dimensions in (5.6) holds that nu ≥ np. If the opposite nu ≤ np is true
then matrix (5.6) is rank deficient by at least np − nu. This means that choosing a high
dimensional approximation for the pressure compared to that velocity is not good from
linear algebra point of view. This condition and others are summarized in the following
section.

5.2 Stable Q2 −Q1 elements

Finite dimensional approximation of the Stokes–Brinkman problem should respect the
conditions enforced in continuous space. These restrictions on the finite elements are:

Approximation
The Stokes–Brinkman model deals with the pressure and the velocity. Both are
unique and both are approximated in their own spaces, namely L2(Ω) and H1

E0
.

This requires basis functions which are the finite dimensional approximation of
the given spaces.

Approximation qualities
Generally the velocity is a vector of coordinates in every spatial dimension and the
pressure is the scalar value. One has to care of this and not represent the velocity as
constant value over element, otherwise it is impossible to compute the directions
of the flow. In other words, every velocity node requires some degree of freedom
equalled to the dimension.

Discrete LBB condition
It was observed that Q1−Q1 (bilinear) approximation is not stable as it does not sat-
isfy the LBB condition. In other words, the velocity space has to be highly approx-
imated against pressure space without the usage of the stabilization techniques.
Note, there are some stabilization techniques which do not require this, but author
decided to use the stable elements. More informations about stabilization tech-
niques can be found in [24, 38, 56, 109].

All previous assumptions are satisfied by Q2 −Q1 elements or often referred as Tay-
lor Hood method [78]. It uses biquadratic Q2 approximation for the velocity space and
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bilinear Q1 approximation for the pressure. It works with 9 velocity nodes and 4 pres-
sure nodes over one element, see Figure 20. The positions of the nodes are illustrated
in Figure 20. The computational mesh constructed from Q2 − Q1 elements is shown in
Figure 19. This type of elements is used in this thesis.

The Q2 −Q1 elements are stable for the Stokes–Brinkman case. The stability proof is
not derived in this thesis, but for the Stokes case is shown in [56]. The proof is based on
works of [27] and [143] which showed that any mesh that can be constructed by patching
together into macroelements satisfies the LBB condition. As was said above, the proving
ideas of the stability of Q2−Q1 elements for the Stokes problem are discussed in [56] and
for the Stokes–Brinkman model holds in the same way under assumptions considered at
the beginning of this Chapter 5 and Appendix A.

Figure 20: Q2 −Q1 element (• two velocity components, ◦ pressure).
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6 Numerical Examples

This chapter deals with various numerical simulations of the Stokes–Brinkman model.
The first part shortly describes the used programs. Then the various numerical examples
follow. All of them were computed using the author’s MATLAB code. They describe
the potential of Stokes–Brinkman equation and show the bottle-necks on simple exam-
ples. The last part shows computations using COMSOL code and its application for high
complex problems.

6.1 Software for the Stokes–Brinkman equation

There are several application programs for the Stokes–Brinkman flow. For the purpose
of this thesis two software application were used. One is the MATLAB environment
(R2011a, 64bit), in which the author wrote the whole program for the numerical sim-
ulations. Author lately discovered the IFISS 3.0 software from [56], by which author
improved some parts of his code.

The second one is COMSOL Multiphysics 4.4a, user’s guide can be found in [47]. The
COMSOL Multiphysics is program, which was a module in MATLAB at early stage. But
nowadays it is a program, which allows a lot of physical phenomena and their combi-
nation to simulate. COMSOL is commercial program, which allows users to work with
the Stokes-Brinkman flow in 2D and 3D models. It is capable to compute non-stacionary
flow and connect the Stokes–Brinkman model with, e.g., heat transfer or porous solid
mechanics. COMSOL is far more advanced than the author’s program written in MAT-
LAB. It is used as a control program for the author’s program and as an inspiration. The
COMSOL program is used for DECOVALEX project; more can be found in Section 6.7.
Both of them were used for the computation of the same Example 1a. Both programs are
based on the finite element method.

6.1.1 MATLAB program

The program is based on the MFEM, as was shown in Chapter 4. The finite element mesh
was taken as a rectangular mesh of Q2 −Q1 elements, see Figure 41 (left). The Q2 −Q1

elements are stable for Stokes equation, proof at [56], [85] and [159]. In Chapter 5 the
extension for the Stokes–Brinkman problem was presented.

In the program, a list of Q2 elements where every row represents one element, was
created. The first nine column positions in the given row belong to the number of nodes.
The next two columns defines dynamic µ and effective µ∗ viscosity and the rest four
position represent k11, k21, k12, and k22 positions of matrix K. This allows the physical
properties to be prescribed for every element and compute with anisotropic enviroment.

Generally, diagonal matrix K, where K = k · I represents isotropic environment. Au-
thor’s code can compute the flow in anisotropic environment, but the results are not so
well readable, hence such examples have not been mentioned. The numerical integration
was done by Gauss quadrature points, motivated by IFISS 3.0 software [56]. Resulting
system (4.22) was always primary solved by the MATLAB’s ”backslash” operator in this
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chapter. But also system (4.22) was solved under usage of various preconditioning tech-
niques, which takes advantage of system (4.22), see Chapter 7 for comparison. For all
plotting MATLAB’s subroutines were used.

6.1.2 COMSOL Multiphysics

In COMSOL the Stokes-Brinkman module was used. Example 1a was recomputed by
COMSOL, where two material domains were used. For both of them the value of per-
meability tensor was set similarly as in Figure 21. The same properties of water viscosity
and density were used. The boundary conditions were the same as in the MATLAB’s
program. The standard finite element method was used. Direct PARDISO solver with
Nested dissection with multithreaded preordering algorithm was used.

6.2 Examples

This section describes numerical examples, which were created for the purpose of this
thesis. All of them are built up on [−1, 1] × [−1, 1] ∈ R

2 and on Q2 − Q1 rectangular
mesh3. The following examples cover different spectrum of boundary conditions and
material coefficients. All of these Examples were inspired by laboratory experiments or
natural phenomena and they should validate numerical code and the Stokes–Brinkman
equation in different situations. All Examples were solved as dimensionless.

6.3 Example 1 - cavity experiment

Example 1 is an example of the fluid flow in porous medium with one single cavity which
can be called as a free fluid region. Very similar experiment can be found at [122], but
here the square cavity type is used instead of the circular type. This example creates a
combination of the fluid flow in the porous medium (area around the cavity) and inside
the cavity – free fluid region, see Figure 21. The fluid flow in the porous medium can be
simulated by Darcy equation. Free fluid region can be described by the Stokes equation.

The value of permeability tensor K is assumed as the isotropic case K = kI, where I is
the identity matrix, i.e. from the physical point of view, it has the uniformity of hydraulic
conductivity in all orientations on a given sub-domain (porous or free flow region). The
value of permeability is k = 0.05 for the porous medium and K → ∞ for the free flow
region, see Figure 21.

The boundary conditions extend the Example 1 onto four cases (a,b,c, and d) accord-
ing to the boundary conditions. For more detail about boundary conditions see Sec-
tion 4.2.

a This example has the boundary conditions depicted in Figure 21. It means velocity
u = [1, 0] on the left (inflow) boundary, i.e. only velocity in the normal direction
is prescribed. Zero velocity on the bottom and top sides, u = [0, 0]. The natural

3It was caused by no usage of mesh generator. All codes for meshes were written by author. It enabled
better control of potential errors and simplified the modifications of the program.
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outflow boundary condition, often called ’do nothing’ condition, is prescribed on
the right (outflow) boundary. In this case, such a boundary condition prescribes
averaged pressure on the right side. This option was chosen as a comparable case
with [122] and for easy prediction of the fluid flow behaviour. Note, ’do nothing’
condition is often called as ’natural outflow’ condition, it depends on literature; see
Section 4.2 for more details.
For better understanding, try to imagine a situation where the piston pushes the
water inside the domain of Example 1 by velocity equals to 1. As the liquid is con-
sidered an the incompressible medium (2.5) in this thesis, then the mass of liquid
which entered into the domain must leave the domain in the same mass. The fact is
that the liquid preferably flows through the area which is less resistant against the
fluid flow. Hence liquid does not want to flow through porous medium as it rather
flows through the free flow region. Due to the incompressibility condition, the ve-
locity in the free flow region must increase, and due to higher resistance against the
flow in a porous medium, the velocity of the fluid flow in porous medium must
decrease. This decreasing and different velocities on inflow/outflow boundaries
are supported by zero velocity condition on the top and bottom side of the domain.
This prediction of the fluid flow behaviour is in agreement with the computed so-
lution, see Figure 22. The streamlines and pressure field are depicted in Figure 29.
The streamlines show the preferable flow through the free flow region. The pres-
sure field contains two singularities at the corners of the mesh. It is caused by
sudden decrease of the velocity, more about this is in Section 8.3.

b The second example has prescribed pressure boundary condition on the inflow
boundary. The value of the pressure is p = 0.01. The rest of the boundary con-
ditions remains the same as in previous Example 1a, i.e. zero velocity condition at
the top and the bottom side; and natural outflow condition at the outflow boundary.

c The third example has the same boundary condition as Example 1a; only the top
and the bottom side have prescribed velocity condition u = [1, 0]. The motivation
for this was when somebody wants to simulate the fluid flow via small piece of rock
inside the mountain for example, then it is unnatural to have zero velocity condi-
tions at the top and the bottom sides. In the nature that these sides are permeable
too, as there is usually some inflow from the sides.
The streamlines in Figure 31 show that the tendency of the fluid to flow via the free
flow region is not so high, hence the influence of the free flow region is not so sig-
nificant. Moreover, the pressure field in Figure 31 does not contain the singularities
at the corners as Example 1a does.

d The last example from the first set was chosen due to the similarity to popular
benchmark problems for testing numerical schemes called the ‘lid driven cavity’,
see [38] for the Naver-Stokes case and [56] for the Stokes and Navier-Stokes case.
The Dirichlet boundary conditions are prescribed on the top boundary: value
u = [1, 0] of horizontal velocity is prescribed on the upper side and zero boundary
conditions on the rest of the boundary represent a wall. This problem is a nice one
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Figure 21: Q2−Q1 mesh, boundary con-
ditions and material properties of Ex-
ample 1a.

Figure 22: Absolute value of velocity at
each element of the mesh from Exam-
ple 1a.

for testing for several reasons. First, as mentioned above, there is more literature
and methods to compare with for Stokes and Navier-Stokes case, but unfortunately
none for the Stokes–Brinkman problem. Second, the (laminar) solution is steady.
Third, the boundary conditions are simple and compatible with most numerical ap-
proaches. Note that this is not necessarily the case for the finite element methods,
in which difficulties may arise at the corner intersections of the moving wall and
the stationary wall. Fourth, there is no inflow/outflow condition, only the ’hard’
Dirichlet boundary conditions.
As was mentioned above, there is no case of driven cavity for the Stokes–Brinkman
problem as far as author was able to find. Hence author created the similar case to
the classical test with driven cavity. The difference is in the middle porous domain.
Note that this case is contrary of previous cases. There is a porous medium inside
the free fluid region, see Figure 27, which is less permeable than porous domains
in previous Examples. Figure 28 shows the velocity magnitude. The middle do-
main in Figure 28 looks like an almost impermeable object, but it actually is not,
see streamlines in Figure 32. This was chosen on purpose because more permeable
porous domain does not have such effect onto streams to make them flow around
the porous medium, otherwise stream flows through the porous domain. The pres-
sure field in Figure 32 exhibits singularities at corners as it is supposed to. Whereas
singularity in the left corner is enforced by under-pressure (draw fluid) and the
right corner represents over-pressure (pushed fluid).

6.4 Example 2 - multiple cavity experiment

The Example 2 is the experiment which focuses on simulation of the fluid flow with two
square cavities. The motivation is to check how the fluid flowing through one cavity
affects the flowing through the second cavity. For this purpose the Example 2 on the
domain which has two cavities was created. The first free fluid square region is on coor-
dinate 〈0.2, 0.4〉 × 〈0.2, 0.4〉 and the second square region is on coordinate 〈−0.2,−0.4〉 ×
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Figure 23: Q2−Q1 mesh, boundary con-
ditions and material properties of Ex-
ample 1b.

Figure 24: Absolute value of velocity at
each element of the mesh from Exam-
ple 1b.

Figure 25: Q2−Q1 mesh, boundary con-
ditions and material properties of Ex-
ample 1c.

Figure 26: Absolute value of velocity at
each element of the mesh from Exam-
ple 1c.

Figure 27: Q2−Q1 mesh, boundary con-
ditions and material properties of Ex-
ample 1d.

Figure 28: Absolute value of velocity at
each element of the mesh from Exam-
ple 1d.
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Figure 29: Streamlines (left) and pressure field (right) of the Example 1a.
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Figure 30: Streamlines (left) and pressure field (right) of the Example 1b.

〈−0.2,−0.4〉, see Figure 33. The streamlines in Figure 34 also show how one free fluid
region affects the second free flow region, i.e. the liquid flows from one free fluid region
into the second one, because it easier for the liquid to flow via space among free fluid re-
gions. Example 2 has the same boundary conditions as Example 1a, i.e. u = [1, 0] on the
inflow (left) boundary, zero velocity conditions at the top and bottom side; and natural
outflow condition on the outflow (right) side. Another difference is in the change of per-
meability to K = 0.0005. It means that the porous matrix is hundred times less permeable
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Figure 31: Streamlines (left) and pressure field (right) of the Example 1c.
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Figure 32: Streamlines (left) and pressure field (right) of the Example 1d.

than in Example 1a. Hence the liquid definitely uses the free flow regions for flowing.
The pressure inside the porous medium is increased due to incompressibility condition,
stable velocity of the piston, and less permeable porous medium, i.e. stable velocity of
pressures the same amount of liquid against less permeable porous media, see Figure 34.
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Figure 33: Results of the absolute value of velocity at each element of the mesh for Exam-
ple 2.
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Figure 34: Streamlines (left) and pressure field (right) of the Example 2.

6.5 Example 3 - parallel flow

Example 3 simulates the fluid flow in a two parallel domains - free flow and porous
domain. This type of model case was mainly chosen due to checking the Beaver-Joseph
condition for more details, see Section 3.4 and [19, 41]. The Beaver-Joseph condition is the
third condition in the Stokes–Darcy model [122] or see Section 3.4, which simulates the
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slip of the liquid inside the porous medium caused by the faster fluid flow of the liquid
on the boundary between the free fluid and porous region. The Beaver-Joseph condition
is not involved in the Stokes–Brinkman equation. The Stokes–Brinkman equation solved
by finite elements satisfies the general assumption of the slip flow by natural averaging
of material coefficients between two domains with different material coefficients; and by
flux continuity of the MFEM, for more details see [29]. In this thesis, this condition is
solved only by averaging the coefficients during the FEM method, i.e. without any addi-
tional modifications of the Stokes–Brinkman parameters (µ, µ∗, and K) at the boundary
∂Ωf ∩ ∂Ωp.

In this subsection, two cases of Example 3 are considered. The first one is the Ex-
ample 3a - the fluid flow in two parallel domains. This type of the domain copies the
original experiment considered in [19], see redrawn Figure 11 in this thesis. Figure 35
shows the boundary conditions and material properties of Example 3a. Example 3a is
divided in two parallel domains, whereas the upper half of the domain represents a free
fluid region, i.e. the region where the parameter of permeability tensorK goes to infinity.
The second half of the domain represents a porous area, i.e. the value of the permeability
k = 0.05. Hence this domain is less permeable than the upper free flow domain. The
value 1e−3 of dynamic viscosity µ and effective viscosity µ∗ stays the same for both do-
mains. This Experiment 3a is prescribed in agreement with Beaver-Joseph condition as it
is possible. It means the prescribed pressure on the left inflow domain. It represents the
pressure of the water, see Figure 11. The upper and lower side represent wall condition,
i.e. zero velocity condition. The right side of the domain represents the natural outflow
from the domain.

As was mentioned above, Example 3a should be similar to the experiment from article
[19] where the idea of slipping velocity condition at permeable wall between the free fluid
domain and the porous domain was originally published. The main aim was to show that
the Stokes–Brinkman equation somehow respects the slipping (Beavers-Jones) condition
on the permeable boundary between the free fluid domain and the porous domain. On
the other hand, a precise comparison of the Beaver-Joseph condition between its simu-
lation by the Stokes–Brinkman model, Stokes-Darcy model [122] and real experiment is
not done in this thesis. As its author neither does not have the codes for Stokes-Darcy
model (Section 3.4) nor the laboratory equipment for measuring of the real experiments.

Article [122] presents the comparison between both models, the Stokes–Brinkman
model and the Stokes–Darcy model, but it works with µ = µ∗. Otherwise, in PhD. the-
sis [103], is is suggested how to work with parameter µ∗ on the boundary layers of a
porous medium with respect to the Beavers-Joseph-Saffman (extension of Beaver-Jones
condition (3.27)) interface condition for the Stokes–Darcy equation. Article [104] shows a
weaknesses of the Beaver-Jones condition and introduce the Le Bars and Worster condi-
tion, which defines a viscous transition zone inside the porous domain, where the Stokes
equation still applies, and Le Bars and Worster impose continuity of pressure and ve-
locities across it. Practical usage of Le Bars and Worster condition is shown in [54]. This
book also shows application of the Stokes–Brinkman model with the Le Bars and Worster
condition. In summary, the optimal choice of parameter µ∗ or special interface condition
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Figure 35: Boundary conditions and
material properties of Example 3a.

Figure 36: Absolute value of velocity at
each element of the mesh from Exam-
ple 3a.

is still an open question, which is above the topic of this thesis, because in optimal case it
requires comparison to a laboratory experiment.

If a closer look at the result of the simulation (Figure 36) is taken, it can be seen how
faster flow in the free flow region involves the flowing of the liquid in the porous domain.
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Figure 37: Streamlines (left) and pressure field (right) of the Example 3a.
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Figure 38: Boundary conditions and
material properties of Example 3b.

Figure 39: Boundary conditions and
material properties of Example 3b.

Example 3b focuses on fluid flow into three parallel domains, motivated by [76].
Where the upper domain represents the free flow (Stokes domain). The second mid-
dle domain is the transient area to the third porous domain. The second domain is more
permeable (K = 0.05) than the third domain (K = 1e−5), which represents a less perme-
able porous medium, see Figure 38. The value of the effective and the dynamic viscosity
stays the same (µ = µ∗ = 1e−3) for all domains.

This example shows the usage of the Stokes–Brinkman model as a unique approach
to the modelling of the three different situations by one model. This advantage of the
Stokes–Brinkman equation brings one disadvantage. It is high ill-conditioning of the
discretized system, see Chapter 7. It is caused by the usage and the presence of the jumps
of varying value of permeability in different domains, see Figure 38. This problem also
can be refereed to Darcy and Navier–Stokes–Brinkman model, where permeability tensor
K is used.

From numerical point of view, it is impossible to prescribe the infinity value of the
permeability for the upper domain of Example 3b. In the numerical Stokes–Brinkman
model the inverse (K−1) instead of the permeability tensor (K) is used. If K → ∞, than
K−1 → 0. Hence the author uses the value K−1 = 0 for the free flow domain in the
program, hence 0·

∫
Ω u·v = 0 and in the upper domain there is purely the Stokes equation.

These three jumps of K−1 = {0, 20, 2e5} have an influence on mass integral K−1 ·
∫
Ω u · v

and hence it has a bad effect on the condition number of the whole system (7.3). For this
reason Example 3b was taken as the testing example for the preconditioning methods.
For more details see Chapter 7, where several preconditioning techniques are considered
for dealing with this disadvantage.
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Figure 40: Streamlines (left) and pressure field (right) of the Example 3b.

6.6 Example 4 - real cases

This section shows possible connection of the Stokes–Brinkman equation to real exper-
iments on two examples. The first one is the fluid flow with dominating fracture. The
second case is the fluid flow through coal rock. For both cases the value of the perme-
ability tensor K at the domain was prescribed by grayscale image, where every pixel of
the picture is represented by different shades of grey, from 0 to 255, whereas 0 represents
black and 255 represents white. Such picture can be represented as a matrix. The size
of such matrix, which arises from the picture, must be the same as the computational
domain has elements in the rows and columns. In other words, every Q2 − Q1 element
has its own value of the permeability assigned from the grayscale pixel value at the same
position, see Figure 41.

Both Examples 4 are computed with scale K−1 ∈ 〈0, 255〉, with the value 0 represent-
ing the Stokes equation. The value of the permeability tensor K > 0 represents the porous
(Darcys’) domain, whereas the higher value the less permeable the medium is. There ex-
ist a possibility to scale the scatter of the value of the permeability to expected values of
given material. For example, the value of the inverse of the permeability for one hundred
times less permeable material with fractures can be

K−1 =

〈
0︸︷︷︸

Stokes

, 255

〉
· 102 = 〈0, 25500〉 . (6.1)
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Figure 41: The way of prescribing the value of the permeability from the grayscale picture
to every element from the mesh of the same size as the picture has.

If the flow medium contains some particles, e.g. sand, mess etc., then there can be shifting
of the permeability value

K−1 =

〈
0︸︷︷︸

Stokes

, 25500

〉
+ 10︸︷︷︸

Decreasing of the permeability

= 〈10, 25510〉 . (6.2)

This presents a huge advantage of the Stokes–Brinkman equation. For example, if there
is a sand in the fracture. There is no need to model every particle which can decrease the
speed of the fluid flow through the fracture. From physical laws is known that particles
decrease permeability of a liquid through a medium. Here this can be done by simple
increasing the inverse of the permeability tensor. In other words, the sand in the fracture
makes the fracture less permeable and straightforward the sand in the porous domain
must decrease the permeability of the porous domain. The mass of the particles can be
driven by the inverse of the permeability tensor K−1 > 0 and there is no need to exact
modelling of this phenomena.

The values of the effective and the fluid viscosity stay the same (µ = µ∗ = 1e−3) for
both Examples 4.

Example 4a - Fracture flow

Example 4a focuses on the fluid flow in the a domain with dominating fracture, see Fig-
ure 42. This fracture represents the free flow region, whereas the surrounding area creates
the porous region. The value of the permeability tensor K was prescribed by Figure 42.
The initial setup of the boundary conditions and permeability tensor are depicted in Fig-
ure 42.
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Figure 42: Boundary conditions and
material properties of Example 4a.

Figure 43: Absolute value of velocity at
each element of the mesh from Exam-
ple 4a.

Moreover, Example 4a contains one numerical deception. It is one element which
is connected to a porous medium only by one node. Normally, if this type of element
appears at the mesh, some type of numerical treatment has to be done. Such element
must be erased or there must be ensured connection at least one edge (in 2D) to porous
domain. Otherwise, it can cause the rank deficiency of the solved system. It is mainly the
problem of the Stokes-Darcy approach (see Section 3.4), elasticity [23] etc. But the Stokes–
Brinkman approach does not have a problem with such elements. It is always solved
on the whole domain over all elements. Basically, there can be a chess domain (every
element with one value of permeability is connected to another element with different
permeability only by node, not edge) and the Stokes–Brinkman model will not have a
problem with solving the problem on such elements. This is another advantage of the
Stokes–Brinkman model. The proof of this statement can be the computed result of the
absolute value of velocity at each element of the mesh, Figure 43.

Moreover, the streamlines in Figure 44 show the tendency of the liquid to flow through
a fracture, whereas the velocity is increased over the whole fracture. Only in first turn
one can see increasing pressure in Figure 44, it shows that the liquid struck at the porous
wall and its velocity is decelerating. In other words, the liquid impacted on the obstacle
and has to flow around. Only difference is in a permeable obstacle, but not so permeable
as the fracture.

Example 4b - CT scan

This example also has the value of the permeability tensor K prescribed from the grayscale
picture, but this picture was taken as a CT scan of the coal rock. The original CT scan is
depicted in Figure 45. There the various scales of materials (shadows of grey) can be seen.
Figure 46 shows the result of the velocity magnitude. The result of simulations is little bit
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Figure 44: Streamlines (left) and pressure field (right) of the Example 4a.

harder to predict in this case. It is caused by different values of the permeability tensor K
at every element of computational mesh. The stream of liquid flows from the left side to
the right side and, for example, when the domain is less permeable at the beginning (left
side) then the velocity is decreased. This velocity deficiency goes with the stream from
the left to right side. Even if the right side of the domain is more permeable, it does not
have to increase the velocity profile of the fluid, which was slowed down at the begin-
ning. Hence, it is harder to predict the fluid flow behaviour from this CT scan. The clue
can be the the free flow region in the middle of the domain (black point). From previous
text and examples, it is known that liquid preferably flows via this regions. Other clue
can be the big, more permeable region (darker colours of grayscale) under this free flow
region.

Figure 45 also shows the boundary conditions, which were chosen as u = [0.1, 0] at
the whole domain except the right side where the natural outflow condition was chosen.
Inflow velocity is quite slow compared to the previous examples. The streamlines in
Figure 47 show the preferable flow via bottom part of the domain. Figure 47 shows slight
decline of the pressure, but it is caused by slow velocity and quite big permeability of the
material.

This type of the example suggests the potential of the Stokes–Brinkman equation as a
model tool for real cases and experiments. See the following section.

Summary of the author’s examples

This section introduced some examples, which were solved by the author’s program.
As was mentioned above, they try to cover a different spectrum of examples, for which
the resulting velocity flow profile and pressure field can be validated by physical intu-
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Figure 45: Boundary conditions and
material properties of Example 4b.

Figure 46: Absolute value of velocity at
each element of the mesh from Exam-
ple 4b.
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Figure 47: Streamlines (left) and the pressure field (right) of Example 4b.

ition for most of them. Moreover they test authorThe first set of Examples 1 plays a game
with boundary conditions and shows the different solution under the changing bound-
ary conditions. Example 2 validates the program through the inner fluid flow. The aim
was to show that one inner cavity involves the other cavities and this observed result
was computed by the author’s program. The third series of Examples takes an aim in the
simulation of the Beaver-Joseph condition, through the properties of the mixed finite el-
ement method. In the last Examples the value of the permeability tensor was prescribed
by a picture or CT scan. It can be taken as a test case for real tasks.
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6.7 Example 5 - future outlooks

The following collection of the three examples was created in the COMSOL Multiphysics
code. The first one is a comparison of Example 1a to the COMSOL solution.

The next simulations were motivated by the author’s work on different projects, which
extend the author’s overview and created sub-problems, which led to a different usage
of the Stokes–Brinkman model.

The second one is a simulation of the natural convection of the oil-water mixture in a
cylinder which is full of mill scales. This was work for a private company on the project
of recycling mill scales. This work required the Stokes-Brinkman equation coupled with
heat modelling. It was used as model for the computation of water evaporation from a
specimen.

The last problem appeared during the DECOVALEX project. The international DE-
COVALEX project focuses on mathematical modelling of phenomena from the nuclear
waste isolation [88]. Basically, it has to deal with hydro-thermo-mechanical processes
in rock massive and bentonite. Motivation for the usage of the Stokes–Brinkman model
arose during bentonite ’grooving’ in gap among bentonite-sand core and rock massive.
Another nature motivation from the DECOVALEX project for the usage of the Stokes–
Brinkman model can be in simulation of excavation damage zone around boreholes [144].

6.7.1 Example 5a - COMSOL

This example tries to validate Example 1a (created by the author) with the solution ob-
tained by the COMSOL Multiphysics software. There are the same boundary conditions
in Example 5b as in Example 1a. Complication is that COMSOL uses the following equa-
tion for the Brinkman flow

0 = ∇ ·
[
−pI + µ

ǫp

(
∇u + (∇u)T

)
− 2µ

3ǫp
(∇ · u) I

]
− µK−1u, (6.3)

which differs from (3.31). Plus the incompressibility condition

ρ∇ · u = 0,

where water density ρ = 1000[kg/m3], dynamic viscosity µ = 1[Pa · s], porosity ǫp = 1,
and permeability K = 0.05[m2] for porous domain and K = 10000[m2] at the free flow
domain.

One issue is in the porosity value, which is contained in the value of the permeability
tensor in the author’s code. Here, it is a value which should be close to unity in the
free flow domain but very small in porous media, see Chapter 1 for the definition. The
second issue is term − 2µ

3ǫp
(∇ · u) I , which affects on the diagonal elements and it is not

considered in the author’s program. Last issue can be in COMSOL itself because it is
used as a black-box, tool and there is not full control over all routines, some details are in
[47] - Subsurface Flow Module.

Contrary to the foregoing, there is an agreement between Example 1b and COMSOL’s
solution. Moreover, both cases match with physical intuition described in this chapter
around Example 1.
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Figure 48: Absolute value of velocity of Example 1a computed by COMSOL Multiphysics
program.

6.7.2 Example 5b - Mill scales

When the molten ingot goes onto rough rolling and finish rolling, then there are moments
when mill scales are created. Mill scales are formed on the outer surfaces of rails (com-
monly also on plates, sheets, or other profiles) when it is being produced by rolling red
hot iron or steel billets in rolling or steel mills [50]. They are composed of iron oxides
mostly ferric and is bluish black in colour. It is usually less than a millimetre thick and
initially adheres to the steel surface and protects it from atmospheric corrosion provided
no break occurs in this coating [14].

When the mill scale stays on the surface, it will increase the corrosion of the steel ex-
posed at the break. It is a nuisance when the steel is to be processed, i.e. rail goes through
a rolling-mill, mill scale is created on the surface, it is not removed from the surface, and
rail goes again trough a rolling-mill. Then mill scale is pushed into a material, and it
creates an asperities and inhomogeneity on the surface. Due to that, the mill scale must
be removed from the rail after the each rolling process.

Removing of the mill scales can be done by several ways, e.g. by flame heating, acid
pickling, or grit/sand blasting. During the rolling process, when the steel is molten,
the steel is rinsed by water under pressure of 10 to 100[MPa], commonly amount 20 to
30[MPa]. The water jet has a shape of wall, which covers one side of the rail under 15◦ ,
analogous to chisel. There are two mechanisms how mill scale is removed, i.e. mechanical
and heat mechanism.

The mechanical mechanism effects the surface by the crushing force and cutting by
the direction an angle. The heat mechanism causes that mill scales are shrunk and sep-
arated from a material. The separation is caused by different thermal expansion of mill
scale from rail. The separation is supported by the fact that mill scales are not homoge-
neous material, but it is created by layers of different chemical composition of a different
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thermal expansion. Another fact is that small holes are present on the surface of mill
scales. When water goes inside these holes, it is suddenly evaporated by small steam
explosion, and this helps with the mill scales to be removed. Removed mill scales fall
into a water reservoir together with oil, which lubricate the rolling-mill stand.

The mill scale is a material which can be recycled under several conditions, [55]. As
it was mentioned above, mill scales are inside a water reservoir with oil. Simply, such
mill scales can not be taken and given inside the blast furnace due to one significant
reason. There is a high temperature in the blast furnace. The oil can cause fast increase in
temperature. Water changes its phase into steam, so the volume of water increases. The
blast furnace is a closed device, and as such it can cause the change of the pressure inside
the blast furnace. Still, there is a way of creating of the recycling device.

A description of such a device, which removes oil and water from mill scales, is above
the goal of this thesis. The important fact is that mill scales with water and oil are given
into big round plates. Then this plate is heated up. During this heating process some
amount of water is evaporated. There are some fans and other devices supporting this
process, but this is not modelled in this thesis.

The important fact is that combination of heated mill scales with water and oil in-
side the closed plate without evaporation leads to the multiphase flow with natural heat
convection in a porous medium. Such a case can be simulated by several approaches,
see Chapter 3. From future perspective, it is good to solve a given case by the Stokes–
Brinkman model. From the mathematical point of view, the Stokes–Brinkman with heat
transfer can lead to the saddle point system [142]. Although such kind of problem is
out of main aim of this thesis, it is possible to extend used models and numerical theory.
Here, only the solution obtained by the COMSOL Multiphysics software is mentioned,
which offers more such potential extensions.

First of all, the authors reclaim that the physical model is slightly artificial and it does
not have precise similarity to the industrial solution.

Computational domain is the 2D square model with symmetry condition on the left
side. Where the size L of the square is 0.1[m]. Whereas the COMSOL model solves
the Brinkman equation (6.3) for the fluid flow with the incompressibility condition; this
means that only one phase model is used because of visualization reasons. Heat transfer
in porous media is solved by these equations

(ρCp)eq
∂T

∂t
+ ρCpu · ∇T = ∇ · (keq∇T )) +Q,

(ρCp)eq = θpρpCp,p + (1− θp)ρCp,

keq = θpkp + (1− θp)k. (6.4)

Table 2 describes the entries into the equations and velocity u connects both the fluid flow
and heat transfer.

Simulation is tested for 700[min], where the time-step was 1[min] for first 100[min],
and then it was 10[min]. The boundary conditions are the no-flow (wall) condition for
fluid flow and prescribed heat function obtained from real measurements at wall by
6.95427e−17 ·(t/60)6−4.38475e−13 ·(t/60)5+1.09519e−9 ·(t/60)4−1.41005e−6 ·(t/60)3+
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Name Value Description
ρ 980[kg/m3] Fluid density
µ 0.000985[Pa · s] Fluid viscosity
β 1e−6[1/K] Fluid volumetric thermal expansion
k 0.12[W/(m ·K)] Fluid thermal conductivity
γ 1[−] Fluid ratio of specific heat
Cp 4200[J/(kg ·K)] Fluid heat capacity at constant pressure
kp 16.3[W/(m ·K)] Porous thermal conductivity
ρp 980[kg/m3] Porous density
Cp,p 630[J/(kg ·K)] Specific heat capacity
ǫ 0.4 Porosity
κ 1e−3[m2] Permeability
p0 1[atm] Reference pressure
Tc 20[degC] Reference temperature
Th 42[degC] High temperature
L 0.1[m] Length scale
Pr mu · Cp/k Prandtl number

Ra
Cp·ρ2·gconst·β·(Th−Tc)·L3

k∗µ Rayleigh number
θp 1− ǫ[−] Volume fraction

Table 2: Properties and relationships used in equations (6.3) and (6.4); and also in COM-
SOL.

1.07891e−3 · (t/60)2 − 5.91104e−1 · (t/60) + 2.41194e2. This decrease in heat boundary
condition arose from the measured data. Initial state was no flow for the fluid, with the
following gravity effects as external forces F = ρgconstβ(T ). The initial heat state for the
mill scales is 550◦C.

Figure 49 shows the numerical result for the fluid flow after 160[min] when the flow
is stable. Figure 50 shows the scatter of the temperature filed with fluxes after 160[min].
When someone would like to think about the solution, then he/she must consider both
physics together. The fluid flows from the central core where the heat is the highest. Then
it goes up, but it cannot go up more. On the other hand, next volume beneath the fluid
pushes on the volume of the liquid close to the upper side. Then the liquid from the
upper side must go aside to sides of the central domain, where the velocity is the highest,
because there is a high temperature gradient. As the incompressible liquid is considered,
then the liquid close to the sides and the bottom is pressured by the upper heated liquid.
Hence this colder volume goes to the central core, where it is heated up and over the
cycle goes further until the temperature is equalled to the surrounding environment and
inertial forces are attenuated.

The fluid flow has also an affect on the heat transfer. The temperature around 170◦C
in Figure 50 shows the decrease in temperature of the specimen. The total heat flux is
close to velocity field because the convection is the dominated phenomenon instead of
diffusion and radiation.
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Figure 49: Velocity with velocity field for the Example 5b after 160[min].

Figure 50: Temperature contours with heat flux vectors for the Example 5b after 160[min].

Some might argue that this example is slightly artificial and most details were not
specified (which the author gladly gives), but this example gives an illustration to the
possible extension to the Stokes–Brinkman equation which can improve computational
results of presented problem. Finite element solution of given problematic can be solved
by the usage of the preconditioning techniques introduced in Section 7.8.
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6.7.3 Example 5c - Bentonite behaviour

Let be considered the vertical borehole, 60[cm] deep and it has 13[cm] in radius . In the
middle of the bottom of such borehole is given a bentonite MX-80, which is 25[cm] high,
12.5[cm] radius. This creates 0.5[cm] gap between the host rock and the bentonite-sand
core, see Figure 51.

Figure 51: Pressures [Pa] at rock massive, gap, and bentonite core (consequently) after
144[min].

Bentonite and host rock are modelled by the Richards equation with parameters con-
sidered in the following articles [A1,A2,A6]. It is natural to expect that the gap will be
full of water during a short moment deeply in the crystalline rock massif. Moreover, it
is expected to have and impermeable cover at the top side of the bentonite and the gap.
Hence, water stays inside the gap and it is modelled by the Brinkman equation (6.3) from
COMSOL, i.e. in this area is connection of the free flow region together with porous
medium. Bentonite naturally grows and fills the gap, this can be observed in thesis [135]
and Figure 52. Mechanical and deformation effects are not computed in this thesis, for
more details see [A1,A2,A6]. The point is that this gap can be effectively computed by
the Stokes–Brinkman model, which can work with closing fractures and changing per-
meability tensor, because growing bentonite creates a pore space with (closing) fractures.

Figure 53 shows the values of effective saturation at Richards equation domains. The
gap modelled by the Stokes–Brinkman model is fully saturated domain hence the sat-
uration is 1[−] inside this domain (COMSOL does not allow this full saturation to be
screened). It can be seen how the bentonite quickly desaturated (sucked) the water from
the rock massive, see Figure 53. It is causes by difference between the initial suction
pressure of bentonite (−65[MPa]) and the pore pressure of rock massif (0.4[MPa]).

Main aim of this thesis is not to solve such advanced topics by the usage of the Stokes–
Brinkman model. Let be reminded that the DECOVALEX project was not solved by above
mentioned way in connection with the Stokes–Brinkman model. The conclusion of DE-
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Figure 52: A cross section of the sample in the middle of the sample at different hydration
times (time of the start of the scan) [135].

COVALEX modelling can be found in [A1,A2]. Due to this reason, no additional figures
are shown.

This is the last example, which should show the potential, possibilities, and future
mathematical outlooks of the Stokes–Brinkman equation.

The Stokes–Brinkman model can have a practical usage in the case of the enhanced
geothermal energy, where the fractured porous medium with heat transfer is, see Fig-
ure 54 and [106]. This case has been recently studied by the author too.
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Figure 53: 2D cut of the domain shows effective saturation at rock massive and bentonite
(consequently) after one day.

Figure 54: Various types of the geothermal energy form from Life Free Energy website
[http://lifefreeenergy.com].
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7 Solvers & Preconditioning

7.1 Saddle point system – General properties

Saddle point matrix or saddle point problem arises in many cases, e.g. fluid flow, con-
strained and weighted least squares estimation, domain decomposition methods, con-
strained optimization, economic, electrical circuits and networks and many others; long
list is contained in [21]. In the context of this thesis, the saddle point system arises from
the finite dimensional representation of the weak formulation of the Stokes–Brinkman
problem, see Chapter 4. If the appropriate basis functions are used then the saddle point
system is sparse, see [29].

Generally, the subject of interest is 2× 2 block of linear systems of the form

[
A BT

1

B2 −C

] [
x
y

]
=

[
f
g

]
, or Ax = b. (7.1)

Where A ∈ R
n×n, B1, B2 ∈ R

m×n and C ∈ R
m×m, when n ≥ m. The cases where A or

one or both of B1, B2 equal to zero are explicitly excluded. When the linear system (7.1)
describes the saddle point problem (for definition see following example and foregoing
text), then the blocks A, B1, B2, and C satisfy one or more of the following conditions

(A) A is symmetric: A = AT ,

(B) the symmetric part of A, H def.

= 1
2

(
A+AT

)
is positive semidefinite,

(C) B1 = B2 = B,

(D) C is symmetric - C = CT and positive semidefinite,

(E) C = 0 - zero matrix.

Note: (E) implies (D).
The saddle point matrix defines the saddle point surface. Basically, it has a stationary

point but not a local extreme. This surface curves up in one direction and curves down
in a different direction similarly to a mountain pass, see Figure 55.

Example 7.1
Let [x, y] ∈ R

2 be the coordinates. Matrix A ∈ R
2×2 : R2 → R defines a quadratic form as

[x, y]

[
0.4 −0.5
−0.5 0

] [
x
y

]
= z (7.2)

It can be seen that matrixAmatches some simple form of the general saddle point matrix
from (7.1). If the coordinates [x, y] are used within (7.2) and coordinate z is plotted, then
the saddle point surface can be viewed in Figure 55.
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Figure 55: Sadle point surface represent z coordinate of Example (7.2).

Let be reminded from (4.16), that saddle point matrix, which arises from the Stokes–
Brinkman problem, when Q2 −Q1 elements are used, has the general form

[
A BT

B 0

] [
x
y

]
=

[
f
g

]
. (7.3)

The creation of this system was described in Chapter 4. In the system (7.3), matrix A
is symmetric positive definite (if K > 0 within any part of Ω), but the whole system is
indefinite. All conditions (A)-(E) are satisfied and B1 = B2 = B has full rank (from LBB
condition, see Chapter 5).

This system (7.3) can be rewritten as the equality-constrained quadratic programming
problem (see previous Example, where matrix A defines a quadratic form and [64])

min J(x), J(x) =
1

2
xTAx− fTx, (7.4)

subject to Bx = g. (7.5)

Any solution (u, p) to (7.3) is a saddle point for the Lagrangian

L(x, y) =
1

2
xTAx− fTx+ (Bx− g)T y, (7.6)

In this case, the variable y represents the vector of Lagrange multipliers. Lagrangian form
was derived, because the saddle point of Lagrangian system is the same as solution to
(7.3). It is (u, p) ∈ R

n+m, which satisfies

L(u, y) = L(u, p) = L(x, p) ∀x ∈ R
n, ∀y ∈ R

m
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or equivalently
min
x

max
y

L(x, y) = L(u, p) = max
y

min
x

L(x, y). (7.7)

Note, that derivatives of (7.6) according to x and y give system (7.3), because it is mini-
mization with respect to direction of x and y, detailed description is in [26].

From the engineering point of view, every liquid flows in such a way that it wants to
loose as little of kinetic energy as possible. For example, in a porous medium higher mass
of liquid always flows in non-porous media (e.g. caves, fractures, vugs etc.), because
the resistance against flow streams in these areas is smaller. In pipes the liquid flows
faster in the middle because the friction caused by own viscous forces inside the liquid is
smaller than friction at the wall. Consequently, the liquid does not want to lose pressure,
otherwise it loses the power to flow. For example, similar principles holds for electricity,
where the saddle point arises too [58] .

This natural balance between pressure and velocity (u, p) is the solution of the La-
grangian form. Shortly, the Lagrange multiplier is not a mathematical toy, but it rep-
resents natural physical laws. In this thesis the solution of the saddle point system is
not searched by Lagrange multiplier solver. However, it is looked for by MINRES and
GMRES methods, which under some circumstances give the same solution [64].

7.2 Block factorization and the Schur complement

This subsection shows some well-known factorizations of the saddle point system (7.1).
The first one is the block triangular factorization (see Section 7.8.1) that requires nonsin-
gular A:

A =

[
A BT

1

B2 −C

]
=

[
I O

B2A
−1 I

] [
A O
O S

] [
I A−1BT

1

O I

]
, (7.8)

where S = −(C +B2A
−1BT

1 ) is the Schur complement of A in A.
The second and the third factorization are equivalent

A =

[
A O
B2 S

] [
I A−1BT

1

O I

]
(7.9)

and

A =

[
I O

B2A
−1 I

] [
A BT

1

O S

]
. (7.10)

In the literature [21], there is an analysis with A being nonsingular.
The block factorization allows to study properties of the saddle point system, solu-

tions algorithms and preconditioners.

7.3 Invertibility and solvability conditions

If the inverse of matrix A exists, then the system (7.3) has a solution. There are several
criteria, which guarantee invertibility of the general saddle point system, see [21] and
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[25]. From the previous factorizations (7.8)-(7.10) follows that A is nonsingular if and
only if S is.

In Section 7.1 system (7.3) arising from the Stokes–Brinkman problem, which will be
solved in this thesis, was presented. Here follows the cited theorem from [21], it gives the
necessary condition for invertibility of the system (7.3).

Theorem 7.1 For (7.3) saddle point system [21] - Theorem 3.2.
Assume that A is symmetric positive semidefinite, B has full rank, and C = 0. Then a necessary
and sufficient condition for the saddle point matrix A to be nonsingular is ker(A)∩ker(B) = {0}.

Proof Followed by [21].

Let u =

[
x
y

]
be such that Au = 0. Hence, Ax + BT y = 0 and Bx = 0. It follows

that xTAx = −xTBT y = −(Bx)T y = 0. Since A is symmetric positive definite, xTAx = 0
implies Ax = 0 (see [79]), and therefore x ∈ ker(A) ∩ ker(B), thus x = 0.
Also, y = 0 since BT y = 0 and BT has full column rank. Therefore u = 0, and A is
nonsingular. This proves the sufficiency of the condition.

Assume now that ker(A)∩ker(B) 6= {0}. Taking x ∈ ker(A)∩ker(B), x 6= 0 and letting

u =

[
x
0

]
, we have Au = 0 implying that A is singular.

Hence, the condition is also necessary. Furthermore, the rank of A must be at least n−m
for A to be nonsingular.

The previous theorem gives the solvability (invertibility too) condition for the Stokes–
Brinkman saddle point system. The proof shows the connection between velocity and
pressure in the Stokes–Brinkman problem. In the following section, it will be shown that
submatrices A, B, and C satisfy conditions from previous theorem.

If the Schur complement S = −(C+B2A
−1BT

1 ) and submatrix A are nonsigular, then
matrix A will be invertible. And it holds

A
−1 =

[
A BT

1

B2 −C

]−1

=

[
A−1 +A−1BT

1 S
−1B2A

−1 −A−1BT
1 S

−1

−S−1B2A
−1 S−1

]
. (7.11)

In the case of system (7.3), where g = 0 and S = −BA−1BT is nonsingular. In [21] it
was presented that the explicit expression for A−1 shows that the solution (x∗, y∗) of (7.3)
is given by [

x∗
y∗

]
=

[
(I +A−1BTS−1B)A−1f

S−1BA−1f

]
. (7.12)

It can be seen that matrix

Π
def.

= −A−1BTS−1B = A−1BT (BA−1BT )
−1
B

satisfies Π2 = Π, i.e. Π is a projector. More about the usage of this projector is mentioned
at [21] and in Section 7.13.3.
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7.4 Properties of blocks A, B, and C

System (7.3) can be symbolically rewritten as
[
−µ∗∆+ µK−1I ∇

∇· 0

] [
u
p

]
=

[
f
0

]
. (7.13)

The system (7.13) hints some properties of system (7.3) which is solved as the finite di-
mensional representation of the Stokes–Brinkman problem. Figure 56 shows the sparsity
pattern of whole system (7.3) solved on 4 × 4 mesh without applications of the Dirichlet
boundary conditions (velocity) for Example 1a - from Section 6.2.

In Figure 56 there are two blocks of matrix A, see (4.22) in Section 4.1. It arises by
separations onto velocity nodes into x-direction and y-direction (4.22). The same holds
for the separation of matrix B = [Bx By], see (4.22) in Section 4.1. Figure 56 also shows
the sparsity of the whole system when the appropriate basis functions are used. The
zonation (five bands) is caused by the interaction of neighbouring nodes. Generally, it
depends on mesh ordering, see Figure 57. An important think is that (lexicographic) or-
dering from Figure 57 (left) is used in this thesis! If nodes ordering from Figure 57 (right)
is used then the sparsity pattern of matrix Ax has the form depicted in Figures 58 and
59. The comparison of Ax in Figures 56 and 58 shows a different sparsity pattern under
different mesh ordering. It must hold that if one matrix is reordered to another with the
same basis functions, then the values in the same positions are identical. Moreover, both
types of matrices give the same solution.
This band structure from Figure 56 of the matrix (7.3) is an advantage for approximation
of the inverse of given matrix with a band structure, see Section 7.11.

Figure 60 shows the sparsity pattern of the whole system (7.3) after applications of
the Dirichlet (prescribed velocity) boundary condition. There is some decrease in non-
zero elements, which is caused by zero boundary conditions (wall) on the bottom and
top boundary of Example 1a. It can be appropriate in some cases, because it decreases
the total number of non zero elements in the system (7.3). Nodes where the velocity
boundary condition is non-zero stay unchanged. Figure 60 represents the system, which
is finally solved. The solution methods of this system are described in this Chapter.
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Figure 56: Sparsity pattern of the saddle point system (7.3) of Example 1a before applica-
tions of the boundary conditions.

Figure 57: Different numbering for a single elements.

Matrix A ≈ −µ∗∆+ µK−1I

Matrix A in the discrete Stokes–Brinkman model (7.3) has these properties:

• The size is A ∈ R
n×n, where n is the number of velocity nodes multiplied by the

dimension.

• A is the sum of the stiffness matrix S =
[
µ∗
∫
Ω∇φi∇φj dx

]
and the mass matrix

M =
[
µK−1

∫
Ω φiφj dx

]
. The condition number of non singular square matrix A is

defined by
κ(A) = ‖A‖

∥∥A−1
∥∥. It can be proven (see [126]) that κ(M) ≤ C and κ(S) ≤ C/h2.

Matrix A is invertible if M 6= 0, see Chapter 5 for more details.

• If the appropriate finite element spaces are chosen (with the supports covering only
neighbouring elements of a given node), then the matrix A is sparse.
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Figure 58: Sparsity pattern of matrix Ax

without the boundary conditions with
mesh ordering by Figure 57 (right).

Figure 59: Sparsity pattern of matrix Ax

with mesh ordering by Figure 57 (right)
after application of the boundary condi-
tions.
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Figure 60: Sparsity pattern of the saddle point system (7.3) of Example 1a after applica-
tions of the boundary conditions.
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• If the effective viscosity µ∗, dynamic viscosity µ, and hydraulic conductivity K are
non-zero, then both matrix S and M have the same pattern - Figures 56 and 60.

• Both blocks S and M are symmetric, so is matrix A.

• If dynamic viscosity µ 6= 0 anywhere in Ω, thenA is positive definite. This is caused
by the Poincaré inequality applied to the Laplace operator after applying Green’s
theorem. Adding up the positive definite mass matrix only improves positivity, see
Chapter 5 for more details.

• All eigenvalues of matrix A and maximal entries are bounded. It is caused by the
continuity of a(·, ·).
• After applying the Dirichlet boundary conditions matrix A is full rank.

Matrix A is the finite dimensional representation of bilinear form (4.17), it transfers
all properties from the continuous space into the finite dimensional space. It must hold
that n > m (every Q2 element is created by 9 nodes instead of 4 pressures), hence the size
of matrix A represents the biggest computation issue.

Matrix B ≈ ∇·

Matrix B in the discrete Stokes–Brinkman model has these properties:

• If LBB condition (A.13) is satisfied for the finite dimensional elements, then matrix
B ∈ R

m×n has full rank. Note: Q2 −Q1 elements confirm LBB condition.

• If the appropriate finite element spaces are chosen then matrix B is sparse.

• The maximal entries of matrix B are bounded. It is caused by continuity of b(·, ·).
• It has special band structure given by neighbouring elements.

Matrix B ∈ R
m×n is finite dimensional representation of the bilinear form (4.18); it

transfers all properties from continuous space into finite dimensional space. It must be
held that n > m, hence matrix B has a significantly smaller total number of rows.

Matrix C

Matrix C = O in the discrete Stokes–Brinkman model computed on Q2 − Q1 ele-
ments, which are the only ones used in this thesis. Basically, matrixC takes the properties
of given stabilization technique. In most cases stabilization matrix C is symmetric and
positive semi-definite [21]. Is is because most saddle-point matrices creates a symmetric
system. Hence, it is better not to destroy the symmetry of the saddle point system from
the computational point of view. Creation of the stabilization matrix for the Stokes prob-
lem at various elements is described in [56]. Stabilization matrix C ∈ R

m×m is relatively
small compared to the matrices A and B, see Figure 56 and Figure 60.

The cases when the matrix C is not a stabilization matrix and it arises naturally from
differential system or non-stationary fluid flow problems are described in [21] and [26].



101

7.4.1 Scaling

What makes the problem more difficult is that the block A is influenced by physical con-
stants, which is not the case for B. Therefore, A and B can be unbalanced (it is, e.g., the
case when A = K + M , then both are multiplied by relatively low viscosity of water
(µ = µ∗ = 10−3 ). In this case scaling of the system can be recommended; the scaled
matrix is in the form

Ā =

[
I

σI

] [
A BT

B 0

] [
I

σI

]
=

[
A σBT

σB 0

]
.

The scaling can be interpreted as a change of units for the pressure. Taking σ = 10−3

then represents usage [kPa] instead of [Pa].
Despite the previous, no scaling is used, because varying coefficients in matrix A can

create a bigger unbalance between the matrices! Hence the numerical methods have to
deal with this issue naturally. Similar issue can be e.g. in electric fields [58], magne-
tostatics [70], and etc.; where the different physical properties with different values are
used.

7.5 Spectral properties

Since this moment A =

[
A BT

B 0

]
from (7.3), where A is SPD and B is full rank matrix!

In this subsection spectral properties of system (7.3) will be described. Generally,
system A = (7.3) (with defined properties) has spectrum σ(A) ⊂ I− ∪ I+, where

I− =

[
1

2

(
µn −

√
µ2n + 4σ21

)
,
1

2

(
µ1 −

√
µ21 + 4σ2m

)]

and

I+ =

[
µn,

1

2

(
µ1 −

√
µ21 + 4σ21

)]
,

where µ1 and µn denote the largest and smallest eigenvalues of A; and σ1 and σn denote
the largest and smallest singular value of B, the idea is taken from [131]. The bounds can
be used to obtain estimates for the condition number of A in specific cases, which gives a
guess about rate of convergence of iterative methods. Eigenvalue bounds are important
from the point of view of LBB stability condition of MFEM, see [107].

Figures 61-66 show eigenvalues distribution of various matrices from saddle point
system A from Example 1a - Section 6.2, but the size of Example 1a was reduced on 4× 4
grid due to computational and visual demands, i.e. A ∈ R

162+25×162+25 . x-axis repre-
sents real part of eigenvalues and y-axis represents an imaginary part of eigenvalues of a
given matrix. All matrices are symmetric, and as such they have only real eigenvalues.
Figure 61 shows eigenvalue distribution of matrix A. It can be seen that the spectrum
is divided into two intervals. The first one is exact unity and the second one is around
the zero. The second interval is zoomed in Figure 62. Figures 63-65 show eigenvalues of
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Figure 62: Detailed eigenvalue distribu-
tion of cluster around 0 in matrix A.
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Figure 64: Eigenvalue distribution of
matrix BTB.

various multiplications, which will be used in preconditioning part, see Section 7.8. Mul-
tiplication BABT is SPD and ill-conditioned, see Figure 65. Figure 66 shows eigenvalues
distribution of saddle point system A. Bounds of the spectrum σ(A) ⊂ I− ∪ I+ were
mentioned above. These two intervals can be seen in Figure 66. Lots of eigenvalues are
around the zero and unity; this property is showed on histogram figure in Figure 67, the
proof of this property is outlined in [131].

As was said above, the saddle point system (7.3) has given spectral properties, and
its spectrum is real but indefinite. When a simple transformation of the system (7.3) is
used, then the resulting system (7.14) is non-symetric, but positive definite, i.e. the entire
spectrum is contained in the half-right plane Re(z) > 0 and of course B1 = B2 = B.

[
A BT

−B 0

] [
x
y

]
=

[
f
−g

]
, or Âx = b̂. (7.14)

It must be held that results [x, y]T of (7.3) and (7.14) are the same. The prof of the previous
spectral properties of the system (7.14) can be found in [20]. The importance of system
(7.14) will be shown later in Section 7.8. Figures 68 and 69 show eigenvalue distribution
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Figure 65: Eigenvalue distribution of
matrix BABT .

Figure 66: Eigenvalue distribution of
saddle point system A =(7.3).
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Figure 67: Histogram of eigenvalue distribution of saddle point system A =(7.3).

of the saddle point system Â. Spectrum dissemination is rather bad from the iterative
solvers point of view, but benefit is clustering of eigenvalues around zero and unity, see
Figure 70 which shows eigenvalues distribution.

7.6 Condition number

The two above-presented saddle point systems (7.3) and (7.14) have the same big condi-
tion number. For example, the Example 1a at 4 × 4 grid has the condition number equal
≈ 2.7076e + 03, for both cases of systems (7.3) and (7.14). Generally, the saddle point
system (7.3) arising from the Stokes–Brinkman equation is very poorly conditioned, even
when the Dirichlet boundary conditions are imposed everywhere.

The symmetric saddle point system (7.3) of Stokes–Brinkman with the given proper-
ties has the condition number given by

κ (A) =
max |λ(A)|
min |λ(A)| . (7.15)

From the previous theory about spectral properties, it can be seen that the condition
number of A grows non-restrictively as either µn = λmin(A) or σm = σmin(B) goes to zero.
In Section 7.4, it was mentioned that matrix A consists of mass matrix M and stiffness
matrix S. Hence µn = λmin(A) goes to zero as the matrix refinement parameter h goes
to zero. Generally, the condition number of A grows like O(h−p), where p is positive
value depending on a problem and elements; more details are in [64]. All norms in the
following parts are computed as 2-norm condition number of a given matrix.
It is obvious that zero Dirichlet boundary condition (which represents wall) reduces the
total number of non zero elements, see Figure 56 and 60; and Table 3. But it also reduces
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Figure 69: Detailed eigenvalue distribu-
tion of cluster around 0 in matrix Â.
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the condition number of the whole saddle point system (7.3), see Table 3. Without the
Dirichlet boundary condition the saddle point system is ill-conditioned and does not
have the unique solution. The saddle point system also arises in electrical networks,
where the system has to be ’grounded’, otherwise the potential is defined up to additive
constant. In the case of electrical devices the example is obvious. In the same way, the
fluid flow needs to specify value of the pressure at least one node.

System κ(A) Number of nozero elements
Before Boundary Conditions 1.10e17 3704
After Boundary Conditions 9.29e03 2456

Table 3: Difference in the condition number of κ(A) before and after application of Dirich-
let boundary conditions in Example 1a on 4×4 mesh size.

Table 4 shows the influence of the mesh size and permeability on the condition num-
ber of matrix A. Note matrix A = K +M consists of stiffness matrix K and mass ma-
trixM . In Section 7.4 was shown that κ(M) ≤ C and κ(K) ≤ C/h2, proof in [126]. Table 4
supports this idea. The condition number increases as the mesh division parameter h
goes to zero (the domain remains square [−1, 1]× [−1, 1]). Significant difference is at col-
umn ’After BC’, i.e. after application of the Dirichlet boundary condition in Example 1a.
It can be observed that the changes of permeability in porous matrix in Example 1a does
not have an affect on the condition number. From the physical point of view, if the per-
meability k = 0.005 then the matrix is less permeable then in the case of k = 0.05, there
must be a higher pressure at the inflow, when the velocity boundary conditions are pre-
scribed. This change of the permeability does not have an influence onto the condition
number and the system is solved at the similar time for both values of the permeability
tensors4.

Table 5 presents the influence of the different volumes of the porous matrix on condi-
tion numbers. All results were computed on the same mesh size (64×64). The value of
hydraulic conductivity is the same for porous matrix = 0.05, only the volume of the free
flow region is changed, from the small size (0.25)2 to bigger size (0.75)2. It also contains
an area from the CT scan5, for more details see Example 4b in Section 6.2. It can be ob-
served that the size of the porous matrix does not have an affect on the condition number,
even in the case when the permeability tensor is set from the CT scan (the same results
are obtained in the case when permeability tensor is set by some statistical methods, e.g.,
normal distribution etc.). The ill-conditioning of the system A is increased in the case
when there are big jumps in coefficients, see Section 7.8.

4One has to care about operations with floating point number, because summing of two numbers with
significantly different orders can cause the problems. Especially in cases with the almost impermeable gran-
ite rocks with its permeability k is around ten to the power of minus fifteen and other therms have different
order.

5Example 4b of the CT scan has different value of permeability than Example 1a.
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Matrix size Permeability
Condition number of κ(S +M)

After BC Before BC

162 (4×4)
0.05 5.18e3 4.10e16
0.005 5.02e3 1.46e17

2178 (8×8)
0.05 7.01e4 5.98e16
0.005 7.00e4 7.91e16

33 382 (16×16)
0.05 1.04e6 1.05e17
0.005 1.06e6 3.13e17

Table 4: Dependency of the condition number on the matrix size, hydraulic conductivity
and boundary conditions for Example 1a.

In summary, the matrix size has an effect on the condition number, the smaller the
division, the higher the condition number. On the other hand, the value of hydraulic
conductivity and the size of the porous matrix do not have an influence on the condition
number. Basically, it does not depend on how complex is the geometry inside the porous
matrix as the condition number depends only on the size of the matrix A due to Table 4
and 5, but this statement has some limits. The highly varying and distribution of coeffi-
cients; and type of elements, all these things have an affect on the condition number. It is
important to prescribe the Dirichlet boundary condition, because it stabilizes the whole
system and gives a unique pressure solution.

7.7 Solvers

There are two types of solvers for linear systems. The first group is direct solvers. They
solve the problem by a finite sequence of operations which equals to the dimension of the
problem. In the absence of rounding errors, direct methods would deliver an exact solu-
tion no mater how the condition number is. The group of direct solvers contains Gaus-
sian elimination method, Gauss-Jordan elimination method, LU decomposition, Neville
elimination method, etc.

The second group is iterative methods, [5]. It is a mathematical procedure that gener-
ates a sequence of improving approximate solutions. Mostly they have very specific im-
plementation including the termination criteria for given problems. The iterative method
is called convergent if the corresponding sequence converges for any initial approxima-
tions. The iterative methods are often useful even for linear problems involving a large
number of variables (sometimes of the order of millions), where direct methods would be
prohibitively expensive. Basically, the direct solvers compute in exact precision (of course
in computer precision), on the other hand the iterative methods need iterative process for
given precision. Generally, the iterative methods are used in big industrial and practical
cases because lots of products are made in given tolerance and mostly lot of engineers do
not need exact values.

Both of them can be used for sparse matrices, where lots of special solvers exist. Most
of the iteration solvers are mentioned in the book [133]. There are also lots of sparse di-
rect solvers, most of which need to know the sparsity pattern of the sparse matrix. Then,
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Inner vuggy type Side size
Condition number of κ(S +M)
After BC Before BC

0.25 1.06e6 8.82e16

0.5 1.04e6 1.05e17

0.75 1.28e6 1.20e17

CT 1.06e06 1.20e17

Table 5: Comparison of various condition numbers of matrix A with respect to the size of
pore space.

they can create some recurrent formulas or special trees for its speed-up, see [49].
An important fact is that, both of them can be used for the saddle point system, under
some circumstances of course (the iterative solver which works only with SPD matrix
does not compute with non-symmetric matrix etc.). Both of them can be separated onto
segregated and coupled methods. The segregate means that the unknown vector (7.1)
[x, y]T is solved for x-part and then for y-part or vice versa. This approach solves the
reduced system of a smaller size than m + n. The coupled methods deal with the whole
system (7.1). The full comparison of segregated and coupled method; and direct or itera-
tive methods is above this thesis, but summary for general saddle point matrices can be
found in [21].

As was said above, the system which is finally solved is either (7.3) or (7.14). The
previous text also described all important properties of the given system. Simple modi-
fication of system (7.3) creates another system (7.14). This system will be solved in some
of the following parts of this thesis. The system (7.14) is not symmetric but positive defi-
nite, hence the GMRES method can be used for finding the solution. In the next GMRES
section more details can be found.

In article [21] a lot of methods for solving the saddle point system (7.1) can be found.
Here the decision to solve the Stokes–Brinkman problem by GMRES method was made
and the aim was to find the appropriate preconditioning. This is somehow a new ap-
proach, which has not been studied for the Stokes–Brinkman equation yet. And finding a
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solution in this way goes beyond solving the system (7.3), further it can be used for sim-
ilar (saddle point) system but for other applications (different from Stokes–Brinkman).
For example, simulations of the electrical fields create the saddle point system, which
can contain varying coefficients of electrical permeability [58], case with magnetostatics
can also contain a jumps in coefficients [70], etc. For full list of possible applications see
[21].

7.7.1 Generalized minimal residual method - GMRES

GMRES is an iterative method for finding the numerical solution of a non-symmetric
system of linear equations. GMRES method was developed by Y. Saad and Martin H.
Schultz in 1986, [134]. GMRES is the generalization of MINRES method developed by
Chris Paige and Michael Saunders in 1975, [119]. Whereas MINRES method is limited
only to symmetric systems (more generally Hermitian problems), GMRES is not.

The cornerstone of both is in creation of a sequence of orthogonal vectors. On MIN-
RES method this can be done without knowledge of the previous sequence of orthogonal
vectors, because special properties of the matrix are used. The GMRES method needs
to perform the orthogonalization to all previous steps, but it is memory consuming. For
this reason, ”restarted” versions of the method was developed - GMRES(k). It means that
after k-iterations the sequence of orthogonal vectors is discarded, and actual solution is
used as initialization for next sequence of iterations. Unfortunately, any theory how to
choose the right k does not exist. If too big k is chosen then the memory requirements
will be higher. On the other hand small k can reduce the memory requirements, but of-
ten restarts may cause the prolongation of the computational time. Some examples show
stagnation of GMRES(k) for given k and convergence occurs atm-iteration, wherem > k,
see [57]. As a general rule CG, MINRES, and GMRES converge at most in n-iterations,
where n is the matrix dimension.

The main idea of both GMRES and GMRES(k) methods is based on minimization of
residuum, i.e. vector r(0) = f−Au(0), where r(0) is the initial approximation.

GMRES belongs to the methods which work with Krylov subspaces Km. It means
that they search the solution on subset

Km(A, r(0)) ≡ span{r(0), Ar(0), A2r(0), . . . , Am−1r(0)}, m = 1, 2, . . . ,

related with the matrix A and residual vector r0. It is obvious that approximation has the
form

A−1f ≈ u(m) = u(0) + qm−1(A)r(0),

where qm−1 is some polynomial of the degree m− 1 at most.
Algorithm 1 starts from an initial residual vector r(0) = f − Au(0) and u(m) ∈ u(0) +

Km(A, r(0)). For the choice v(1) = r(0)/β0 with β0 = ‖r(0)‖ as in Algorithm 1 this is
equivalent to

u(m) = u(0) + Vmy(m) (7.16)

for some k-dimensional vector y(m).
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Data: Matrix A ∈ Rn×n.
Data: Right-hand-side f.
initialization;
Choose u(0), compute r(0) = f−Au(0), β0 = ‖r(0)‖, v(1) = r(0)/β0;
for m = 1, 2, . . . until βm < εβ0 do

wm+1
0 = Avm;

for l = 1 to m do

hlm =
〈

w(m+1)
l , v(l)

〉
;

w(m+1)
l+1 = w(m+1)

l − hlmv(l);
end

hm+1,m = ‖w(m+1)
m+1 ‖;

v(m+1) = w(m+1)
m+1 /hm+1,m;

Compute y(m) such that βm = ‖β0e1 − Ĥmy(m)‖ is minimized, where
Ĥm = [hij ]1≤i≤m+1,1≤j≤m;

end
u(m) = u(0) + Vmy(m);

Algorithm 1: The GMRES method, motivated by [56].

Generally, both the GMRES or the GMRES(k) are well-studied algorithms, namely [56,
57, 132, 133, 134] and more. For this reason, the author would like to refer to the previous
literature, and not further pursue the problematic of the GMRES or the GMRES(k). In
this work, all the forthcoming parts, unless otherwise stated, are calculated by GMRES
algorithm. As GMRES is an iterative method and as such needs good preconditioning,
then the main aim is to find the good preconditioner.

The author of this thesis programmed his own GMRES code with preconditioning in
the MATLAB environment 2012a, but for the numerical solution in this thesis, further
the function GMRES directly from MATLAB programm is used. This code gives a good
representative tool for others, who want to compare their program with author’s results.
Moreover, GMRES code from MATLAB is a well-debugged program.

7.8 Preconditioning

Preconditioning is an important part of iterative methods. A good preconditioner ensures
robustness and optimality of the iterative method. It means that the solution is found in
few constant numbers of iterations.

There are plenty of preconditioners for finding the solution of the general saddle point
system (7.1) by iterative methods. General overview provides article [21]. But only a few
articles were written for preconditioning of the Stokes–Brinkman system6 (7.3), namely

6There are some articles for preconditioning of the Stokes–Darcy approach. An enormous amount of
articles deals with preconditioning of the Stokes or the Darcy equation, but their combination for the Stokes–
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[121] suggests to work with incomplete Cholesky factorization for matrixA. Another one
[152] is based on a different approach of introducing the flow’s vorticity as an additional
unknown. Article [91] is based on divergence-conforming discontinuous Galerkin meth-
ods and overlapping, patch based domain decomposition smoothers. None of the above
mentioned previous preconditioning techniques is used in this thesis.

7.8.1 Block preconditioners

Generally, the saddle point system (7.1) has 2× 2 structure.
If block A11 is non-singular then following factorization can be used

(
A11 A12

A21 A22

)
=

(
I1 0

A21A
−1
11 I2

)(
A11 0
0 S22

)(
I1 A−1

11 A12

0 I2

)

ifA21 = AT

12= Z

(
A11 0
0 S22

)
ZT = Z

(
A11 A12

0 S22

)

with S22 = A22 − A21A
−1
11 A12. Similarly, for A22 not being singular, it is possible to use

the factorization
(
A11 A12

A21 A22

)
=

(
I1 A12A

−1
22

0 I2

)(
S11 0
0 A22

)(
I1 0

A−1
22 A21 I2

)

with S11 = A11 −A12A
−1
22 A21.

Block preconditioners arise from the above factorization by

• omitting one or both triangular factors Z, ZT which provides a block diagonal or
block triangular preconditioner,

• approximation of Akk ∼ Ãkk and S ∼ S̃ by various ways (see in the sequel). The
approximation can also be done by inner iterations.

7.8.2 Matrices multiplications, sparsity patterns

From the computational point of view, it is important to know the sparsity pattern of
the following multiplications, because it shows the complexity of the multiplications.
The filling of the matrix shows how big take the bandwidth in approximative inverse,
see Section 7.11. Also similar sparsity pattern of preconditioner is advantage in sense,
that it can better approximate the original matrix and also it minimize the number of
multiplications of the null elements in matrix with non-zero elements in preconditioner
and vice versa.

All figures 71 to 74 in this section were computed from the Example 1a. That means
the effective viscosity µ∗ = 1e−3 and the dynamic viscosity µ = 1e−3. The permeability

Brinkman equation is limited in a number of articles. As to all following preconditioning methods in this
thesis, the author has not been able to find them in articles for the Stokes–Brinkman model, except author’s
[A5,A7,A8,A11].



111

0 5 10 15 20 25

0

5

10

15

20

25  

 

−0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0 20 40 60 80 100 120 140 160

0

20

40

60

80

100

120

140

160  

 

−0.02

−0.01

0

0.01

0.02

0.03

0.04

Figure 71: Sparsity pattern of BBT ma-
trices multiplication.

Figure 72: Sparsity pattern of BTB ma-
trices multiplication.
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Figure 73: Sparsity pattern of A + BTB
matrices multiplication.

Figure 74: Sparsity pattern of
A + BT(BBT )

−1
B matrices multiplica-

tion.

tensor K−1 is K → ∞ within vuggy (middle hole, Stokes domain) and K−1 = 0.05 at
porous domain (very permeable sand). Â ∈ R

162+25×162+25. Following Figures 71 to
74 show different sparsity pattern with values for multiplications which will be used in
following sections.
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7.9 The HSS preconditioner

The idea of the HSS preconditioner comes from article [15]. This idea of the HSS method
is based on usage of a Hermitian and skewsymmetric splitting of Â,

Â = H + S

where H =

[
A 0
0 0

]
, S =

[
0 BT

−B 0

]
.

From construction (4.17) of matrix A in the Stokes–Brinkman model is known that A
is positive definite and 0 < a1 ≤ xTAx

xT x
≤ a0 and 0 < σ21 ≤ xTBBT x

xT x
≤ σ20 , ∀x ∈ R

n, and
that system Â is scaled so that a0 and σ0 are close to unit value. The HSS preconditioner
is defined as

P =
1

α
(H + αI)(S+ αI), (7.17)

where a preconditioning parameter α > 0 must be chosen. The implementation of P, i.e.
solution of linear systems with P, requires solving a system in two steps

(i) solve the system with H + αI , which needs a suitable solver for A+ αI .

(ii) solve the system with S+ αI , which can be written as

αx1 +BTx2 = z1
−Bx1 + αx2 = z2

.

Thus αx1 = z1 − BTx2 and (αBBT + α2I)x1 = αz2 + Bz1. The last reduced SPD
system with matrix (αBBT +α2I) should be again solved by a suitable inner solver.

The preconditioner can be exact e.g. when the inner systems are solved by a direct
solver. It can be also inexact (iHSS, see [15]) when inner solvers are replaced by incom-
plete factorization7 (replacing αI+A by ichol(αI+A) and αI+BBT by ichol(αI+BBT ),
or AMG cycle, or inner CG iterations; and they are solved iteratively. The outer iterations
should be GMRES (Â is not symmetric [134]) or FGMRES if inner/outer iterations are
used [132]. The choice of α is another task, because spectral properties of solved system
depend on the choice of α .

7.9.1 Spectral properties of the HSS preconditioner

To find the eigenvalues λ of the preconditioned matrix P−1Â, the generalized eigenvalue
problem is considered,

λP

[
x
y

]
= Â

[
x
y

]
.

7Results from the usage of the incomplete factorization are not mentioned in this thesis, but author can
provide them.
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The following derivation is a simplified version of the method used e.g. in [136] and
extended version from [A5]. Since both P and Â are nonsingular, λ exists and λ 6= 0. It
holds

λ

(
1

α
HS+H + S+ αI

)[
x
y

]
= (H + S)

[
x
y

]

or, using HS =

[
0 ABT

0 0

]
and

(
1
αHS+ αI

) [x
y

]
=
[
1
α (H + S)− (H + S)

] [x
y

]
=

=
[(

1
α − 1

)
· (H + S)

] [x
y

]
,

(
1

λ
− 1

)[
A BT

−B 0

] [
x
y

]
= α

[
I 1

α2AB
T

0 I

] [
x
y

]
. (7.18)

Since λ = 1 implies y = 0 and therefore also x = 0, it follows that λ 6= 1. By use of
[
I − 1

α2AB
T

0 I

] [
A BT

−B 0

]
=

[
A+ 1

α2AB
TB BT

−B 0

]
,

(7.18) can be written in the form
[
AN BT

−B 0

] [
x
y

]
= η

[
x
y

]
(7.19)

where N = I + 1
α2B

TB and η = α
1

λ
−1

. Hence λ = 1/(1 + α
η ). Since λ 6= 0, it follows that

η 6= 0. From (7.19) follows then

y = −1

η
Bx

and
ANx− 1

η
BTBx = ηx

or by usage BTB = α2 (N − I)

ηANx− α2(N − I)x = η2x.

If Bx = 0 then Nx = x and ηx = Ax, that is, a1 ≤ η ≤ a0. Assuming now that Bx 6= 0.
Let z = Nx, which is normalized so that ‖z‖ = 1. Then x = N−1z and

ηAz − α2(I −N−1)z = η2N−1z

and, after taking the Hermitian product with (complex) conjugate vector z∗,

η z∗Az︸ ︷︷ ︸
a

−α2 z∗(I −N−1)z︸ ︷︷ ︸
1−c

= η2 z∗N−1z︸ ︷︷ ︸
c

hence
ηa− α2(1− c) = η2c
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consequently
a

c
η − α2(

1

c
− 1) = η2,

where a = z∗Az, c = z∗N−1z. Note that c = (N−1/2z)∗(N−1/2z)

(N−1/2z)∗N(N−1/2z)
. Since the spectrum

σ(N) ⊂
〈 >1︷ ︸︸ ︷
1 +

(σ0
α

)2
, 1 +

>1︷ ︸︸ ︷(σ1
α

)2
〉

, then σ(N−1) ⊂
〈 <1︷ ︸︸ ︷

1

1 +
(
σ1

α

)2 ,

<1︷ ︸︸ ︷
1

1 +
(
σ0

α

)2

〉
,

so 1/(1 + (σ0

α )2) ≤ z∗N−1z
z∗z = c < 1. It follows that

η1,2 =
1

2c
(a±

√
a2 − 4α2c(1− c)). (7.20)

(Here η1 corresponds to the + sign, and η2 to the - sign.) It is seen that the eigenvalues are
real if

a2 − 4α2c(1− c) ≥ 0

a2 ≥ 4α2c(1− c)
a ≥ 2α

√
c (1− c) (7.21)

(7.21) holds, that is, since c(1− c) ≤ 1/4, if α ≤ a.
If they are complex, the real part of the eigenvalues equal a/2c, and eigenvalues are

bounded by
a1
2
≤ a

2c
≤ 1

2
a0

(
1 +

(σ0
α

)2)
.

In general, an iterative solution method converges faster if all eigenvalues are real, so
under assumption that α ≤ a1. Numerical experiences with the HSS method, such as in
[136], shows also faster convergence for small values of α. Further η > 0, so 0 < λ < 1. It
follows from (7.20) that

η1 ≤
a

c
< a

(
1 +

(σ
α

)2)
,

varies in the interval a1(1 + (σ1

α )2) ≤ η1 ≤ a0(1 + (σ0

α )2), which is large for small val-
ues of α. Hence λ ≥ 1

1+α/
(

a(1+ σ
α)

2
) , which is very close to unity for such values of α,

because lim
α→0

1

1+α/
(

a(1+ σ
α)

2
) = 1. It follows that there is a cluster of (nearly) half of

the eigenvalues λ (i.e. corresponding to the eigenvalues η1) at some interval (1 − ε1, 1),
0 < ε1 = O(α)≪ 1.

The smallest values of λ are taken for the smallest values of η2. It holds

η2 =
2α2(1− c)

a+
√
a2 − 4α2c(1− c)

≥ α2(1− c)
a

.

Here

1− c ≥ 1− 1

1 + (σα)
2
=

(σ/α)2

1 + (σ/α)2
.
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Figure 75: Spectrum distribution of
P−1Â for α = 1.

Figure 76: Spectrum distribution of
P−1Â for α = 0.1.

Hence

η2 ≥
α2(1− c)

a
≥ σ2/a

1 + (σ/α)2
≥ σ21/a0

1 + (σ1/α)2
.

and
λ ≥ 1

1 + αa0(1+(σ1/α)2)
σ2
1

=
1

1 + ( α
σ2
1

+ 1
α)a0

.

If α ≤ σ21 , then λ ≥ 1
1+(α+ 1

α
)a0
≈ α

a0
, when α≪ 1.

Since min( α
σ2
1

+ 1
α) =

2
σ1

and α = σ1 is taken, it holds that λ ≥ 1

1+
2a0
σ1

≈ σ1

2a0
if σ1 ≪ 1

for α = σ1, which is normally larger then the bound α
a0

that holds for α ≤ σ21 . It follows
that α shall be taken small but not too small.

For σ21 ≤ α ≤ min{σ1, a1} it holds

α

a0
. λmin . min

{
σ1
2a0

,
σ21
a1a0

}
.

Here there is a clustering of eigenvalues near zero with a lower bound α/a0 for α ≤
min(σ21, a1) and a lower bound min{ σ1

2a0
,

σ2
1

a1a0
} for α ≤ min{σ1, a1}. The rate of conver-

gence of a Krylov subspace method is essentially determined by this smallest cluster.
Figures 75 to 78 show the distributions of eigenvalues for matrix, which arise by mul-

tiplication P−1Â for Example 1a onto 8 × 8 mesh. It can be seen how decreasing alpha
decreases the number of of eigenvalues with non-zero imaginary unit. For very small α,
see Figure 78, occurs clustering of eigenvalues into two clusters. The first one is around
zero and the second one is around 1/α value.
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7.9.2 Numerical experiments

System Â was solved by GMRES solver with the HSS preconditioner. The HSS precondi-
tioner was tested for different values of α. All tests were provided for two cases, namely
Example 1b and Example 3b. Both examples have the pressure boundary conditions.
The Example 1b was chosen because it is basic case which has only two regions -the free
fluid and the porous. Variant b was chosen because it does not contain the singularities
which can have an influence on the condition number of the solved system Â. Example 3b
is the most difficult case for iteration solver because it contains three different layers with
different values of hydraulic conductivity. More details about examples can be found
in Section 6.2. Both Examples have the pressure boundary conditions because compari-
son of pressure boundary conditions against velocity boundary conditions brings better
agreement due to no existence of inflow singularities. Main task of this chapter is to com-
pare different methods of preconditioning. Hence, similar cases are more appropriate for
this purpose.

As was mentioned above the implementation of P, i.e. solution of linear systems with
P, requires solving system with A + αI for the first factor in (7.17) and the Schur com-
plement matrix αI + 1

αBB
T for the second factor S+ αI . This case avoids the work with

the more complex Schur complement BA−1BT . The second system αI + 1
αBB

T can be
assembled, but the assembled matrix is denser in the case of Q2 −Q1 elements, see Fig-
ure 72. Therefore an iterative matrix-free solution of the second systems can be efficient.
The efficiency of the preconditioner can be seen in Table 6 resp. Table 7, which shows the
numbers of necessary iterations for solving to the model problem from Example 1b resp.
Example 3b. In Table 6, it can be seen that relatively small α seems to be optimal. More-
over for bigger value of α = 1e−3 cases 16×16 and 32×32 are solved in the less number
of iterations. It is caused by better clustering of eigenvalues. In this case, it does not hold
that the value α = 1e−3 is closer to λmin for these cases. More details show section above.
But generally is better to use small value of α. But not smaller than α < 1e−7.
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The number of iterations are related to
∥∥(ui, pi

)
− (u∗, p∗)

∥∥
∞

and zero initial guess
(GMRES procedure in MATLAB). It was indicated that for α < 1e−7 the accuracy was
not enough for getting small

∥∥(ui, pi
)
− (u∗, p∗)

∥∥
∞
< 0.01, where (u∗, p∗) is the solution

obtained by solving the system (7.3) by a direct solver (MATLAB backslash). It is caused
by usage

∥∥ri
∥∥ ≤ eps · ‖preconditioned rhs‖ as a stopping criterion in Matlab’s GMRES

solver. The weak point of this stopping criteria in MATLAB is following. For example
when the α = 1e−10, than it converges in 2 iterations only, but to wrong solution. For
α = 1e−10 ⇒ eps · ‖preconditioned rhs‖ = 1e−6 · 1.0411e11 = 1.4011e5. It causes the
problem, because

∥∥ri
∥∥ is in two iterations under this value, but it does not reach the

solution with required precision. Hence the stopping GMRES criterion in MATLAB is
not appropriate for this type of preconditioning or higher precision has to be used. This
was tried for relative residual accuracy ε = 1e−12, the results in Table 8 are shown. It is
interesting to watch one similarity, when the α < ε, than

∥∥(ui, pi
)
− (u∗, p∗)

∥∥
∞
< 0.01,

otherwise
∥∥(ui, pi

)
− (u∗, p∗)

∥∥
∞
> 0.01, where 0.01 was chosen as reference value. This

is important to realize with usage stopping criterion of GMRES code from MATLAB.

mesh /α 1 1e-1 1e-3 1e-5
16x16 419 267 26 34
32x32 927 697 47 53
64x64 2160 1762 94 66

Table 6: The numbers of iterations for solving the FEM system for the model problem
Example 1b by GMRES (relative residual accuracy ε = 1e−6) with HSS preconditioner
(7.17). The table shows dependence of the number of iterations on parameter α and the
mesh size. Both SPD inner systems with the matrices αI+A and αI+α−1BBT are solved
by a direct solver.

mesh /α 1 1e-1 1e-3 1e-5
16x16 971 348 65 41
32x32 1772 862 78 59
64x64 2771 1901 112 91

Table 7: The numbers of iterations for solving the FEM system for the model problem
Example 3b by GMRES (relative residual accuracy ε = 1e−6) with HSS preconditioner
(7.17). The table shows dependence of the number of iterations on parameter α and the
mesh size. Both SPD inner systems with the matrices αI+A and αI+α−1BBT are solved
by a direct solver.

Another issue in the usage of HSS preconditioner is in solving the SPD systems αI+A
and α2I + BBT . In previous tables the inner system were solved by direct solver, but it
is inappropriate, due to computational demands to solve big systems by direct solvers.
In Section 7.5 was showed that matrix A is SPD, so αI +A must be SPD too. Hence PCG
method is appropriate candidate for solving αI +A system.
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Example 1b Example 3b ∥∥(ui, pi
)
− (u∗, p∗)

∥∥
∞α/ mesh 16x16 32x32 64x64 16x16 32x32 64x64

1e0 577 1374 3156 1255 2738 4431

<0.01

1e-1 407 1055 2637 559 1443 3083
1e-2 113 255 711 163 319 744
1e-3 46 83 163 175 189 197
1e-4 76 88 98 235 325 254
1e-5 87 139 199 218 320 374
1e-6 80 132 210 190 270 323
1e-7 73 118 187 160 217 263
1e-8 65 103 165 132 183 224
1e-9 56 89 138 87 118 154
1e-10 46 73 113 56 97 121
1e-11 36 56 87 40 54 83
1e-12 28 40 60 26 36 48

>0.01
1e-13 18 24 34 16 22 30
1e-14 10 14 18 8 12 18
1e-15 4 6 10 3 6 6

Table 8: The numbers of iterations for solving the FEM system for the model problem
of both Examples by GMRES (relative residual accuracy ε = 1e−12) with HSS precon-
ditioner (7.17). The table shows the dependency of the number of iterations on param-
eter α and the mesh size. Last column shows the quality of the solution measured by∥∥(ui, pi

)
− (u∗, p∗)

∥∥
∞

. Both SPD inner systems with the matrices αI +A and α2I +BBT

are solved by a direct solver.

Table 9 shows the dependency of the number of iterations step of CG method on
value α. Generally holds that the smaller α, the worse condition number of αI + A is,
because it closer and closer toA. This idea in Table 8 is confirmed. It is emphasized by the
influence of grooving condition number with bigger system (or smaller mesh division),
see Table 8. This is good argument against usage non-preconditioned CG method for
αI +A.

Table 10 shows the dependency of the number of iterations step of CG method on
value α for system α2I + BBT . It can be seen that from some value of α the number of
iterations does not grow. For bigger α ∈ [1e−1, 1e0] the influence of the identity matrix
improves the condition number, but this type of matrix is not appropriate for HSS pre-
conditioner. For small α ∈ [1e−8, 1e−3] the number of iterations stays constant. It can be
observed that iterations are the same for the Example 1b and Example 3b. Main issue is
at value of hydraulic conductivity, which has an affect in matrix A only.

The bottleneck of HSS method is in setting of goof value of α. Bigger α ∈ [1e−3, 1e0]
increases outer iterations, but decreases inner iterations. On the other hand, smaller
α ∈ [1e−6, 1e−3] decreases the outer iterations, but increases the inner CG iterations.
The option can be the following modification of HSS preconditioner called Relaxed HSS
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Example 1b Example 3b
alfa 16x16 32x32 64x64 16x16 32x32 64x64
1e0 2 2 2 8 5 4
1e-1 4 4 4 21 11 6
1e-2 7 7 7 59 32 17
1e-3 18 18 18 151 104 53
1e-4 42 54 59 348 302 160
1e-5 56 97 154 463 530 411
1e-6 58 111 207 471 622 586
1e-7 58 113 220 472 636 609
1e-8 58 113 223 472 636 615

Table 9: The number of CG (without preconditioning) iteration of system αI + A with
respect to different α. Right hand side is chosen as vector of unity. Relative residual
accuracy is ε = 1e−6.

preconditioner. The another option for improvement the HSS preconditioner can be the
usage of various types of approximative inverses as a preconditioning of inner systems
αI +A and α2I +BBT , see Section 7.11 for more technical details.

Unfortunately, the previous results show that HSS preconditioner is not scalable with
respect to the mesh size and it strongly depends on parameter α. Possible way can be
the following modification of the HSS preconditioner which try to be independent on
parameter α.

7.10 Relaxed HSS preconditioner

This type of preconditioner is a modification of the previous HSS preconditioner. Relaxed
HSS (RHSS) [42] preconditioner uses the modified factorization

P = PRHSS =
1

α

[
A 0
0 αI

] [
αI BT

−B 0

]
=

[
A 1

αAB
T

−B 0

]
. (7.22)

It can be seen that difference between PRHSS and Â is

RRHSS = PRHSS − Â =

[
0
(
1
αA− I

)
BT

0 0

]
. (7.23)

This type of preconditioner plays with idea that the diagonal blocks of the matrix
RRHSS becomes zero matrices, while non-zero off-diagonal becomes

(
1
αA− I

)
BT . By

[42] it means that RHSS preconditioner should be closer to coefficient matrix Â than the
HSS preconditioner. Compare

RHSS = PHSS − Â =

[
αI 1

αAB
T

0 αI

]
(7.24)

with (7.23).
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Example 1b Example 3b
alfa 16x16 32x32 64x64 16x16 32x32 64x64
1e0 3 2 2 3 2 2
1e-1 9 6 4 9 6 4
1e-2 24 32 21 24 32 21
1e-3 25 46 83 25 46 83
1e-4 25 46 86 25 46 86
1e-5 25 46 86 25 46 86
1e-6 25 46 86 25 46 86
1e-7 25 46 86 25 46 86
1e-8 25 46 86 25 46 86

Table 10: The number of CG (without preconditioning) iteration of system α2I + BBT

for different α. Right hand side is chosen as unity vector. Relative residual accuracy is
ε = 1e−3.

Theorem 7.2 The eigenvalues of the preconditioned matrix R
−1
RHSSÂ are given by 1 with multi-

plicity at least n. The remaining eigenvalues are positive real and located in

[αµm, αµ1] ,

where µ1 and µm are the maximum and the minimum eigenvalues of matrix

X =
(
BBT

)−1
BA−1BT . This theorem and its proof is presented in [42].

Note that X is a product of two SPD matrices and therefore X is similar to SPD

matrix, thus µ1 > 0 and µm > 0. If Â ∈ R
(n+m)×(n+m) then multiplicity of λ = 1/α is at

least n. Moreover, the preconditioned matrix R
−1
RHSSÂ is diagonalizable.

The convergence of GMRES with RRHSS preconditioning is driven by the effective
number µ1/µm, see e.g. [5, 112]. It means that in the case of preconditioner with exact
solution of sub problems withA andBBT the convergence of GMRES preconditioner for
Â is not driven by α. Furthermore the inner systems A and BBT are no longer affecter
by α.

The usage of RHSS preconditioner with GMRES method for the system (7.3) requires
following steps:

1. Solving the system with A and division of v2 which is m-part of entry vector.

[
A 0
0 αI

] [
w1

w2

]
=

[
v1
v2

]
→ w1 = A\v1

w2 = v2/α
.

2. Solving the system with BBT

[
αI BT

−B 0

] [
z1
z2

]
=

[
w1

w2

]
→ z2 = BBT \ (αw2 − w1)

z1 =
(
w1 −BT z2

)
/α

.
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The usage of RHSS preconditioner is similar to HSS preconditioner. RHSS needs to
solve the systems withA andBBT . Note, HSS needsA+αI and αI+ 1

αBB
T . This makes

the RHSS preconditioner less dependent on α value. Computational results with RHSS
preconditioner are shown in Table 11. It can be seen that RHSS preconditioner is less
dependent on α than HSS preconditioner. Table 11 also shows a big decrease in iterations
for α = 1e−9, but again this brings a problem with precision of the solution measured
by
∥∥(ui, pi

)
− (u∗, p∗)

∥∥
∞

, for more details see previous HSS preconditioner Section 7.9.2.
The general recommendation is not to use such small α. The advantage of RHSS precon-
ditioner is that the systems A and BBT do not depend on α, where mainly for αI + A
condition number changes with decreasing α, [42]. From the Stokes–Brinkman point of
view this type of preconditioning is more stable against varying parameter α, it does
not need an additional operations compared to HSS preconditioner, but still number of
iterations stays high.

Example 1b Example 3b
alfa 16x16 32x32 64x64 16x16 32x32 64x64
1e0 59 95 151 128 212 247
1e-1 55 90 141 133 198 225
1e-3 50 83 130 121 187 214
1e-6 47 75 118 113 172 180
1e-9 38 60 92 60 80 104

Table 11: The numbers of iterations required for solving the FEM system from the model
problems of Example 1b and Example 3b by GMRES (relative residual accuracy ε = 1e−6)
with RHSS preconditioner (7.22). The table shows dependency of the number of itera-
tions on parameter α and the mesh size. Both SPD inner systems with the matricesA and
BBT are solved by a direct solver.

7.11 Approximation of the inverse A−1

In this subsection several methods of finding the approximation of the inverse A−1 are
introduced. Here also, their properties, advantages, disadvantages, and creations are
explained. Most of them is used with preconditioners from this thesis. Approximation
of the inverse A−1 is important because many preconditioners require a solution of the
system x = A\b. For example HSS preconditioner, Section 7.9, needs to find the solution
with the system A. In Section 7.1 was mentioned that matrix A is sum of the mass and
stiffness matrix, and it contains jumps in coefficients. Hence, it is difficult to find a general
preconditioner.

Matrix A is SPD, so (P)CG method [65, p. 529] is an appropriate candidate for finding
the solution of x = A\b. CG method (without additional modifications) can be used
only for finding the solution of SPD matrices. (P)CG method is a Krylov type method
and these types of methods need a good preconditioning [133]. Moreover, PCG method
requires a SPD matrix as a preconditioning matrix. This restriction has to be considered,
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Figure 79: Plotting of values of matrix A from Example 1b onto 2× 2 mesh.

because it limits the types of the approximation of the inverse A−1 which also has to
be SPD. Consequently, only SPD approximations of the inverse A−1 are considered, in
following parts of this thesis.

Diagonal approximation Ddiag of A−1

The diagonal approximation represents the most simple type, its main advantage is in
simple creation. This type of approximation takes the diagonal of original matrix
diag(A) = aii and invert every element as (Ddiag)ii = 1/aii. This method can be easily
parallelized.

Let be reminded that matrix A is diagonally dominant, see Figure 79. Figure 79 also
shows that the scale of matrix A is to the power of 10−3. It is caused by value of dynamic
and effective viscosity, resp. µ = µ∗ = 1e−3. This diagonal domination of matrixAmakes
this type of preconditioning more meaningful, because main information is at diagonal
numbers.

On the other hand, the lack of information from off-diagonal elements makes this
approximation less accurate than other following types of approximation of the A−1.
Ddiag contains as many informations as it can. It can not be improved, because addition
one or more off-diagonal elements morphs this problem to finding the inverse matrix and
simple 1/aii division can not be used.

Assembled approximation Das of A−1

This type of approximation is Das =
∑
RT

e Ā
−1
e Re, where Ā = ReAR

T
e is the submatrix of

the fully assembled finite element matrix A, and Re is the vector of coordinates to given
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element. In other words, this type of approximation arises from the assembled finite
element matrix A in the way described in following Algorithm 2:

Data: Matrix A ∈ R
n×n

Data: Creation of empty matrix Das ∈ R
n×n

initialization;
for i← 1 to number of elements do

find nodes of element i;
extract rows and columns of 9× 9 submatrix from matrix A by the nodes of
element i;
invert this 9× 9 submatrix;
write this invert matrix into Das on the nodes position of element i;

end

Algorithm 2: Creation of matrix Das from matrix A.
Algorithm 2 contains one for cycle which can be parallelized, because next step of

for cycle does not depend on previous step. This is one advantage. The second one is
natural splitting of matrixA by mesh nodes on 9×9 submatrices which are easy invertible
compared to the dimension of matrix A. Computation demand of the matrix inversion is
(1/6)n3 [124]. Hence, the size of the matrix plays main role here. Multiple computation
of the inverse a lot of small matrices is faster than computation of the big one composed
with the small ones.

The matrix Ā−1
e can be also viewed as the finite element matrix assembled for macroele-

ment E = Ee ⊂ Ω ⊂ R
d with zero Dirichlet conditions on ∂E/ (∂Ω/∂DΩ). Here the

macroelement E = Ee is the union of all elements t ∈ Th that share with e ∈ Th some
degree(s) of freedom, ∂DΩ is the part of the domain Ω where the Dirichlet boundary
condition is prescribed. From the latter point of view Das is an basic type of additive
Schwarz type method. The last advantage of this approximation of the inverse A−1 is
that elements know some information of its adjancent elements. And it can ’smooth’ the
jumps in coefficients between two elements. This is advantage compared to other method
of the approximative inverse method Del which follows in next section.

Element by element approximation Del of A−1

Del type of approximation of the inverse of the matrix A is similar to previous Das. Del is
also assembled from 9 × 9 element matrices, but from matrices which arises during the
assembling process of matrix A, i.e. from local matrices above local elements. In some
sense, it could be the same as Das but this type of approximation arises during assem-
bling matrix A during finite element process [10]. Final matrix A is before applications of
Dirichlet boundary conditions and then matrix A is singular. All 9× 9 element submatri-
ces are singular too. So, they must be regularized before finding the inverse.

FinalDel =
∑
RT

e A
−1
e Re, where e ∈ Th andAe is the regularized finite element matrix

by the factor µh2Ie. It is used for e ∈ Ω, cf. [10]. Regularization term is multiplied by
the viscosity µ, because original entries into matrix A are also multiplied by the value of
dynamic and effective viscosity, resp. µ = µ∗ = 1e−3. It balances the values from original
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finite element matrix and regularization parameter to the same power, see Figure 79.
The different values of dynamic and effective viscosity are not considered in this work,
otherwise more correct multiplying parameters of the viscosity to Ae must be applied.
Moreover, identity matrix Ie can somehow reflect the jumps in coefficients in nodes which
are at boundary between domains with different value of hydraulic conductivity, but it
is not considered in this work. Little bit is suggested in [84], but it works with fictitious
regions method.

Data: Creation of empty matrix Del ∈ R
n×n

Data: Creation of empty temporary matrix At ∈ R
9×9

initialization the inner data from assembling of the finite element matrix A;
for i← 1 to number of elements do

/* . . . computation code of local matrix on given element */

;
Assembling At = Alocal + µh2Ie;
At = (At)

−1;
find nodes of element i;
write this invert matrix At into Del on the nodes position of element i;
/* . . . continuing of the FEM code */

end

Algorithm 3: Creation of matrix Del during the finite element code.

Algorithm 3 shows one advantage of this approach. It is the assembling ofDel during
assembling of local FEM matrices. It means that creation ofDel does not need any special
routine and it can be solved together with matrix A creation.

The disadvantage follows from previous text. It is the creation of Del element by el-
ement from Alocal. This method is appropriate when there are no jumps in coefficients,
but cases of Example 1b and Example 3b contain jumps in coefficients of hydraulic con-
ductivity. Long story short, one element does not know any information about his neigh-
bourhoods. This method is element by element and it can not react to different jumps in
coefficients. One way how to solve this is to use some kind of overlapping mapping and
auxiliary spaces, see [98] and Section 7.15.

Approximative inverse Dainv of A−1

Generally, matrix A from the Stokes–Brinkman model is sparse and with three diagonal
clusters, see Figure 56. Here presented technique is due. The first one works with fixed
wide of the diagonal band, which drives the quality of the approximation of Dainv. Un-
fortunately, it creates a dense matrix inside the band structure. The second technique
works with sparsity pattern of the original matrix A as in [95] and [5]. Pros and cons of
both approaches are discussed further.

Dainv = LLT is an approximative inverse by the technique Kolotina and Yeremin [95],
which is SPD approximation ofA−1. In this chapter the method of findingDainv is briefly
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described and then the dependency between different bands of Dainv approximation to
quality of the approximation is showed.

To enable the use of sparse matrices when solving block tridiagonal systems of equa-
tions one needs methods to approximate inverses of sparse matrices. As shown, e.g. [95]
and [5], there are several ways how this can be done. Here is a method that preserves
symmetry and positive definiteness of the arising matrices which inverses must be ap-
proximated. Let

A = LAD
−1LT

A (7.25)

be the exact factorization of A.
Such a method can be based on minimization of the Frobenius norm,

FW (LG) = tr[(I − LGLA)W (I − LGLA)
T ]

where LG is a lower triangular matrix with a given sparsity pattern SL , approximating
L−1
A . The sparsity pattern can be adjusted to get more accurate approximations. In this

method, a band–matrix pattern is chosen. Further, W is an SPD weight matrix to be
chosen.

Let LG = [gij ]. Utilizing W =W T , from the first order stationary relations

∂FW (LG)

∂gij
= 0 , (i, j) ∈ SL

one gets
(LGLAWLT

A)ij = (WLT
A)i,j , (i, j) ∈ SL.

For W = (LT
ALA)

−1 is then

(LG)ij = (L−1
A )ij , (i, j) ∈ SL .

Hence this choice of W requires that LA must be computed first, so it is less practical. Let
therefore an alternative approach is considered. For W = D−1, where D is the diagonal
matrix in (7.25), A = LAD

−1LT
A , results to

(LGLAD
−1LT

A)ij = (D−1LT
A)ij .

that is,
(LGA)ij = ((LAD

−1)T )i,j , (i, j) ∈ SL .
Since SL is a lower triangular set of nodepoints but the right matrix is upper triangu-

lar, it follows that

(LGA)ij =

{
0 , i 6= j

D−1
i , i = j

, , (i, j) ∈ SL .

Hence, for this choice of weight matrix W knowing or computing of LA in not needed.
However, in general, D is also not known but one can use a similar method based on
diagonal scaling (see [95], and also [5]). Compute then first L̂G such that

(L̂GA)i,j = δi,j (i, j) ∈ SL (7.26)
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where δi,j denotes the entries in the Kronecker delta matrix. For given an integer s ≥ 1 is
defined as

SL = {i− s, i− s+ 1, . . . , i}ni=s+1

band–matrix structure of L̂G , where A has order n×n . Then it is readily seen from (7.26)
that when i ≥ s+ 1 , the i′th row, li,i−s . . . li,i of L̂G satisfies



ai−s,i−s . . . ai−s,i

. . .
ai,i−s . . . ai,i





li,i−s

li,i


 =




0
...
1


 (7.27)

that is equalled to the last column of the inverse of the matrix in (7.27). This system is
solved for i = s + 1, · · · , n. For 1 ≤ i ≤ s , correspondingly smaller sized systems to
compute the i′th row of L̂G is got. In practice, not a very large value of s is chosen, so
the computational expense to solve (7.27) is normally modest. Since, by assumption, A
is SPD, the (s + 1, s + 1) block principal minor of A in (7.27) is also SPD so there exists
a unique solution L̂G . Note that the computations of the rows of matrix L̂G can take
place in parallel. If the matrix A has diagonalwise constant coefficients, then the rows for
s+ 1 ≤ i ≤ n are equal.

Having computed L̂G , and LG = D̂1/2L̂G , where D̂ is a diagonal matrix chosen such
that

(LGAL
T
G)i,i = 1 . (7.28)

In this way, a Neumann series expansion to estimate the error, I−(LGL
T
G)

−1A, can readily
be applied. So far, this scaling leads also to a favourable property of the symmetrically
preconditioned matrix LGAL

T
G . Let then LT

GLG = L̂T
GD̂L̂G be the approximation of A−1 .

From (7.28) follows
(D̂1/2L̂GAL̂

T
GD̂

1/2)i,i = 1

and with D̂ = diag (d̂1, . . . , d̂n), then
∑

j

d̂i(L̂GA)i,j(L̂G)i,j = 1, i = 1, 2, · · · , n .

Since by (7.26), (L̂GA)i,j = δi,j , (i, j) ∈ SL and (L̂G)i,j = 0, (i, j) 6∈ SL , it follows that

d̂i(L̂G)i, i = 1 ,

that is,
D̂ = diag (L̂G)

−1 .

Hence, the preconditioner equals

LT
GLG = L̂T

GD̂L̂
T
G = L̂T

G (diag (L̂G)
−1)L̂G .

This is symmetric and positive definite. To summarize, the computation of LG takes the
following form:
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(i) Given a sparsity pattern SL , using the method in (7.27), compute L̂G such that

(L̂GA)i,j = δi,j , (i, j) ∈ SL . (7.29)

(ii) Let D̂ = (diag (L̂G))
−1 and LG = D̂1/2L̂G.

It is seen that LGALG is close to an identity matrix and that (LGAL
T
G)

−1 = (I − (I −
LGALG))

−1 can be approximated accurately by few terms of a simple Neumann series
expansion, to enable an estimate of the error in the approximate inverse.

Note 7.1 As has been shown in [95] and [5], L = LG minimizes the functional

1

n
tr (LALT )/ det(LALT )1/n (7.30)

for all L with a given sparsity pattern SL. The minimal value equals

1

n
tr (LGAL

T
G)/ det(LGAL

T
G)

1/n =

[
n∏

i=1

[ diag (LG)
−1LT

GALG diag(LG)
−1]i,i/ det(A)

]1/n
. (7.31)

The functional in (7.30) can be seen as a condition number of LALT , that equals the
ratio of the arithmetic and geometric averages of the eigenvalues of LALT . Hence, LG

minimizes this condition number.

Note that when L is diagonal, that is s = 0 so SL = {∅}, and L scales A as in (7.28),
then it follows from (7.31) that

1

n
tr (LALT )/(det(LALT ))1/n =

(∏n
i=1 ai,i

det(A)

)1/n

,

while 1
n tr (A)/ det(A)1/n = 1

n

∑n
1 ai,i det(A)1/n.

Hence, a diagonal scaling can only improve the condition number significantly if the
diagonal entries of A vary much so that their geometric average is much smaller then
their arithmetic average.

Note 7.2 Note that A in this section does not denote the full block matrix. In this thesis
with precondition of the Schur complement matrices that arise during the factorization
is worked and its whole inverses need to be approximated, see Section 7.12, Section 7.15,
and Appendix B.
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Numerical tests of Dainv approximative inverse

Example 7.2
It can be illustrative to consider an elementary example of

A = tridiag(−1, 4,−1).

It can be easy seen that matrix A ∈ R
6×6 is SPD, e.g. from Gershgorin circle theorem.

Moreover eigenvalues computed by MATLAB are
[2.1981, 2.7530, 3.5550, 4.4450, 5.2470, 5.8019]. Rest of the example is computed analyti-
cally and compared with MATLAB program. Let

A =




4 −1 0 0 0 0
−1 4 −1 0 0 0
0 −1 4 −1 0 0
0 0 −1 4 −1 0
0 0 0 −1 4 −1
0 0 0 0 −1 4




and the index set SL = (i− 1, i)6i=1. Where −1 denotes the band size = 1, i.e. in this case
only the upper and lover sub-diagonal are considered. In other words, 2× 2 submatrices
are considered in this case.

Data: Load matrix A ∈ R
6×6, set the wide of the band = 1

Data: Set empty LG ∈ R
6×6

for i← 1 to 6 do
if i < band then

LG(i, i) = 1/A(i, i);
else

// For this case submatrices are always 2× 2

LG(i, i− 1 : i) = A(i− 1 : i, i− 1 : i)/[0, 1]T ;
end

Dainv = LT
G

(
1

diag(LG)

)
LG;

/* Frobenius norm */

F = ‖I −DainvA‖F
end

Algorithm 4: Computational algorithm of finding Dainv for example considered in
this section.

Algorithm 4 shows the computation for matrix A = tridiag(−1, 4,−1), but it can be
easily extended by the computation of various SPD matrices with various band sizes. The
first diagonal elements, which are under band size (first if condition), are just inverted.
Than Algorithm 4 continues over the diagonal and creates the upper left submatrices
from the diagonal elements with the size band+ 1 and solves the system (7.27).
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Computation shows that

LG =




1/4 0 0 0 0 0
1/15 4/15 0 0 0 0
0 1/15 4/15 0 0 0
0 0 1/15 4/15 0 0
0 0 0 1/15 4/15 0
0 0 0 0 1/15 4/15




and the approximation of the inverse is

Dainv = LT
G

(
1

diag(LG)

)
LG =




4/15 1/15 0 0 0 0
1/15 17/60 1/150 0 0 0
0 1/15 17/60 1/15 0 0
0 0 1/15 17/60 1/15 0
0 0 0 1/15 17/60 1/15
0 0 0 0 1/15 4/15



.

Frobenius norm is in this case 0.1944. To the previous remark

LGAL
T
G =




1/4 0 −1/60 0 0 0
0 4/15 −1/225 −4/225 0 0

−1/60 −1/225 4/15 −1/225 −4/225 0
0 −4/225 −1/225 4/15 −1/225 −4/225
0 0 −4/225 −1/225 4/15 −1/225
0 0 0 −4/225 −1/225 4/15




where its eigenvalues are [0.2327, 0.2432, 0.2602, 0.2662, 0.2892, 0.2919].
Figure 80 shows the dependency of the Frobenius norm used in Algorithm 4 on width

of the band. In the case with band width = 0 only inverse of the diagonal elements is com-
puted. Generally holds that the higher value of Frobenius norm the worse approximation
Dainv is. In the case of band width = 5, the approximate inverseDainv is computed in one
step from the whole matrix A. It does not compute the exact inverse, but approximative
inverse based on previous theory.

Main task is to find the approximation of the matrix A from system (7.3). The ap-
plication of Dainv theory on matrix A gives an approximation which can be used as an
approximation of the inverse A−1. Moreover it can be improved by the usage of wider
band.

Table 12 shows the dependency between the band size applied on the matrix A from
system (7.3) to Frobenius norm from expression defined in Algorithm 4 and number of
non-zero elements in resulting sparse matrix approximation Dainv. Let be remained, that
size of matrix A for 16 × 16 mesh division is 2 178 × 2 178, for 32 × 32 is 8 450 × 8 450
and for 64× 64 is 33 282× 33 282. Whereas matrix A for 16× 16 mesh division has 30 834
non-zero elements, 32× 32 has 127 058 and for 64× 64 has 516 308.
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Figure 80: Dependency of Frobenius norm on width of the band.

16x16 32x32 64x64
band width Froben. nnz Froben. nnz Froben nnz
0 19.94 2178 40.00 8 540 70.86 33 282
1 19.83 6146 40.12 24 578 80.37 98 306
5 20.28 20 778 41.06 86 570 82.26 353 322
10 20.28 36 278 41.06 158 390 82.26 660 662
50 11.08 201 678 41.06 506 150 82.26 2 662 182
100 5.54 391 178 23.12 1 626 250 82.26 4 021 082
500 0.36 1 547 178 5.35 7 697 450 24.60 32 298 282
1000 9e-4 2 092 178 1.83 14 386 450 12.35 63 563 282

Table 12: The dependency of he Frobenius norm defined in Algorithm 4 and number of
non-zero elements in matrix Dainv on band width for different mesh division of Exam-
ple 1b.

Figures 81 to 84 show growing numbers of non-zero elements of 32 × 32 problem of
Example 1b8 with the varying size of the band. One issue of this method is that matrix
Dainv is dense in the band, so number of non-zero elements rapidly grows with the band
size. Table 12 shows how rapidly the number of non-zero elemets is grown. Figures 81
to 84 show the structure of Dainv. Table 12 also shows how big has to be the band size
for appropriate small Frobenius norm from ‖I −DainvA‖F , by which the measure of the
quality of the approximative inverse is measured. Generally holds, the smaller the Frobe-
nius norm is the better approximation, see Figure 80. Table 12 also shows that for bigger
problem the size of the band has to be bigger, if the Frobenius norm stays the same. It
is quite natural, because the original band structure of the matrix A getting wider with
higher mesh division.

8The other examples have the same structure, because all of them are at the same mesh. Hence only
Example 1b is considered in this subsection.
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Figure 81: Sparsity pattern ofDainv with
band width = 0.

Figure 82: Sparsity pattern ofDainv with
band width = 5.

0 2000 4000 6000 8000

0

2000

4000

6000

8000

nz = 506150

band width = 50

Figure 83: Sparsity pattern ofDainv with
band width = 50.

Figure 84: Sparsity pattern ofDainv with
band width = 500.
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As was mentioned above, with the growing band size grows the number of non-
zero elements in the band. From practical point of view, it is not appropriate to have
information out of sparsity pattern in Dainv which do not corresponds with the same
sparsity pattern inA. Otherwise the multiplication of non-zero number with zero is done,
while it is useless. Hence, the another approach can be the computation of the band
matrix by the same method, which has the same sparsity pattern as original matrix A.
In this case there is no need to compute Dainv with band wither than A has. It can be
computed from nodes ordering, but here it is without proof, that the wide of the band A

cannot be wider than 4
(√

n/2 + 1
)

. Matrix A is not such wide at all rows of the band
structure, see Figure 79. Of course, here the band structure of the matrix A is used, but
different mesh ordering does not have to create a band structure, see Section 7.4 and
compare Figures 56-60.

It means that band size in Algorithm 4 was initially set as 4
(√

n/2 + 1
)

. This setup
computes Dainv which is dense in the band, moreover it has more elements than original
matrix A. Modification is that program computes temporary D̄ainv which is dense in the
band. Than it rewrites the entries from temporary D̄ainv into final Dainv, but only entries
from D̄ainv which lie at the sparsity pattern of matrix A. In this case it writes only at the
positions contained in original matrix A, otherwise it writes zero (more precisely void
element) value at position out of sparsity pattern of matrix A are taken. The result of
this modification is also matrix Dainv, which also approximates A−1. Dainv in this case
looses some information during ’no writing’ process, but it has the same sparsity pat-
tern as A, which does not slow multiplication DainvA in GMRES code. The quality of
Dainv obtained by this method measured by Frobenius norm from ‖I −DainvA‖F shows
Table 13. Table 13 compares the DainvA approximation before and after erasing the val-
ues which are out of the sparsity pattern of A. The results of Table 13 shows that this

16x16 32x32 64x64
band wide Froben nnz Froben nnz Froben nnz
before 3.63 521 426 9.02 4 192 850 19.15 33 568 082
after 34.82 30 834 80.45 127 058 167.01 516 270

Table 13: Comparison of approximation inverse by Algorithm 4, where band size given
by matrix A, for D̄ainv and Dainv (which has removed elements which are out of sparsity
pattern of A).

erasing of elements out of pattern rapidly decreases the total number of non-zero ele-
ments, but it rapidly increases the Frobenius norm. The Frobenius norm gets higher with
the increasing mesh division. From the computational point of view the usage of such
approximation is still better than compute with dense band matrix.

Both cases of Example 1b in Table 13 were computed with 4
(√

n/2 + 1
)

band size,
which is the band covering all elements in A. The sizes of the band are 136 for 16 × 16
mesh division , 264 for 32 × 32 case and 520 for 64 × 64 case. This approach has two
issues. The first issue is at loosing some information about elements, which do not lie
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at the sparsity pattern of A. The second issue is more significant for bigger matrices
and moreover it holds also for original Algorithm 4. It is multiple computation with
submatrix A(i − band : i, i − band : i), see Algorithm 4. Whereas submatrix A(i −
band : i, i − band : i) grows with 4

(√
n/2 + 1

)
parameter and system A(i − band :

i, i − band : i)/[0, . . . , 0, 1]T is computed n − 4
(√

n/2 + 1
)

times. Of course it is easy to

see for example from Gershgorin circle theorem [65], that every submatrix A(i − band :
i, i − band : i) is SPD. Hence, for example PCG method can be use [5]. Anyway solving

n− 4
(√

n/2 + 1
)

times system of size 4
(√

n/2 + 1
)
× 4

(√
n/2 + 1

)
takes a lot of time

for bigger matrices.
Hence the last and final modification to speed up finding of DainvA is described in

the following algorithm, which agree with article [95] and with previous theory9.

Data: Load matrix A ∈ R
n×n

Data: Set empty LG ∈ R
n×n

for i← 1 to n do
positions = find non-zero positions left from the main diagonal position (i, i);
/* creation of temporary working submatrix AI */

AI = A([positions, i], [positions, i]);
/* Creation of right hand side [0, . . . , 0, 1]T */

RI = zeros(size(AI), 1);
RI(size(AI)) = 1;
/* solving og system */

Ltemp = AI\RI ;
/* Adding Ltemp onto right position of sparsity pattern of

A. */

LG(i, [positions, i]) = Ltemp;
/* Computation of Dainv */

end

D̄ainv = LT
G

(
1

diag(LG)

)
LG;

/* Frobenius norm */

F = ‖I −DainvA‖F
Algorithm 5: Computational algorithm of finding Dainv by [95].

Algorithm 5 represents finding of Dainv by the previous theory and by [95]. The dif-
ference against Algorithm 4 is in no usage of strict rectangular matrix
A(i − band : i, i − band : i). Algorithm 5 search elements which are at the left side from
the main diagonal in the given row and are non-zero. Hence solved matrix AI in Al-

9Author would like to say that previous text from last example to here does not agree with original
article [95]. But text and Algorithm 4 are modification of upper theory with strict size of the subsystem
A(i − band : i, i − band : i)/[0, . . . , 0, 1]T . This was done intentionally, because previous text helps to
understand the behaviour of Dainv for Stokes–Brinkman problem.
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gorithm 5 has variable size in every iteration. Next advantage of the Stokes–Brinkman
problem on Q2 −Q1 elements, which is not see explicitly, is that no zero entries are con-
tained at matrix AI . In other words, given node with numbering equals the position on
the diagonal (i, i) interacts only with his neighbourhood nodes. Then this given element
from the diagonal is always at down left-right position of the matrix AI and others (non-
zero) entries are from neighbourhood nodes. This is an advance against Algorithm 4,
because Algorithm 4 computes with nodes, which are not adjacent to given node (i, i) at
the diagonal. This can also better smooth jumps in coefficient.

Algorithm 5 is much faster than Algorithm 4 even with modification, because it com-
putes only with necessary inner mesh size AI , which has an adaptive size for given node
(i, i) at the diagonal. Generally holds that Algorithm 4 and Algorithm 5 can run parallel.
Parallel usage of Algorithm 5 describes [22].

One little disadvantage is that multiplication LT
G

(
1

diag(LG)

)
LG creates denser pattern

then pattern of A is. This can be fixed by additional removing of entries, which do not lie
at sparsity pattern of matrix A.

16x16 32x32 64x64
band wide Froben nnz Froben nnz Froben nnz
D̄ainv 12.66 51 954 26.48 218 482 53.43 895 602
Dainv 13.46 30 834 28.22 127 058 57.04 516 270

Table 14: Comparison of approximation inverse by Algorithm 5 for Example 1b.
D̄ainv represents the results obtained by Algorithm 5. Dainv equals D̄ainv which has re-
moved elements which are out of sparsity pattern of A.

Table 14 describes the quality of approximation of A−1 by Algorithm 5 for Exam-
ple 1b. Whereas D̄ainv is a original output from Algorithm 5 and Dainv is computed

multiplication of D̄ainv = LT
G

(
1

diag(LG)

)
LG where the elements, which are out of spar-

sity pattern, are erased. It can be seen, that Algorithm 5 is more efficient than Algo-
rithm 4, compare Table 13 and Table 14, even when only output Dainv is considered.
Dainv is slightly worse in Frobenius norm than D̄ainv, but it has almost half of non-zero
elements of D̄ainv. This is an expectation, but without prof. LG is down triangle matrix,
which has the same sparsity pattern as down triangle matrix of A, but multiplication

of LT
G

(
1

diag(LG)

)
LG creates matrix D̄ainv with more non-zero elements which matrix A

has. But this elements are not so significant for approximation of A−1 and they can be
removed; compare Table 14 and Table 15.

Table 15 describes the same information as Table 14, but it is for Example 3b. The
differences are caused by the different value of hydraulic conductivity.

From this moment Dainv always means approximative inverse of A obtained by Al-
gorithm 5 with removed elements which are out of the sparsity pattern of A!
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16x16 32x32 64x64
band wide Froben nnz Froben nnz Froben nnz
before 10.15 51930 20.47 218 458 39.94 895 578
after 10.71 30 762 21.72 127 074 42.55 516 308

Table 15: Comparison of approximation inverse by Algorithm 5 for Example 3b.
D̄ainv represents the results obtained by Algorithm 5. Dainv equals D̄ainv which has re-
moved elements which are out of sparsity pattern of A.

Frobenius norm correction

All previous techniques of the approximative inverse of matrix A−1 can be improved by
correction D based on the Frobenius norm [65]. In this section three algorithms, which
improves diagonal of approximation matrix D∗, are introduced. Their names will be F1,
F2 and F3.

Let be reminded that Frobenius norm of matrix M is defined as

‖M‖F =



∑

ij

M2
ij




1/2

=
(
tr
(
MMT

))1/2
=
(
tr
(
MTM

))1/2
. (7.32)

If W is an SPD matrix then the generalized weighted Frobenius norm can be defined as

‖M‖2W = tr
(
MWMT

)
= tr

[(
MW

1

2

)(
MW

1

2

)T]
=
∥∥∥MW

1

2

∥∥∥
2

F
(7.33)

This property of the Frobenius norm is crucial for following lemma

Lemma 7.1 Let the minimization problem be considered - for A nonsingular, find X diagonal,
such that ‖I − (D +X)A‖F = min. Then the problem has the solutionXii =

(
ART

)
ii
/
(
AAT

)
ii

Proof Denote R = I −DA, then

F (X) = ‖I − (D +X)A‖2 =
∑

ij

(Rij −XiiAij)
2

Directly from above expression follows necessary condition for the minimizer X of F ,

∂F

∂Xkk
=
∑

j

−2 (Rkj −XkkAkj)Akj = −2
(
ART

)
kk

+ 2Xkk

(
AAT

)
kk

= 0.

The stationary point realizes minimum. The second derivatives are

∂2F

∂Xkk∂Xkk
= 2
(
AAT

)
kk
> 0,

∂2F

∂Xkk∂Xll
= 0, for k 6= l.
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Previous lemma gives the clue for following Algorithm 6, which improves the diag-
onal by diagonal correction X such that the Frobenius norm ‖I − (D +X)A‖F is mini-
mized. This method with this algorithm will be marked as F1.

Data: Load matrix A ∈ R
n×n and its approximation of the inverse D

Data: Set empty X ∈ R
n×n

R = I −DA;
for k ← 1 to n do

X(k, k) = A(k,:)·R(k,:)T

A(k,:)·A(k,:)T

end
/* Summing of D and X if it is necessary, else return X */

D = D +X

Algorithm 6: F1: Diagonal correctionX of approximation ofA−1 in Frobenius norm
from ‖I − (D +X)A‖F = min.

For minimization in the weighted Frobenius norm (7.33) is necessary condition for-
mulated in the following theorem. Note, that in the proof is used the expression

‖M‖W =
(
tr
(
MWMT

))1/2.

Theorem 7.3 Let W be a SPD matrix, X be a matrix with given sparsity pattern S = S(X) =
{(i, j) : Xij 6= 0},

F (X) = ‖I − (D +X)A‖2W = min .

Denote R = I −DA. Then

∂F (X)

∂Xij
= −2

(
RWAT

)
ij
+ 2
(
XAWAT

)
ij
= 0, ∀(i, j) ∈ S. (7.34)

Proof From the definition (7.32) of the Frobenius norm

F (X) = ‖I − (D +X)A‖2W = tr
{
[I − (D +X)A]W [I − (D +X)A]T

}

= tr
[
(R+XA)W (R+XA)T

]

= tr
(
RWRT

)
− tr

(
XAWRT

)
− tr

(
RWATXT

)
+ tr

(
XAWATXT

)

= tr
(
RWRT

)
− tr

(
XAWRT

)
− tr

(
XAWRT

)T
+ tr

(
XAWATXT

)T

= tr
(
RWRT

)
− 2tr

(
XAWRT

)
+ tr

(
XAWATXT

)T

∂

∂Xij
tr
(
XAWRT

)
=

∂

∂Xij

∑

k

(
XAWRT

)
kk

=
∂

∂Xij

∑

kl

Xkl

(
AWRT

)
lk

=
(
AWRT

)
ij
=
(
RWAT

)
ij

Similarly, it can be computed that
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∂

∂Xij
tr
(
XAWATXT

)
= 2
(
XAWAT

)
ij

Lemma 7.2 Let be assumed that A is SPD and the minimization problem - find X diagonal such
that ‖I − (D +X)A‖A−1 = min is considered. Note, if A is SPD, than also A−1 is SPD [65].

Then the necessary condition (7.34) provides Xii = (I −DA)ii/Aii =
(
1−∑j DijAji

)
/Aii.

Previous lemma can be used in following algorithm

Data: Load matrix A ∈ R
n×n and its approximation of the inverse D

Data: Set empty X ∈ R
n×n

for k ← 1 to n do

X(k, k) =
1−(D(k,:)·A(:,k)T )

A(k,k)

end
/* Summing of D and X if it is necessary, else return X */

D = D +X

Algorithm 7: F2: Diagonal correctionX of approximation ofA−1 in Frobenius norm
from ‖I − (D +X)A‖A−1 = min.

Algorithm 7 is a cheaper diagonal correction X then Algorithm 6. In Algorithm 6
the diagonal correction X can be obtained my minimizing a weighted Frobenius norm
‖I − (D +X)A‖W , W = A−1. Note that Algorithm 6 uses W = I . The minimization

provides X such that Xii =
(
1−∑j DijAji

)
/Aii. This technique is efficient for DF2

as

approximation of the inverse, see Table 16.

The third application of correction A−1 based on Frobenius norm assumes that A is
SPD and finding X with the sparsity pattern equals to sparsity pattern of A, such that
‖I −XA‖A−1 = min. Theorem provides

(XA)ij = (I)ij , ∀(i, j) ∈ S.

This leads to following algorithm F3 motivated by [116].
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Data: Load matrix A ∈ R
n×n and its approximation of the inverse D ∈ R

n×n both
with with same sparsity pattern.

Data: Set empty X ∈ R
n×n

Creation of identity matrix I ∈ R
n×n;

for k ← 1 to n do
wc = find_sparsity_indicesA(k, :); /* wc contains indices of nonzero

elements in the k-th row of A */

r = I(k,wc);
if norm(r) > tol then // tol=1e-14 in code provided in [116]

aloc = A(wc,wc);
xloc = aloc\rT ;
X(k, wc) = X(k, wc) + xT ;

end
end
/* Summing of D and X if it is necessary, else return X */

D = D +X

Algorithm 8: F3: Computation of a correction X of approximation of A−1 (with a
prescribed sparsity structure) such thatAainv+X minimizes the weighted Frobenius
norm ‖I − (D +X)A‖A−1 = min.

Example 1b Example 3b
type/discretization 16x16 32x32 64x64 16x16 32x32 64x64
Identity matrix 68 137 284 544 748 790
Ddiag 61 123 255 62 122 239
Del 66 126 332 319 348 590
DF1

el 43 72 18 019 886 4453 30 525
DF2

el 45 71 104 112 952 3862 28 189
Das 48 97 197 56 111 216
DF1

as 31 65 135 33 67 130
DF2

as 31 65 134 32 65 129
DF3

as 33 68 143 33 67 134
Dainv 36 80 168 38 78 185
DF1

ainv 36 80 168 38 78 179
DF2

ainv 36 80 168 38 78 185
DF3

ainv 42 86 176 42 79 197

Table 16: The numbers of iteration for solving the system with matrix A for the model
problems under different type of preconditioningD. The iterations use PCG with relative
accuracy ε = 1e−6.
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Table 16 shows the efficiency of selected approximate inverse preconditioners for the
matrix A. Table 16 depicts the number of iterations of PCG method.10 PCG method is
preconditioned by different type of preconditioner D = I (Identity matrix - no precon-
ditioning), Ddiag, Del, Das, and Dainv, where all type of preconditioner D were described
above. For most of them the diagonal correction by the Frobenius norm (7.32) was tested.
Doing diagonal correction at Ddiag does not have a sense, because creation of Ddiag is
very cheap process from computational point of view and it has all possible informa-
tions, hence there is no need for improving. Del does not use F3 modification, because it
has different sparsity pattern from matrix A. Preconditioners Das and Dainv contain all
type of the corrections F1, F2 and F3.

In Table 16 one can see the PCG method without preconditioning, i.e. identity matrix
I as preconditioner, is not efficient. Number of iterations grows with factor 2 with mesh
refinement for Example 1b, less for Example 3b, but in this case the number of iterations
is higher. The usage of this type of the Krylov method with preconditioning is desirable
[5]. Ideal is to find exact A−1, than PCG converges in one iterations. On the other hand,
finding A−1 is more computational complex than finding solution x = A\b. Even cheap
and simple Ddiag improves the number of PCG iterations. For Example 3b the difference
between preconditioned and un-preconditioned PCG method is more significant, see Ta-
ble 16.
Del - element by element preconditioning is appropriate for small cases of mesh division.
Disadvantage is number of non-zero elements which is higher than for the matrix A. Is
is caused by not erasing of rows and columns assigned to Dirichlet boundary condition.
This difference is more significant for bigger matrices. This illustrates the difference of
number of iterations in Table 16. Even the diagonal corrections F1 and F2 generally do
not improve the number of iteration of PCG method (Table 16), because they work with
matrixDel which is without of involving boundary condition, compareA block from Fig-
ure 56 to Figure 60.
Das decreases the number of iterations more than all previous types of preconditioners.
Against previous types of preconditioning, this type is stable at the number of iterations.
But still it grows by factor 2. Disadvantage is little bit computer power demand for big-
ger systems, because matrix A is divided into small submatrices, these are inverted and
than assembled back as Das. Still holds that whole process can be parallelized.
Here can be seen another advantage against Del. The division into small 9 × 9 subma-
trices in Das is similar to Del. Del also works with 9 × 9 submatrices which are also
inverted. The issue is that the submatrices in Das case contains the information from the
neighbourhoods before inversion process. On the other hand, the submatrices in Del are
inverted during FEM assembling process and then assembled ontoDel. Long story short,
submatrices at Del do not know anything about their neighbourhoods and they can not
reflect jumps in coefficient as Das can. Moreover, Del has the lack of knowing of bound-
ary conditions.

10Due to the technical reasons author programmed and worked with own version of PCG method by [65,
p. 529]. Author’s and Matlab’s PCG codes were tested on artificial examples and numbers of iterations were
the same for both.
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Generally, the preconditioner is assembled only once and creation process can be paral-
lelized. Hence, the decrease of iterations of iterative solver compensate the cost. Correc-
tions F1, F2 and F3 improve the number of iterations in Das case more than other cases.
Generally F3 should do a slightly better job than F1 and F2, but matrix A is diagonal
dominant. It little bit increases the number of iterations against F1 and F2 case.
Dainv has the smallest number of iterations at the base of all approximations of the in-
verses. Because it computes approximation of the A−1, than it does not have issues like
Del and the computation is faster than in case Das. Moreover it can be parallelized. Even
the additional corrections F1,F2 and F3 in Frobenius norm do not improve the number of
iterations. Again, as in all cases, the number of iterations grows with factor 2.
Table 16 gives a good general overview about quality of the approximative inverse ofA−1

for the Stokes–Brinkman problem.

7.12 Modified block triangular matrix preconditioner

This type of block preconditioning for the saddle point matrix Â can be constructed as an
approximate version of the factorization

Â =

[
A BT

−B 0

]
=

[
A 0
−B S

] [
I A−1BT

0 I

]
, (7.35)

where it is assumed that A is nonsingular, B has full rank and S = BA−1BT is the Schur
complement. The first factor used as a left preconditioner P, provide the preconditioned
system

P
−1

Â =

[
A 0
−B S

]−1 [
A 0
−B S

] [
I A−1BT

0 I

]
=

[
I A−1BT

0 I

]

which has a minimal polynomial of order two. Introducing approximate Schur comple-
ment S̃ ∼ SA provides the preconditioner P̃

P̃
−1

Â =

[
A 0

−B S̃

]−1 [
A BT

−B 0

]
=

[
A−1 0

S̃−1BA−1 S̃−1

] [
A BT

−B 0

]
=

=

[
I A−1BT

0 S̃−1BA−1BT

]
=

[
I A−1BT

0 S̃−1S

]
. (7.36)

Lemma 7.3 The degree of the minimal polynomial for the matrix XX =

[
I C
0 J

]
, where J 6= 0

and J − I is nonsingular, does not depend on C. Hence it equals the minimal polynomial degree

for

[
I 0
0 J

]
. Lemma and proof are taken from [7].
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Proof An application of the recursion
[
I C
0 D

] [
I C
0 D

]k−1

, k = 1, 0, · · · shows that

[
I C
0 J

]
=

[
I C(I + J + · · ·+ Jk−1)
0 Jk

]
=

[
I C(J − I)−1(Jk − I)
0 Jk

]
, k = 0, 1, · · · .

(7.37)

Let Pm be the minimal polynomial for
[
I 0
0 J

]
, i.e. it holds

Pm

[
I 0
0 J

]
=

[
0 0
0 0

]
,

where Pm(x) =
m∑
k=0

αkx
k, α0 = 1. Clearly m ≥ 1. Further Pm(I) = 0 and Pm(J) = 0.

From (7.37) follows now

Pm

[
I C
0 J

]
=


Pm(I) C(J − I)−1

m∑
0
αk(J

k − I)
0 Pm(J)


 =

=

[
0 C(J − I)−1(Pm(J)− Pm(I))
0 0

]
=

[
0 0
0 0

]
.

This holds for any C.

One application of this result, considers the block triangular matrix preconditioning[
A 0

−B S̃

]
to
[
A BT

−B 0

]
, where S̃ is an approximation of the Schur complement matrix

S = BA−1BT and S̃−1S − I is assumed to be nonsingular.
The preconditioned matrix in (7.36) has the form considered in the above lemma.

Hence the degree of the minimum polynomial does not depend on the off-diagonal block

matrixA−1BT , but only on the matrix
[
I 0

0 S̃−1S

]
. If S̃ = S, i.e. S̃−1S = I , then the degree

of the minimal polynomial is 2 and it suffices to solve the corresponding system with two
iterations of a Krylov subspace iteration method.

However, one must be aware of that round–off errors may cause perturbations that
can increase the number of iterations significantly over that of the minimal degree. For a
discussion of the influence of less accurate computations, see [66].

The above indicates that even if someone does not solve the arising systems with ma-
trix A in the preconditioners exactly, but accurately enough, there is no need to include
the second factor in the preconditioner to decrease the number of iterations further. How-
ever, as said, in general when these systems are solved less accurately it may cause some
increase of the number of iterations. The usage of the following modified block triangular
factorization can dampen this increase.

A major problem with factorization of saddle point matrices is the lack of accurate
approximations of the Schur complement matrix, that are readily implemented. For the
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construction of a Schur complement matrix approximation, let be assumed that D is an
approximate inverse of the pivot block matrix, D ≈ A−1. Then D can be used for defini-
tion of the preconditioner PD to Â,

P = PD =

[
A ADBT

−B 0

]
=

[
A 0
−B SD

] [
I DBT

0 I

]
(7.38)

where SD = BDBT . A computation shows that

P
−1
D Â =

[
I −DBT

0 I

] [
I 0

0 S−1
D SA

] [
I A−1BT

0 I

]
=

=

[
I −DBT

0 I

] [
I A−1BT

0 S−1
D SA

]
=

[
I A−1BT −DBTS−1

D SA
0 S−1

D SA

]
=

=

[
I A−1E11B

T −B12E22

0 I + E22

]
,

where E11 = I −AD, B12 = DBT , E22 = S−1
D SA − I , SA = BA−1BT . Here

E22 = S−1
D B(D + (I −DA)A−1)BT − I = S−1

D B(I −DA)A−1BT ,

so with an accurate approximation D of A−1, both ‖E11‖ and ‖E22‖ are small.
The matrix has the same form as was discussed earlier. Therefore, for an accurate

solution where the minimal polynomial for I + E22 is nearly reached, the off-diagonal
matrix has little influence on the number of iterations. Even when one interupts the
iterations at an earlier stage, this matrix has little influence when ‖E11‖ and ‖E22‖ are
small. This holds at least if one uses multiple precision computation.

The spectrum of P
−1
D Â consists of unit eigenvalues corresponding to eigenvectors

[x, 0], and of eigenvalues of S−1
D SA, i.e.

σ
(
P
−1
D Â

)
=
{
1, σ(S−1

D SA)
}
.

The iterations are driven by the approximation SD = BD−1BT of SA = BA−1BT , hence
by the condition number µmax

µmin
of the eigenvalue problem µBD−1BTx = BA−1BTx.

At each iteration, the preconditioning involves solving systems withA (possibly solved
by some inner iteration with the preconditioner D, i.e. approximation of its inverse) and
solution of systems with SD. This latter can take place by forming SD explicitly and
solving the corresponding system with a suitable direct or iterative solution method.

Note, for the Stokes problem with A = AS , the Schur complement S = BA−1BT

can be efficiently preconditioned by the pressure mass matrix Mp, see e.g. [56]. For the
Darcy problem with A = AD, the matrix A can be replaced by its diagonal, and for the
approximate of the Schur complement SD,D = diag(A)−1 can be used, see e.g. [9]. In the
case of the Stokes–Brinkman problem Ω = ΩB with constant coefficients a combination of
the above approximations can be used as in the generalized Stokes problem, see [21, 108].
But problem with varying coefficients makes the Stokes–Brinkman model more difficult
from computational point of view.
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The investigation of the general cases or more especially Example 1b and 3b with
some previous techniques using a sparse approximate inverse D ∼ A−1 was tested, see
Section 7.11. The results of the modified block triangular matrix preconditioner with the
techniques using a sparse approximate inverse D ∼ A−1 shows Table 17.

Example 1b Example 3b
type/discretization 16x16 32x32 64x64 16x16 32x32 64x64
Identity matrix 38 59 92 64 106 126
Ddiag 30 48 73 31 48 64
Del 25 31 40 39 38 39
DF1

el 25 30 40 37 46 38
DF2

el 26 30 40 82 173 310
Das 20 32 50 20 30 46
DF1

as 19 30 46 19 28 42
DF2

as 19 29 46 19 28 42
DF3

as 18 29 46 18 28 41
Dainv 20 32 48 19 28 41
DF1

ainv 20 32 48 18 27 41
DF2

ainv 20 32 48 19 28 41
DF3

ainv 18 32 48 18 28 41
A−1 1 1 1 1 1 1

Table 17: The numbers of iterations for solving the MFEM system for the model Stokes–
Brinkman problem (7.3) by GMRES (relative residual accuracy ε = 1e−6) with the Mod-
ified block preconditioner (7.38). The table shows dependence on various choices of ma-
trix D and the mesh size for Example 1b and Example 3b. Both SPD inner system with
matrices A and SD are solved by direct solver.

Table 17 shows the application of the modified block triangular matrix preconditioner
with system (7.3). Various matrices D in preconditioner type (7.38) were chosen from the
previous Section 7.11. They were applied on Examples 1b and 3b. As was mentioned
above preconditioner (7.38) requires to find the solution of two systems. The usage of
(7.3) can be written as [

A 0
−B SD

] [
I DBT

0 I

] [
z1
z2

]
=

[
v1
v2

]
.

The finding of the solution can be split into two steps:

I. [
A 0
−B SD

] [
w1

w2

]
=

[
v1
v2

]
→ w1 = A\v1

w2 = SD\(v2 +Bv1)
, (7.39)

II. [
I DBT

0 I

] [
z1
z2

]
=

[
w1

w2

]
→ z1 = w1 −DBT z2

z2 = w2
. (7.40)
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The step I. requires the finding the solution of the SPD systems with matrices A and SD.
Solving the system x = A\b with matrix A is discussed in Section 7.11 - Table 16 or in
Section 7.15. Solution of the system with matrix SD is also discussed in Section 7.15.
Hence, one has to add inner iterations of solving the systems A and SD to every iteration
from Table 17.
Step II. does not require any solution of any system. It does just multiplication and there
is no need to compute this for the classical triangular preconditioner [21].

The number of outer iterations in Table 17 grows less rapidly (about factor
√
2). In

comparison with HSS preconditioning (Table 8) where the number of outer iterations are
bigger and the inner systems are more complicated. Here, instead of system with the
matrix αI + 1

αBB
T , the system with SD = BDBT is solved, which is more difficult to

compute and which moreover requires computation of D ∼ A−1. On the other hand, the
computed D can be exploited as preconditioner for solving the second inner system with
the matrix A.

7.13 Augmented matrix type preconditioners

There are two versions of this method. Both are based on the augmented pivot block
matrix, AW = A + BTW−1B, in particular on Ar = A + rBTW−1B. W can be replaced
by Wr =

1
rW . Also it depends on various choices of W .

7.13.1 Full block factorization preconditioner based on an augmented matrix

Construction reasons will be explained at the end of this section. Augmented matrix

preconditioner for the generalized saddle point matrix Â =

[
A BT

−B C

]
is considered,

where A and C are symmetric and positive semidefinite (SPSD), but at least one of them
is SPD and B has full rank. Further is assumed that N(A)∩N(B) = {0}, consequences in
Theorem 7.1 are described.

WhenA is ill–conditioned and/or it is difficult to approximate the Schur complement
accurately, one can use a preconditioner based on an augmented matrix;
AW = A + BTW−1B, where W is SPD. In practice W or W−1 is a sparse matrix. To
enable solving arising systems with AW one can try to find proper choices of W such as
an approximate inverse of BBT or BA−1BT . Matrix AW can then be formed explicitly
and approximated by some incomplete Cholesky factorization, or algebraic multigrid
method (Section 7.15) for instance. It will be seen, that usage of such an augmented
matrix avoids the construction of the Schur complement matrix S = BA−1BT , which is
difficult whenA is ill-conditioned from iterative solver point of view; i.e. it connects with
inexact solution to A−1.

However, the difficulty lies now in the construction of approximations of the aug-
mented matrix AW . Mostly one applies some inner iteration method for AW .
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Let P =

[
A BT

−B W

]
be a preconditioner to Â. It holds

P =

[
AW BT

0 W

] [
I 0

−W−1B I

]
=

[
AW −BTW−1B BT

−B W

]

and

P
−1 =

[
I 0

W−1B I

] [
A−1

W −A−1
W BTW−1

0 W−1

]
.

Hence a solution of a system with P requires just one solution withAW and two solutions
of a system with W or matrix vector multiplications with W−1.

Further it holds
P
−1

Â = I + P
−1(Â− P) = I + E ,

where

E =

[
E11 E12

E21 E22

]
=

[
I 0

W−1B I

] [
A−1

W −A−1
W BTW

0 W−1

] [
0 0
0 C −W

]
=

=

[
I 0

W−1B I

] [
0 −A−1

W BTW (C −W )
0 W−1C − I

]
=

=

[
0 −A−1

W BTW (C −W )

0 (I −W−1BA−1
W BT )(W−1C − I)

]
.

Note 7.3 Woodbury matrix identity or Sherman-Morrison-Woodbury formula [65] says

(C(I + CTC)−1CT )−1 = I + (CCT )−1,

where it is assumed that CCT is nonsingular. This identity follows by multiplication

C(I + CTC)−1CT (I + (CCT )−1) = C(I + CTC)−1CT (CCT + I)(CCT )−1

= C(I + CTC)−1(I + CTC)CT (CCT )−1 = I.

Application of Woodbury matrix identity leads to the following equations

(
A+BTW−1B

)−1
= A−1 −A−1BT

(
W +BA−1BT

)
BA−1, (7.41)

consequently
(
B
(
A+BTW−1B

)−1
BT
)−1

= BA−1BT −BA−1BT
(
W +BA−1BT

)
BA−1BT . (7.42)

Another application of Woodbury matrix identity

[
W−1 +

(
BA−1BT

)]−1
= BA−1BT −BA−1BT

(
W +BA−1BT

)
BA−1BT , (7.43)
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Here, if A is SPD and from equations (7.42) and (7.43)

(BA−1
W BT )−1 = (B(A+BTW−1B)−1BT )−1 =W−1 + (BA−1BT )−1. (7.44)

Hence

I −W−1BA−1
W BT (7.44)

= I −W−1(W−1 + (BA−1BT )−1)−1 =

(Woodbury matrix identity) = I − [I + (W−1BA−1BT )−1]−1 =

= I −
[
I − I

(
W−1BA−1BT + I

)−1
I−1
]

= (I +W−1BA−1BT )−1. (7.45)

It is seen that an ideal choice of W is BA−1BT . Since this matrix is unavailable in
practice, possible choice instead W is approximation by BBT . This makes
AW = A+BTW−1B equal to A plus an approximation of a projection matrix.

It is also possible to replaceW withWr = rW , where r ≥ 1 is a parameter. This makes
the matrix in (7.45) equal to (I + rW−1BA−1BT )−1 where W−1BA−1BT is nonsingular,
and hence the matrix block E22 is O(1/r), i.e. small for large values of r and all eigenval-
ues cluster at unity. For accurate such approximations or for large values of r, a Krylov
subspace method will require very few, typically 2 to 4 iterations, assuming sufficiently
small round–off errors.

If C is SPD, one can alternatively let W be an approximation of C. If W is an accurate
approximations of C, then both E12 and E22 are small and few iterations are needed here
also.

7.13.2 Special block triangular preconditioner

For the original matrix A =

[
A BT

B 0

]
the block triangular preconditioner

P = PA =

[
Ar 2BT

0 −Wr

]
can be used, where Ar = A+ rBTW−1B is an augmented matrix.

Although this matrix seems to have little in common with A. It can be shown that it leads
to an efficient spectrum. The following lines are based on private communication with
prof. Axelsson and [8, 9].

The corresponding generalized eigenvalue problem,

λ

[
Ar 2BT

0 −Wr

] [
x
y

]
=

[
A BT

B 0

] [
x
y

]

where Wr =
1
rW , r ≥ 1 and A is assumed to be SPD, is transformed by a similarity trans-

formation, which for the generalized eigenvalue problem corresponds to a multiplication

of the matrices from both sides with C =

[
A

−1/2
r 0

0 W
−1/2
r

]
.
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Since A = Ar −BTW−1
r B, this leads to

λ

[
I 2CT

0 −I

] [
x̃
ỹ

]
=

[
I − CTC CT

C 0

] [
x̃
ỹ

]
(7.46)

where C =W
−1/2
r BA

−1/2
r , because

[
A

−1/2
r 0

0 W
−1/2
r

] [
A+ rBTW−1B 2BT

0 −Wr

] [
A

−1/2
r 0

0 W
−1/2
r

]
=

=

[
A

−1/2
r Ar 2ArB

T

0 −W−1/2
r Wr

][
A

−1/2
r 0

0 W
−1/2
r

]
=

=

[
A

−1/2
r ArA

−1/2
r 2ArB

TW
−1/2
r

0 −W−1/2
r WrW

−1/2
r

]
=

[
I 2CT

0 −I

]
, (7.47)

and [
A

−1/2
r 0

0 W
−1/2
r

] [
A BT

B 0

] [
A

−1/2
r 0

0 W
−1/2
r

]
=

=

[
A

−1/2
r A ArB

T

W
−1/2
r B 0

][
A

−1/2
r 0

0 W
−1/2
r

]
=

[
A

−1/2
r AA

−1/2
r ArB

TW
−1/2
r

W
−1/2
r BA

−1/2
r 0

]
=

=

[
A

−1/2
r ArA

−1/2
r −A−1/2

r BTW−1BA
−1/2
r CT

C 0

]
=

[
I − CTC CT

C 0

]
. (7.48)

From following transformation, where ξ = [x, y]T

λPξ = Âξ

λCPξ = CÂξ

λ CPC︸︷︷︸
(7.47)

C
−1ξ = CÂC︸︷︷︸

(7.48)

C
−1ξ

follows that
x̃ = A1/2

r x, ỹ =W 1/2
r y. (7.49)

Since, [
I 2CT

0 −I

]−1

=

[
I 2CT

0 −I

]
,

it holds

λ

[
x̃
ỹ

]
=

[
I 2CT

0 −I

] [
I − CTC CT

C 0

] [
x̃
ỹ

]
,

or

λ

[
x̃
ỹ

]
=

[
I + CTC CT

−C 0

] [
x̃
ỹ

]
.
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Here [
I + CTC CT

−C 0

] [
I −CT

−C I

]
=

[
I −CT

−C I

] [
I 0
0 CCT

]
,

i.e. [
I −CT

−C I

]
and

[
I 0
0 CCT

]
,

are the eigenvector and eigenvalue matrices, respectively. It follows that the multiplicity
of the eigenvalue λ = 1 is at least n.

To show that the preconditioned matrix is diagonalizable, an orthogonal decomposi-
tion of the eigenvalue matrix is used,

[
I 0
0 CCT

]
=

[
I 0
0 U

] [
I 0
0 D

] [
I 0
0 UT

]
,

where U is orthogonal, UUT = I and D is diagonal. It holds
[
I + CCT CT

−C 0

]
V = V

[
I 0
0 D

]
,

where the eigenvector matrix satisfies

V =

[
I −CT

−C I

] [
I 0
0 U

]
=

[
I −CTU
−C U

]
.

Hence the transformed matrix is diagonalizable with eigenvalues 1 and λi = di = σi(CC
T ),

and eigenvectors (ei,−Cei)T and [−CTUej , Uej ], respectively.
Now CCT = W

−1/2
r BA−1

r BTW
−1/2
r so, by use of (7.44), follows the important rela-

tion,

(CCT )−1 = W 1/2
r (BA−1

r BT )−1W 1/2
r =W 1/2

r (W−1
r + (BA−1BT )−1)W 1/2

r =

= I +W 1/2
r (BA−1BT )−1W 1/2

r .

Therefore σ(CC)T = 1
1+1/(rµ) , where µ is an eigenvalue of µWz = BA−1BT z, z 6= 0.

Since B has full rank, it follows that µ 6= 0, so µ > 0.
Hence, W should indeed be related to the Schur complement matrix BA−1BT . How-

ever, for large values of r the actual choice has less influence on the spectrum of the
preconditioned matrix.

If A is singular and ν = dim N(A), then it has been shown in [5], see also [26] that
the multiplicity of the unit eigenvalue equals n + ν, where A has order n × n. Here µ
are eigenvalues of µAz = BTW−1Bz, z 6= 0, z 6∈ N(A). As pointed out in [5], due to
the increased multiplicity of the unit eigenvalue the rate of convergence increases with
increasing dimension ν of the nullspace to A.

Note 7.4 The identity (BA−1
r BT )−1 = W−1

r + (BA−1BT )−1 used above, follows from
Woodbury formula [65], see the note 7.3 where the desired relation follows now by the
replacement C =W

−1/2
r BA

−1/2
r .
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As was shown above, the preconditioned matrix is diagonalizable. As r → ∞, all
eigenvalues cluster at λ = 1. The eigenvalue bounds 1

(1+ 1

rµmin
)
≤ λ ≤ 1 can be con-

trolled by choosing the parameter r sufficiently large. Unless µmin is extremely small
this leads to an efficient iteration method, such as a preconditioned form of GMRES or
GCG. However, in practice, the arising systems with Ar are solved by an inner iteration
method, perhaps with a variable stopping criteria, so a variable preconditioned version
of the above methods (see [5, 133]) must be used. Or another choice to preconditioning is
to use one of approximations of the inverse, see Section 7.11.

Matrix Ar is computed in every outer iteration, hence is appropriate to find a good
method for finding the solution with matrix Ar. If one chooses W as a diagonal matrix,
one can form the matrix Ar = A+BTW−1

r B by elementwise assembly explicitly and use
e.g. an ILU or AMG method to solve the systems with Ar . Even if W is not diagonal,
one can form local elementwise versions of BTW−1B inexactly during the assembling
process, see e.g. [10] and [97].

However, such a matrixW will be in general somewhat less efficient in getting a good
spectrum of the matrix

FF T =W−1/2
r BA−1

r BTW−1/2
r = I +

1

r
W−1/2BA−1BTW−1/2 (7.50)

since the second term may be ill–conditioned, i.e., it may give many outer iterations. It
can be improved by choosing a larger value of the parameter r, but this produces a more
ill-conditioned matrix Ar, see the following part.

A more efficient choice is W = BBT or BD−1BT , where D is some diagonal matrix
approximation of A. The choice W = BBT makes BW−1BT a projection matrix. For
W = BD−1BT , the matrix P = D−1BTW−1B becomes a projection matrix withBP = B,
since P 2 = P .

If the choice is W = BA−1BT which, however, is infeasible, then the norm of the sec-
ond matrix in (7.50) would equal 1/r, i.e. FF T is very close to the identity matrix for large
values of r, resulting in few outer iterations. The choice D = diagonal approximation of
A is a compromise.

To solve systems with Ar, first multiplies by D−1, to get

Ãr = D−1Ar = D−1A+ rD−1BTW−1B.

This matrix is preconditioned with (I + rP )−1 , e.g. from right. Since (I + rP )−1 =
I − r/(r + 1)P , when P is a projection operator, it holds

Ãr(I + rP )−1 = (D−1A+ rD−1BTW−1B)(I + rP )−1 =

= (D−1A− I + I + rP )(I + rP )−1 =

= I + (D−1A− I)(I − r/(r + 1)P ). (7.51)

Hence, the preconditioning is particularly efficient if D−1A− I has small actions on vec-
tors x ∈ N(B) where Px = 0. For vectors x in the orthogonal complement, the projection
factor results in (I − r/(r + 1)P )x = 1/(r + 1)x, i.e. a small perturbation for large values
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of r. Further, if A is dominated by a mass matrix as in the Darcy region and let D = [di],
di = (Ae)i, e = (1, 1, . . . , 1)T , then D−1(A −D) becomes approximately a difference op-
erator and for smooth vectors x, D−1(A − D)x = O(h2), where h is the mesh size in
the difference or finite element mesh. Hence Ãx = x + O(h2) for such vectors and this
indicates a fast convergence of the iteration method for solving systems with Ar.

Numerical tests

Previous theoretical results need a validation against numerical results. The usage of
special block triangular preconditioner requires solution to the following problem

[
A+ rBTW−1B ξBT

0 −Wr

] [
z1
z2

]
=

[
v1
v2

]
.

From the previous theory, there are three choices for Wr = 1
rW . The first one is W = I ,

the second one is W = BBT , and the third one is W = BDBT , where D is some matrix
approximation of A−1. In following part only the first two are considered, reason are
explained later. Against the previous theory the original term 2BT it PA is replaced by
ξBT , whereas ξ = {0, 1, 2}. It can show the influence of ξBT on total number of iterations.

The first choice of W = I leads to finding of the solution to the following system

[
A+ rBTB ξBT

0 −Wr

] [
z1
z2

]
=

[
v1
v2

]
→ z1 = (A+ rBTB)\(v1 − ξBT z2)

z2 = −rv2 , (7.52)

where the multiplication z2 = −rv2 must be solved first, and after that the solution with
SPD system A+ rBTB has to be found, see the following part for more details.

The second choice of Wr = BBT leads to finding of the solution of following system

[
A+ rBT (BBT )

−1
B ξBT

0 −Wr

][
z1
z2

]
=

[
v1
v2

]
→ z1 = (A+ rBT (BBT )

−1
B)\(v1 − ξBT z2)

z2 = −r(BBT )
−1
v2

,

(7.53)
here also the z2 = −r(BBT )

−1
v2 must be solved first, and after that the solution with

SPD system A+ rBT (BBT )
−1
B has to be solved.

Tables 18 and 19 show the number of iterations for solving the MFEM system for the
model Stokes–Brinkman problem (7.3) by GMRES method with the block precondition-
ers (7.52) and (7.53). Each inner cell contains three numbers, whereas they represent the
number of iterations for each mesh division, gradually 16×16, 32×32, and 64×64.
Someone can see that there is a difference between various choices of matrix Wr, spe-
cially W = I and W = BBT , for small parameter r = 1. But this difference vanish for
bigger parameter r = 1e6. Generally, there is no need to choose the bigger parameter
than r = 1e6, because it increases the number of iterations [9]. There are some differences
at the number of iterations for cases with different parameter ξ, which seems to be ne-
glected for higher parameter r = 1e6. The choice ξ = 0 appears to be positive. It spares
multiplication and subtracting, but the theory is not clear in this case. Hence it can cause
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W = I W = BBT

r/ξ 0 1 2 0 1 2

1e0 17, 25, 25 11, 15, 17 8, 11, 13 3, 3, 3 5, 5, 5 3, 3, 3
1e3 3, 5, 5 5, 5, 5 3, 3, 3 3, 3, 3 3, 3, 3 2, 2, 2
1e6 3, 3, 3 3, 3, 3 2, 2, 2 3, 3, x 3, 3, 3 2, 2, 2

Table 18: The numbers of iteration in order [16×16, 32×32, 64×64] mesh for solving the
MFEM system for the model Stokes–Brinkman problem (7.3) by GMRES (relative resid-
ual accuracy ε = 1e−6) with the block preconditioners (7.52) and (7.53). The table shows
dependency on various choices of matrices Wr, parameter ξ and the mesh size for Ex-
ample 1b. Inner SPD matrices A + rBTB or A + rBT (BBT )

−1
B are solved by direct

solver.

W = I W = BBT

r/ξ 0 1 2 0 1 2

1e0 102, 106, 63 69, 67, 43 36, 37, 26 9, 6, 4 9, 7, 5 5, 4, 3
1e3 15, 23, 52 15, 21, 37 8, 11, 19 3, 4, 4 3, 3, 3 2, 2, 2
1e6 3, 3, 3 5, 5, 5 3, 3, 3 3, 4, 4 3, 3, 3 2, 2, 2

Table 19: The numbers of iteration in order [16×16, 32×32, 64×64] mesh for solving the
MFEM system for the model Stokes–Brinkman problem (7.3) by GMRES (relative resid-
ual accuracy ε = 1e−6) with the block preconditioners (7.52) and (7.53). The table shows
dependency on various choices of matrices Wr, parameter ξ and the mesh size for Ex-
ample 3b. Inner SPD matrices A + rBTB or A + rBT (BBT )

−1
B are solved by direct

solver.

the instability of iterative method. Accordingly to this, author strongly recommends the
usage of parameter ξ = 2, which is in agreement with previous theory.

Comparatively to other types of preconditioning, which were listed above this type
of preconditioning has the smallest number of iterations, which are stable for both Ex-
amples 1b and 3b. But the price paid for small number of iterations is high. The issue is
in the high number of non-zero elements of matrix A+ rBTB and enormous number of
non-zero elements in A + rBT (BBT )

−1
B case, see Figures 73 and 74; and Table 20. This

basically obstructs to use A+ rBT (BBT )
−1
B type of preconditioning for bigger system.

From the same reason the preconditioner of the third type is W = BDBT , where D is
some matrix approximation of A−1, was not considered.

Comparison in Table 20 shows that the choice A + rBTB has acceptable number of
non-zero elements and iterations are similar for bigger r = 1e6. Moreover, Table 20 also
shows, that memory requirements are unacceptable for dense mesh division, compare
Figures 73 and 74. A+ rBTB is SPD system, hence CG method is one of the best options
for finding the solution [133].

In Tables 18 and 19 were shown, that this preconditioner is very good if the direct
solver is used. Iterations up to 3 (theory says up to 2) with inverse block are great. Un-
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W = I W = BBT

mesh/parameter nnz memory size nnz memory size
16× 16 209 361 3.20 Mb 4 186 234 63.89 Mb
32× 32 909 739 13.94 Mb 67 076 285 0.99 Gb
64× 64 3 810 141 58.39 Mb 1.736×109 16.6 GB

Table 20: Comparison of A + rBTB and A + rBT (BBT )
−1
B matrices in parameters of

non-zero elements and memory size in sparse Matlab format.

fortunately, the direct solver is not appropriate choice for bigger problems. The another
issue is in assembling of the system Ar.

Computation of the inverse from matrix W = BBT costs lot of computational time
too, but this can be approximated by (BeB

T
e )

−1
e which is the local form of (BBT )

−1; for
motivation see [9]. Computation of (BEB

T
E)

−1

E during the assembling process is cheap
and without big limitation for computer requirements, because the size of the local in-
verse BEB

T
E ∈ R

4×4. Moreover all multiplications BT
E(BEB

T
E)

−1

E BE can be done locally
and assembled as Ar = A+ rBT

E(BEB
T
E)

−1

E BE .

Results for preconditioner
[
Ar 2BT

0 −Wr

]
are shown in Tables 21. Table 22 shows the

results with the same type of block preconditioner, only with differentAr. By comparison
of Tables 18, 19, 21, and 22 can be seen, that locally approximated version of Augmented
preconditioner is not good preconditioner for the Stokes–Brinkman case. The reasons for
this behaviour are discussed in the following part.

Example 1b Example 3b
r 16x16 32x32 16x16 32x32
1e0 171 375 570 2021
1e3 172 242 379 526
1e6 59 118 93 186

Table 21: Number of GMRES iterations for Augmented type preconditioner where
Ar = A + BT

EBE . Inner system Ar was solved by direct method. Tolerance of GMRES
methods was ε = 1e−6.

The idea of the usage of the element version preconditioner for matrix Ar were taken
from [9], where it provides a good results for Darcy problems. Even if the case of the
Darcy problem is discretized by lowest order Thomas-Raviart elements. Here B is as-
sembled as B =

∑
E∈Th

BE , where BE is the contribution to B from the element E (the
contributions are written in global positions). As piecewise constant basis functions for
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Example 1b Example 3b
r 16x16 32x32 16x16 32x32
1e0 266 274 399 693
1e3 164 407 210 503
1e6 164 408 207 500

Table 22: Number of GMRES iterations for Augmented type preconditioner where Ar =

A+BT
E(BEB

T
E)

−1

E BE . Inner systemAr was solved by direct method. Tolerance of GMRES
methods was ε = 1e−6.

pressure have support restricted to one element, it holds

BTB =



∑

E∈Th

BE




T 

∑

T∈Th

BT


 =



∑

E∈Th

BT
E





∑

T∈Th

BT




=
∑

E,T∈Th

BT
EBT =

∑

E∈Th

BT
EBE .

Thus, the matrix BTB can be assemebled element by element and the sparsity pattern is
the same as for A = M . For example, this is used in [9]. In the case of the Taylor-Hood
Q2−Q1 elements, matrixB is again assembled from element contributions, the difference
is that

BTB =
∑

E,T∈Th

BT
EBT 6=

∑

E∈Th

BT
EBE = X

as the support of basis functions are larger. One approach of the treatment of ill-conditioning
is to use a preconditioner with augmented matrix Ãr = A+ rX . Let the spectral equiva-
lence be considered

c1 〈(A+ rX) v, v〉 ≤
〈(
A+ rBTB

)
v, v
〉
≤ c2 〈(A+ rX) v, v〉 ∀v.

Then it can be seen that the second inequality is good (BTB ≤ 9X, c2 ≤ 9), but the first
one is problematic. The reason is that there are

v ∈ null(BTB)\null(X),

for which c1 (〈Av, v〉+ r 〈Xv, v〉) ≤ 〈Av, v〉 requires very small c1 especially for larger r.
This makes the results of preconditioning hardly predictable.

One way how to avoid this problem is to use different discretization with piecewise
constant pressure, e.g. Q2 − P0, P2 − P0 or isoP2 − P0 pairs instead of the Taylor-Hood
Q2 − Q1 or P2 − P1 elements. See e.q. [56]. For such piecewise constant pressure BT

will be sparse and can be constructed in element-by element way like on Darcy problem
discretized by Raviart-Thomas elements [9]. On the other hand one has to be careful,
because most of piecewise constant pressure elements require usage of the stabilization
matrix C [56].
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Anyway, there still remains to find a solution to matrix Ar, which is ill-conditioned.
One idea can be the usage one of SPD approximative inverse techniques on whole system
A+rBTW−1B from Section 7.11 or Section 7.14. Another possibility is to use the different
technique of preconditiong of matrix Ar as the Incomplete Cholesky factorization. It
is not presented in this thesis, but it was observed good behaviour of the Incomplete
Cholesky factorization for matrix Ar. Mainly it was caused by bigger density of matrix
Ar. One can also use the AGMG method, for more details see Section 7.15, but it is limited
by difference between jumps in coefficients.

Another type of preconditioning is the following method which arises from previous
theory, but tries to avoid the construction of Ar or its local version.

7.13.3 A method based on projections

Let D = LTL be a sparse, SPD approximation of A−1 such as e.g. the diagonal Ddiag and
Dainv or any other approximation introduced in the previous Section 7.11. Then for
W = 1

rBDB
T the augmented matrix is

Ar = A+ rBT (BDBT )−1B

can be approximated by

Ãr = D−1 + rBT (BDBT )−1B = L−1L−T + rBT (BDBT )−1

= L−1
(
I + rLBT (BDBT )−1BLT

)
L−T

= L−1 (I + rP )L−T ,

where P = LBT (BDBT )−1BLT is a projection matrix. Using the projection property,
P 2 = P , systems with (I + rP ) can be solved directly in the following way. A multi-
plication of the equation (I + rP )x = y by P and I − P provides (1 + r)Px = Py, i.e.
Px = 1

1+rPy , and (I − P )x = y − Py. Thus

x = Px+ (I − P )x = y − (1− 1

1 + r
)Py.

Moreover
(I + rP )−1 = I − r

1 + r
P.

As a preconditioner to the matrix Ar, Ãr is used, where

Ã−1
r = LT (I + rP )−1 L = LT

(
I − r

1 + r
P

)
L = D − r

1 + r
DBT (BDBT )−1BD. (7.54)

Here a computation of Py requires a matrix vector multiplication and a solution with a
system with matrix W̃ = BDBT . The preconditioned matrix can be written in the form

LT

(
I − r

1 + r
P

)
L
(
A+ rBT (BA−1BT )−1B

)



155

with the spectrum equal to the spectrum of the matrix

(
I − r

1 + r
P

)
L
(
A+ rBT (BA−1BT )−1B

)
LT =

=

(
I − r

1 + r
P

)
(LALT + rP ) = I +

(
I − r

r + 1
P

)
(LALT − I).

It is seen that an iteration method with this matrix works efficiently if the residuals
(LALT − I)x have small components in N(B). The second factor damps the residual
components in N(B)⊥ with a factor 1/(r + 1).

The performed numerical tests first use the simplest choice D = diag(A). The outer
iterations for solving the system with matrix A are performed by GMRES with the pre-
conditioner P,

Â =

[
A BT

−B 0

]
, P =

[
Ar ζBT

0 Wr

]
, Wr =

1

r
BDBT . (7.55)

The system Ar = A + rBT (BDBT )−1B is solved by inner GMRES iterations with inner
preconditioner Ãr introduced above. The application of Ã−1

r requires to solve one system
with W = BDBT twice. If this solution is found by direct solver, then numerical results
are shown in Tables 23 and 24. Algorithm 9 describes the usage of previous augmented
preconditioner with projection based inner preconditioner and it follows from previous
theory. Finding the solution to the system W is provided by Matlab ’backslash’ opera-
tor. This method can be upgraded by finding the solution of the system W by AGMG
method, for more details follow the AGMG section 7.15 or PCG method with usage some
of approximative inverse method from Section 7.11. But comparison in iterations of S is
not main goal in this section.

Tables 23 and 24 show that preconditioner (7.55) solved by Algorithm 9 strongly de-
pends on parameter ζ and r. Whereas it holds, the bigger r the smaller is number of
outer iterations. Of course this has own limits, see Section 7.13. There are also differences
in outer iterations for parameter ζ. It can be seen that there is an option to use ζ = 0,
which leads to avoiding of the computation with matrix BT . It was mentioned at Section
7.13 that it is strongly recommended by author to use ζ = 2 and of course the results
are better. Almost no differences in iterations between both Examples makes this type of
preconditioning very robust against jumps in coefficients. The disadvantage is at higher
number of operations, need for the usage of GMRES twice, and solving the system W
twice, see Algorithm 9. This makes this type of preconditioning time consuming.
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/* D = LTL is an approximation to A−1
*/

Data: Load matrix A ∈ R
n×n and its approximation of the inverse D ∈ R

n×n.
Data: Load matrix B ∈ R

m×n

Data: Load right-hand side b ∈ R
n×1

/* Setting of AF */

AF =

[
A BT

B 0

]
;

/* Setting ArA+ rBT (W )−1B, r = 1e? parameter */

W = BDBT ;

/* implementation P =

[
Ar ζBT

0 Wr

]
*/

x = gmres(AF,b,[],1e-6,n+m,@precon1);
/* ----------- precon1 - start ------------- */

/* rr = inv(P)z */

function rr = precon1(z);
z1 = z(1:n);
z2 = z(n+1:n+m);
rr2 = −rW\z2;
z1a = ζBT rr2;
rr1 = gmres(@Ar_fun,b,[],1e-6,n+m,@precon2);
/* ----------- precon1 - end -------------- */

;
/* ----------- Ar_fun - start ------------- */

/* Application of Ar */

function yar = Ar_fun(xi);
yar = Axi + rBT (W\(Bxi));
/* ------------ Ar_fun - end -------------- */

;
/* ----------- precon2 - start ------------- */

function yy = precon2(xii);
px = Dxii ;

yy = px -
(

r
r+1

)
DBT (W\(B · px));

/* ----------- precon2 - end -------------- */

;

Algorithm 9: Augmented preconditioner with projection based inner precondi-
tioner.
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r=1e0 r=1e3 r=1e6
mesh ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2

Ddiag

16x16 17(43) 15(44) 8(46) 3(44) 5(43) 3(41) 2(43) 3(41) 2(43)

32x32 17(77) 14(78) 7(81) 3(83) 5(79) 3(78) 2(81) 3(77) 2(83)

64x64 15(140) 13(140) 6(141) 3(158) 5(147) 3(148) 2(157) 3(145) 2(164)

Das

16x16 21(37) 13(38) 9(38) 3(36) 5(36) 3(38) 3(37) 3(36) 2(36)

32x32 21(65) 18(65) 9(68) 3(69) 5(67) 3(65) 2(68) 3(68) 2(70)

64x64 19(110) 16(115) 7(122) 3(131) 5(124) 3(122) 2(131) 3(127) 2(140)

Dainv

16x16 18(26) 11(25) 8(25) 3(25) 5(26) 3(24) 3(28) 3(25) 2(42)

32x32 17(46) 16(47) 8(48) 3(53) 5(51) 3(49) 2(53) 3(53) 2(54)

64x64 17(82) 14(85) 7(86) 5(98) 5(95) 3(91) 4(112) 3(97) 2(99)

Table 23: Table for Example 1b shows the numbers of outer GMRES iterations and in
parentheses average number of inner GMRES iterations per one outer iteration. Outer
iterations solve the system with matrix A and use preconditioner P, see (7.55). Inner
iterations solve the system with the augumented matrix Ar = A + rBTW−1B, where
W = BDB′. The preconditioner Ãr is implemented via the projection technique (7.54).
Application of Ã−1

r involves solution of the system with W , which is found by a direct
solver. Application of P involves further solution of system with W , which is handled
in the same way. Both inner and outer iterations were solved by GMRES method with
ε = 1e−6.

7.14 Two level preconditioner

Following type of preconditioning (7.57) was created by author of this thesis. This type
of preconditioner was chosen because it uses the SPD system A+BTB for which is hard
to find the good preconditioner (see Section 7.13). (7.57) can be an interesting alternative
to previous types of preconditioning. It is similar to Augmented type of preconditioning,
because it leads to SPD system A+BTB. The idea is to use some approximation inverse
technique (Ddiag, Das, or Dainv ) as preconditioning of A+BTB system.

Suggested type of preconditioner has the form

P =

[
A BT

B − 1
αI∗

]
, (7.56)

where α is coefficient and I∗ is some form of the diagonal matrix. Saddle point (7.3)
system for the Stokes–Brinkman equation has zero matrix at (2,2) block. Is similar to
(7.3), but (2,2) block is replaced to some type of identity matrix.

There can be several choices for taking diagonal entries of I∗. It can be taken as di-
agonal of BBT matrices multiplication or the inverse of this diagonal matrix similar to
W choices in Section 7.13. Moreover it can be multiplied by physical properties from the
Stokes–Brinkman equation (see Appendix C.2), because in this case it can help to avoid
to some numerical perturbations by smoothing the jumps in coefficients. Anyway, it was
taken as identity matrix for the purpose of this section.
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r=1e0 r=1e3 r=1e6
mesh ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2

Ddiag

16x16 18(46) 13(47) 8(46) 3(44) 5(44) 3(41) 2(44) 3(43) 2(45)

32x32 17(77) 13(80) 7(85) 3(79) 5(77) 3(72) 2(79) 3(76) 2(81)

64x64 15(121) 13(128) 7(145) 3(138) 5(137) 3(126) 2(137) 3(139) 2(144)

Das

16x16 22(44) 13(45) 9(45) 3(41) 5(42) 3(41) 2(41) 3(41) 2(41)

32x32 20(77) 13(80) 9(79) 3(79) 5(78) 3(76) 2(77) 3(77) 2(79)

64x64 19(132) 15(132) 8(141) 3(149) 5(138) 3(139) 2(148) 3(146) 2(147)

Dainv

16x16 18(25) 11(26) 8(26) 3(24) 5(25) 3(23) 2(24) 3(25) 2(25)

32x32 18(45) 11(46) 8(48) 3(48) 5(47) 3(44) 2(47) 3(48) 2(47)

64x64 16(80) 14(80) 11(88) 3(89) 5(86) 3(82) 2(90) 3(84) 2(92)

Table 24: Table for Example 3b shows the numbers of outer GMRES iterations and in
parentheses average number of inner GMRES iterations per one outer iteration. Outer
iterations solve the system with matrix A and use preconditioner P, see (7.55). Inner
iterations solve the system with the augumented matrix Ar = A + rBTW−1B, where
W = BDB′. The preconditioner Ãr is implemented via the projection technique (7.54).
Application of Ã−1

r involves solution of the system with W , which is found by a direct
solver. Application of P involves further solution of system with W , which is handled
in the same way. Both inner and outer iterations were solved by GMRES method with
ε = 1e−6.

The preconditioner can be rewritten separately, where z is unknown and v is the right
hand side, as

Az1 +BT z2 = v1
Bz1 − 1

αI∗z2 = v2

}
→ z1 = (A+ αBT I−1

∗ B)
−1

(v1 + αBT I−1
∗ v2),

z2 = αI−1
∗ (Bz1 − v2) .

(7.57)

The finding of z1 in (7.57) equals to solving to the SPD system. This system is solved by
PCG method [133]. PCG method needs a good preconditioner for solving SPD system
A+αBT I−1

∗ B. On a cases with small dimension, it was tested, that inverse A−1 is a good
preconditioner for this system, see Table 25 and 26. Unfortunately finding A−1 is more
expensive than solving the system A + αBT I−1

∗ B. Hence three methods of finding the
approximative inverse of A−1 are used. The reasons why only approximation of A−1 is
used, are that BTB ≈ Laplacian operator - this system is well-preconditioned by itself;
and generally system A from the Stokes–Brinkman model can contain the jumps in the
coefficients. Hence system A is the main source of ill-conditioning. The structure of
A+ αBT I−1

∗ B is depicted in Figure 73.

Finding of the second term z2 in (7.57) is done just by multiplications and addition,
which is faster than finding the z1 by PCG. Anyway, finding both of them can be paral-
lelizable.
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Numerical results

Solutions of saddle point system (7.3) were done by GMRES method [133], which was
preconditioned by (7.56). The SPD system in (7.57) was preconditioned by different in-
verse approximation D from Section 7.11. The results are showed in Tables 25 and 26.
Tables 25 and 26 show the dependency of number of iterations of GMRES outer solver
(number out of brackets) and PCG inner solver (number in brackets), both solvers had
precision eps = 1e−6. Numbers of iterations it the outer solver are almost the same for
all options of approximate inverse. They decrease with decreasing α. On the other hand,
the numbers of the inner iterations increase with decrease α.
As a matter of facts, it is convenient to use small parameter α for small cases and solve
the inner SPD system in preconditioner (7.57) by direct solver. On the other hand, it is
appropriate to solve bigger systems (7.3) with α = 1 and do more outer iterations and
less inner iterations. Tables 25 and 26 compares the ”quality” of approximate inverses
in dependency in outer and inner iterations. Table 25 shows that the best approximate
inverse from presented options is SPD sparse approximate inverse D = Dainv = LLT .
Table 25 describes the Example 1b case and Table 26 describes the Example 3b.

Precon type mesh \α 1e2 1e1 1e0 1e-1 1e-2

Ddiag

16x16 2(217) 3(118) 7(53) 15(39) 21(41)
32x32 2(342) 5(132) 10(73) 19(74) 18(78)
64x64 3(318) 7(119) 19(94) 21(103) 24(105)

Das

16x16 2(168) 3(97) 7(41) 15(31) 21(33)
32x32 2(269) 5(107) 10(54) 19(58) 18(61)
64x64 3(305) 7(120) 14(106) 17(113) 19(112)

Dainv

16x16 2(142) 3(88) 7(38) 15(23) 21(22)
32x32 2(235) 5(100) 10(46) 19(40) 18(41)
64x64 3(279) 7(107) 15(75) 17(75) 19(76)

A−1 32x32 3(24) 5(19) 10(9) 17(4) 15(3)

Table 25: The comparison of the number of outer GMRES iterations and average num-
ber of inner PCG iterations (in brackets) in every outer iteration depending on α for the
Example 1b. Outer solver has the relative residual accuracy ε = 1e−6 and inner has
the relative residual accuracy ε = 1e−7. Blocks of rows represent various types of the
inner preconditioner (approximate inverse) for SPD system (7.57). Inner rows in blocks
represent mesh division.

The preconditioner (7.56) was tested on two Examples 1b and 3b. This type of precon-
ditioning tested the efficiency of approximation of the inverse A−1 and shown another
type of preconditioning which can be successfully used for the Stokes–Brinkman case.
As was mentioned above, all methods can be parallelizable. Note, (7.3) with this type of
preconditioning (7.56) can be solved by MINRES method [56], but it was not used in this
thesis due to clear comparison to previous types of preconditioners.
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Precon type mesh \α 1e2 1e1 1e0 1e-1 1e-2

Ddiag

16x16 15(334) 29(156) 36(64) 22(46) 20(49)
32x32 25(416) 48(150) 37(77) 25(82) 18(88)
64x64 43(378) 51(148) 28(136) 22(149) 17(161)

Das

16x16 15(256) 29(143) 35(51) 22(44) 20(46)
32x32 25(357) 48(125) 37(64) 25(76) 16(80)
64x64 43(303) 51(111) 28(119) 21(136) 17(143)

Dainv

16x16 15(231) 29(120) 36(47) 23(25) 21(24)
32x32 25(345) 48(115) 37(50) 25(42) 17(45)
64x64 43(290) 51(99) 28(74) 22(80) 17(81)

A−1 32x32 25(100) 48(35) 36(12) 24(5) 13(3)

Table 26: The comparison of the number of outer GMRES iterations and average num-
ber of inner PCG iterations (in brackets) in every outer iteration depending on α for the
Example 3b. Outer solver has the relative residual accuracy ε = 1e−6 and inner has
the relative residual accuracy ε = 1e−7. Blocks of rows represent various types of the
inner preconditioner (approximate inverse) for SPD system (7.57). Inner rows in blocks
represent mesh division.

In the tables 25 and 26 the dependency of iterations on parameter α can be seen. Pa-
rameter α has the influence at the systemA+αBT I−1

∗ B, which is preconditioned by inex-
act inverse of the matrix A. In both tables can be seen the decreasing number of the inner
iterations for decreasing parameter α. It is caused by decreasing influence of BT I−1

∗ B at
matrix A + αBT I−1

∗ B. Positive property are similar numbers of the inner iterations of
Dainv for both Examples which grow with factor 2. It says that approximative inverse
techniques are robust against jumps in coefficients in this case of preconditioning. The
numbers of outer iterations mostly grow with increasing mesh size for the Example 1b.
But this phenomena can not be observed for the Example 3b where the numbers of outer
iterations are decreasing with the increasing mesh size. Generally the total number of
inner iterations gets higher with increasing mesh size.

This type of preconditioning has one big issue. One can observe decreasing num-
ber of outer iterations with decreasing α, but it is important to realize that it changes the
solved system. Hence, when the solution

(
ui, pi

)
obtained from GMRES iteration method

is compared with the solution (u∗, p∗) obtained by direct solver, than for α < 1e−3 the
difference between

∥∥(ui, pi
)
− (u∗, p∗)

∥∥
∞
> 0.01! Than the higher precision of GMRES

code is necessary, but it increases the total number of iterations. In summary, this type
of preconditioning helps to measure the quality of approximation of the inverse A−1

and it brings new easily computed approach of preconditioning of the system (7.3). In
some sense, it can be extended about work with I∗ in (7.56). Especially, it can be re-
placed by combinations diag(BBT )

−1 , diag(BDBT )
−1, diag(BBT ) etc. There is an option

to use some diagonal matrix created from parameters of hydraulic conductivity which
can smooth the jumps in coefficients, see Appendix C.2. Or just use the multiplication
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Precon type I−1
∗ \α 1e2 1e1 1e0 1e-1 1e-2

Ex. 1b

diag(BBT )
−1 5(674) 5(534) 5(376) 5(193) 9(81)

diag(BDBT )
−1 7(235) 9(99) 13(46) 20(41) 18(42)

diag(BBT ) 32(58) 29(55) 22(46) 21(42) 18(42)
diag(BDBT ) 7(385) 8(150) 10(53) 18(41) 18(42)

1e−3 · I 38(61) 30(55) 22(46) 21(41) 18(72)
weight diag. 64(886) 43(506) 27(198) 21(69) 18(45)

Ex. 3b

diag(BBT )
−1 4(2895) 6(1654) 4(620) 4(207) 8(80)

diag(BDBT )
−1 24(320) 38(124) 37(47) 26(44) 17(46)

diag(BBT ) 237(66) 222(60) 61(50) 28(46) 17(47)
diag(BDBT ) 44(411) 17(156) 37(57) 24(43) 16(45)

1e−3 · I 312(65) 226(61) 61(50) 28(47) 17(47)
weight diag. (>10000) 52(9631) 17(80) 13(75) 11(71)

Table 27: The comparison of the number of outer GMRES iterations and average number
of inner PCG iterations (in brackets) in every outer iteration depending on α for the both
Examples 3b and 1b. Blocks of rows represent various types of I−1

∗ in (7.57). Here only
mesh 32x32 and D = Dainv as inner preconditioner are considered. Outer solver has the
relative residual accuracy ε = 1e−6 and inner has the relative residual accuracy ε = 1e−7.

of the identity matrix due to scaling of parameters, see Section 7.4.1. For brief compari-
son of basic modifications of I−1

∗ see Table 27 where again holds for α < 1e−3 than the
difference between

∥∥(ui, pi
)
− (u∗, p∗)

∥∥
∞
> 0.01. Similar tables should be done for an-

other mesh size and D, but the number of tables will be enormous. Due to provided
results, it is easy to see that these modifications in this case of preconditioning do not
bring any significant improvement in total number of iterations, compare Table 27 with
Tables 25 and 26.

7.15 AGMG

In this section the iterative solution algorithm with AGgregation-based algebraic Multi-
Grid is used. It was created by "Yvan Notay", [117]; available from web page:
http://homepages.ulb.ac.be/∼ynotay/

As a preconditioner is used

P =

[
A 0
B −Sebe

]
, (7.58)

where Sebe is element-by-element Schur complement. Compare this preconditioner with
Del in Section 7.11, which is created in similar way. This preconditioner is motivated by
[6, 10, 21, 53]. The classical Schur complement S needs the inverse matrix A. With exact
inverse the solution is found in 2 iterations [5]. However, the computation of the exact
inverse costs at least O(n3) by usage the Gauss—Jordan elimination method. Hence, the
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exact Schur complement is not good candidate from the numerical point of view. It was
proven in [10] that local element-by-element Schur Sebe is a good approximation of exact
Schur complement.

The preconditioner (7.58) can be separated onto solving to two systems

Az1 = v1
Bz1 −Sebez2 = v2

}
→ z1 = A\v1,

z2 = Sebe\(Bz1 − v2).
(7.59)

The first equation represents the computation with matrixA, which is SPD matrix. The sec-
ond equation is also the computation with SPD matrix with multiplied vector from pre-
vious computation. Both matrices A and Sebe are SPD and both are solved by AGMG
method.

Table 28 shows the number of iterations for system (7.3) solved by GMRES method,
where the sub-computations in the preconditioner (7.59) were solved by PCG method
with AGMG preconditioning technique. Computed results correspond with Figures 85
and 86, whereas the Example 1b has stable outer and inner iterations. On the other hand
Example 3b does not have a stable outer iterations and furthermore it has a decreasing
number of outer iterations. Reason for higher number of outer iterations is in matrix Sebe
and it will be explained later.

Figures 85 and 86; and similar which will follow compute generalized eigenvalue
problem. Where x-axis represents the size of the problem (total number of eigenvalues)
and the y-axis represents the sorted eigenvalues of the symmetric matrix which arises
from multiplication of inverse of approximation of the Schur complement with exact
Schur complement.

Figure 93 displays the ideal case where the exact inverse plots all eigenvalues as func-
tion equals one. It contains the exact A−1 and it guarantees finding of the solution to two
iterations. Figure 85 and 86 show the eigenvalues of eig(S−1

ebeS) for both problems. It can
be seen, that most eigenvalues are around one, this is good property from the numerical
point of view. The difference between the ideal case (Figure 91) to Figures 85 is smaller
than difference between the ideal case to Figures 86.

Figures 86 does not show the distribution of eigenvalues around function equals to
one as in Figure 91. Hence, the preconditioner (7.58) does not do a good job. It is caused
by unknowing of the global information about parameters for the local elements. In sim-
ple terms, the local element contains some information about viscosities or permeability
tensor, but it does not know anything about neighbourhoods elements, which can have
a different properties. As in this Example 3b, inverse of permeability was close to 0 in
Stokes region and very high (20000) in Darcy region, see Section 6.5. Example 1b is closer
to ideal case (Figure 91), because the jumps in coefficients are smaller than in case of Ex-
ample 3b. On the other hand, when the problem is purely the Stokes or the Darcy without
jumps in coefficients, then the (7.58) with AGMG method exhibits good properties with
small number of iterations, see [10, 53, 56, 118]. But generally AGMG method and Sebe
approximation has a bigger problems as the jumps in coefficients are higher, the reasons
are described in [148]. The following section contains some suggestions how to improve
the quality of the approximation of the Schur complement.
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Figure 85: eig(S−1
ebeS) for the Example 1b

(4×4 mesh).
Figure 86: eig(S−1

ebeS) for the Example 3b
(4×4 mesh).

Block triangular preconditioner solved by AGMG method
Mesh
size

Example 1b Example 3b

Outer it.
Inner it.

A
Inner it.
Sebe

Outer it.
Inner it.

A
Inner it.
Sebe

16x16 16 10 2 60 9 4
32x32 16 10 2 55 11 4
64x64 16 10 2 41 11 5

Table 28: Solution properties of Example 1b and Example 3b at different meshes. Outer
iterations were solved by GMRES method with (7.58) preconditioner. Inner matrices in
block triangular preconditioner (7.58) were solved by PCG method with AGMG precon-
ditioning method. All stopping criteria were 1e−6.

7.15.1 Element-by-element Schur complement approximation

Previous section discovered that the usage of the Sebe, created similarly to Algorithm 3 in
Section 7.11, is not so good approximation of the exact Schur complement S.

In Algorithm 3 is used At = Alocal + µh2Ie. Here the Sebe is the assembling of local
Schur complement computed as follows

Slocal = Blocal(Alocal + µh2I)
−1
BT

local, (7.60)

where µh2I regularizes the Alocal. It must be, otherwise Alocal is singular in the Stokes
domain. It should be small enough to not influence the precision of the (Alocal)

−1, but
also big to ensure the regularity of the Alocal.

The best approximation of the exact Schur complement is to compute with exact A−1,
which creates the same exact Schur complement S. Such case can be seen in Figure 91.
It is obvious that multiplication eig(S−1

D S), where D = A−1, creates the identity matrix
and all eigenvalues are ones. This represents the ideal case and the more close to this
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Figure 87: eig(S−1
ebeS) for the Example 3b

(16×16 mesh).
Figure 88: eig(S−1

ebe_2×2S) for the Exam-
ple 3b (16×16 mesh).

situation, the better approximation. Figures 85 and 86 show the quality of the approxi-
mation of the Sebe against the S. It was proven in [53], that Sebe is good approximation
of S, but it computes with stable parameters. The case of varying coefficients has the in-
fluence in Sebe and it has worse approximation properties to S, reasons were introduced
above, but shortly local elements does not know any information about parameters of its
neighbourhoods and their contributions are not involved.

There is another issue connected with computation by (7.60). With increasing dimen-
sion, of the term µh2I increases ’the tail’ of the curve drawing the quality of the Schur
approximation, compare Figures 86 and 87. It seems that the approximation of S by Sebe
should be worse with increasing dimension of the problem, but it is not. As the h→ 0 the
approximation of S by Sebe is better and increasing ’tail’ is created only by a few eigen-
values. Most eigenvalues of them stay around value of one. This confirms the Table 28.

For example, the Example 1b contains two domains the Darcy’s ΩD and the pure
Stokes’ domain Ωf . It was discussed in Section 7.4 that local matrix of matrix A is SPD
in Darcy domain, but only symmetric positive semidefinite in Stokes domain, because
K−1 = 0 and mass matrix is zero in this domain. Hence, matrix Alocal is regular only in
the the Darcy’s domain ΩD and consequently its inverse can be done. It was observed
during numerical tests that the inverse of the term µh2I significantly changes the result
of (7.60). Comparison was done for inverses with purelly Darcy’s domains for (7.60)
with and without µh2I . The global difference between Sebe and S decrease with smaller
division, but the ’tail’ grows. This all causes instabilities in the number of outer iterations.

One way how to avoid the usage of µh2I in (7.60) is to use K−1 6= 0 in Ωf , then Alocal

is SPD, i.e., invertible. As was discussed in Section 6.2, K−1 = {0, 20, 2e5}, 0 in the Stokes
domain and non-zero elsewhere. The main idea is to replace K−1 = 0 in the Stokes
domain by K−1 = 1e−8. Such value ensures the SPD of Alocal and it is incomparable
to the others values of K−1. For such change the significantly better improvement of
approximation of Sebe to S was observed.
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Figure 89: eig(S−1
ebe_2×2S) for the Exam-

ple 3b (32×32 mesh).
Figure 90: eig(S−1

ebe_4×4S) for the Exam-
ple 3b (32×32 mesh).

As was mentioned above, one issue is the lack of knowledge of parameters of one
given elements to its adjacent elements. This can be improved by the computation of
the Sebe on 2×2 mesh. It overlaps the boundary which contains the jumps in coeffi-
cients between the elements. Thereupon, it improves the approximation properties of
the element-by-element Schur complement, because the Sebe_2×2 contains the jumps be-
tween the coefficients. The results of eig(S−1

ebe_2×2S) for Example 3b on 16×16 mesh shows
Figure 88. The Sebe_2×2 was used with modification K−1 = 1e−8 in free flow region which
assures the SPD property of Alocal. It can be seen that the Sebe_2×2 exhibits better approx-
imation properties than the Sebe. Compare Figures 87 and 88.

Unfortunately, Sebe_2×2 is not robust with mesh size, i.e. the ’tail’ from the approxi-
mation is getting worse with mesh size, but not as well as in he case of Sebe, see Figure 89.
This can be slightly improved by 4×4 overlapping version of Sebe_4×4, which is naturally
better approximation of the Schur complement. The comparison among the Sebe_2×2 and
the Sebe_4×4 shows Figures 89 and 90.

From computation point of view, work with inverse ofAlocal in (7.60) costs some com-
putational power. For the Sebe matrix Alocal ∈ R

18×18 and resulting Slocal ∈ R
4×4. This in-

verse ofAlocal must be doneN -times, whereN is total number of elements. The Sebe_2×2 ∈
R
9×9 version works with Alocal ∈ R

50×50 and it must be repeated (
√
N − 1)2 on square

domain. The last presented version Sebe_4×4 ∈ R
25×25 needs (

√
N − 3)2 times the inverse

of the Alocal ∈ R
162×162. It is obvious that higher overlapping improves the quality of

the approximation of the Schur complement, but it also increases the size of Alocal from
which the inverse is computed. The Sebe_4×4 is the highest acceptable version, because
it contains sufficient information about adjacent elements to given element, computation
of the Alocal ∈ R

162×162 is tolerable.

From the previous construction of the approximation of the Schur complement is ob-
vious that any version of the Sebe is parallelisable and it is done during FEM processing.
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Figure 91: eig(S−1
D S) for the Example 3b

(16x16 mesh), where D = A−1.
Figure 92: eig(S−1

D S) for the Example 3b
(16x16 mesh), where D = diag(A−1).

The weak point is creation of the ’tail’ in Figures 85 to 90, which represents the highest
eigenvalues 11.

The quality of the other the Schur complements, created by approximation of the
inverse techniques introduced in Section 7.11, depicts Figures 91 to 100. It corresponds
with presented theory about quality of the approximation of the inverse A−1. It shows
that the approximation of the inverse A−1 can be used as some approximation of the
Schur complement S, not only as inner preconditioner for the system with matrix A.

The most valuable is the exact inverse D = A−1 in Figure 91, but its computation is
very impractical due to complexity of the computations, as was said above. The quality
of others approximation of the inverse is discussed through Chapter 7. Only one note,
the Frobenius norm in Algorithm 5 is 18.94 in Figure 97. Figure 98 has the Froben. norm
17.97 and the number of non-zero elements is 8130. Figure 99 has the Froben. norm 10.06
and the number of non-zero elements is 23 610. Figure 100 has the Froben. norm 14.68
and the number of non-zero elements is 30 834.

In the following section the results of preconditioner (7.58) with different approxi-
mation of the Schur complement are mentioned, compare figures in this section with
Table 30.

7.15.2 Various usage of AGMG method in previous preconditioners

As was mentioned above, AGMG method works as preconditioner for SPD matrix. In
this thesis the SPD matrices in many places are used, remember e.g. on matrices A from
system (7.3), matrices αI+A and α2I+BBT from the HSS preconditioner, various matri-
ces multiplications from Section 7.8.2, Augmented matrices Ar from Section 7.13, Schur

11Motivated by articles [98] and [99] of Prof. Dr. Johannes Kraus, author tried to work with local elements
with involved the Dirichlet boundary conditions, which could be better for this type of preconditioning. But
it did not bring a improvement yet, as it should be, hence it remains unsolved and it will be a subject for
further identification. In previous articles is presented work with appropriate big enough overlapping, for
this reason, it is better to work with Sebe_4×4.
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Figure 93: eig(S−1
D S) for the Example 3b

(16x16 mesh), where D = Das.
Figure 94: eig(S−1

D S) for the Example 3b
(16x16 mesh), where D = Del.
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Figure 95: eig(S−1
D S) for the Example 3b

(16x16 mesh), where D = DF1
as .

Figure 96: eig(S−1
D S) for the Example 3b

(16x16 mesh), where D = Dainv.
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Figure 97: eig(S−1
D S) for the Example 3b

(16x16 mesh), where D = Dband - band-
width = 1.

Figure 98: eig(S−1
D S) for the Example 3b

(16x16 mesh), where D = Dband - band-
width = 5.
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Figure 99: eig(S−1
D S) for the Example 3b

(16x16 mesh), where D = Dband - band-
width = 50.

Figure 100: eig(S−1
D S) for the Exam-

ple 3b (16x16 mesh), where D = Dband -
bandwidth = 100.

complement S and its approximation, and many others which were used in this thesis.
Most of them needs to be solved as inner system(s) in various types of preconditioning.

The following part presents the result of the usage of AGMG method as automatic
preconditioner for most of mentioned SPD systems.

In Section 7.9 the HSS preconditioner was introduced. The HSS preconditioner works
with two inner systems. The first one is αI+A and the second one is α2I+BBT . Clearly,
both are SPD.

Example 1b Example 3b
alfa 16x16 32x32 64x64 16x16 32x32 64x64
1e0 440(2,2) 948(2,1) 2191(2,1) 970(3,2) 1733(2,1) 2774(2,1)
1e-1 278(2,4) 707(2,3) 1788(2,2) 347(5,4) 862(4,3) 1902(3,2)
1e-3 25(5,8) 46(6,8) 94(6,6) 64(6,8) 77(6,9) 111(6,9)
1e-5 37(8,8) 54(8,10) 65(9,10) 40(7,8) 58(9,9) 90(9,10)

Table 29: The numbers of iterations for solving the FEM system for the model problem of
both Examples by GMRES (relative residual accuracy ε = 10−6) with HSS preconditioner
(7.17). The table shows the dependency of the number of iterations on parameter α and
the mesh size. Where the first number denotes the outer GMRES iterations and the num-
bers in brackets denote the number of iterations of both SPD inner systems αI + A and
α2I + BBT , which were solved by a PCG method with AGMG preconditioner (relative
residual accuracy ε = 10−6).

Table 29 shows the computation with HSS preconditioner, where the inner systems
αI + A and α2I + BBT were solved by PCG method with AGMG preconditioner. The
first number in the bracket represents the average number of PCG iteration for αI+A per
every outer iteration and the second number represents the number of PCG iterations for
system α2I + BBT . It can be seen that the number of outer GMRES iterations decreases
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with the decreasing parameter α. It copies the Tables 6 and 7, which represents the same
except that inner systems were solved by the direct solver.
In Table 29 can be seen that the average number of inner iterations grows with the
decreasing parameter α. It is caused by the stabilization property on the solved sys-
tems. In the case of α = 1e0 then identity matrix is added and in the case of α =
1e−5 the ill-conditioning of solved system is manifested. Higher value of α changes
the solved system A+ αI and it does not work as good preconditioner for original prob-
lem. There is small difference in the iterations between the inner systems, although main
ill-conditioning and jumps in coefficient are in system αI +A.

In comparison the HSS preconditioner with the AGMG method against the original
HSS preconditioner (7.17) requires almost the same number of outer iterations. Number
of inner iterations is smaller than in case where matrix A is preconditioned by some
approximative inverse technique.

Next tested preconditioner were RHSS preconditioner, see Section 7.10. Here the test-
ing with with AGMG method for inner system A and BBT is not mentioned, because
RHSS preconditioner is robust against the value α and the results of outer iterations will
be the same. The inner systems are similar to results from Table 29 with smaller value α.

The following preconditioner was the Modified block triangular matrix precondi-
tioner (7.35), see Section 7.12, which is similar to (7.58) preconditioner. The previous
results show that both have almost the same number of the outer iterations. In some
cases the (7.35) requires smaller number of outer iterations but the difference in never
higher than three iterations. Due to this only with preconditioner (7.58) is worked in the
this section, see Appendix B for comparison results.

Table 30 connects to the initial part of this section. It shows the number of outer
and two inners interactions for preconditioner (7.58), where the the first number (out
of bracket) represents the number of outer GMRES iterations of matrix A with precon-
ditioner (7.58). The first number in the bracket is the number of inner iterations of the
solution with the matrix A, which were solved by PCG method with AGMG precondi-
tioner. The second number in the bracket represents the number of inner iterations of
the solution with the various approximation of the Schur complement by some of the
methods from Section 7.11 and Section 7.15.1.

Table 30 reflects the result from Figure 85 to Figure 100 in Section 7.15. Generally, the
better approximation of the Schur complement complement to exact Schur complement
is, then the lower number of outer iterations is. Row in Table 30 - Identity matrix shows
the numbers when only S ≈ BBT is used. Obviously this is not a good approximation of
the Schur complement. On the other hand the usage of the exact Schur complement
S = BA−1BT gives the best possible results for outer number of iterations. This is lim-
ited, due to computation of A−1. The cases for 64×64 mesh for computation of the exact
Schur complement required unusable amount of memory.

One can observe the difference between the inner iterations to the exact Schur case
and other cases. All numbers in bracket represent the average number of all iterations
required to solution finding. The number of inner iterations depends on the right-hand
side and initial guess which as the zero vector were always chosen. This explains the
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Example 1b Example 3b
type/mesh 16×16 32×32 64×64 16×16 32×32 64×64

Identity matrix 38(10,9) 61(11,10) 93(11,11) 78(10,18) 105(11,10) 125(12,10)
A−1 2(18,12) 2(20,12) -(-,-) 3(15,10) 2(21,13) -(-,-)
Ddiag 32(11,9) 52(11,10) 79(11,11) 31(10,9) 49(12,10) 67(13,10)
Del 27(11,8) 33(11,9) 43(12,10) 37(10,8) 36(12,9) 40(12,10)
Das 22(10,8) 34(11,9) 55(12,9) 21(11,8) 31(13,9) 47(13,9)
DF1

as 20(10,8) 32(12,9) 52(12,9) 19(11,8) 23(13,9) 45(13,10)
Dainv 21(10,8) 33(12,9) 52(12,9) 20(11,9) 23(13,9) 45(13,10)
Sebe_2×2 17(10,2) 18(11,2) 17(11,2) 33(9,4) 45(10,4) 42(11,5)
Sebe_4×4 16(10,2) 17(11,2) 17(11,2) 28(10,4) 40(11,4) 46(11,5)

Table 30: The numbers of outer iteration (number out of bracket) for solving the system A

with preconditioner (7.58) in dependency on various approximation of the Schur comple-
ment, Examples, and mesh sizes. The numbers of inner iterations are inside the bracket,
the left hand side number represents the solution with system A and the second number
represents the solution with approximation of the Schur complement. Both matrices by
PCG method with AGMG preconditioner are solved. All iterative methods use relative
accuracy ε = 1e−6.

difference in the number of inner iterations, which by small number of iterations for the
exact Schur case is caused.

From the various approximations of the matrix A−1 were chosen only the best and
significant results by Table 16. It can be seen that the best results are for DF1

as and Dainv

cases.

Section 7.15 describes the circumstances of bad approximation of Sebe. Section 7.15.1
suggests some ideas how to improve the approximation qualities of Sebe. It introduced
Sebe_2×2 and Sebe_4×4 overlapping versions of Sebe. Table 30 depicts the stable numbers
of all iterations for Example 1b case for the both cases Sebe_2×2 and Sebe_4×4. This is in
agreement with stable number of outer iterations in article [53] where with constant pa-
rameters is worked. Here can be seen that both approximation Sebe_2×2 and Sebe_4×4 can
smooth the small jumps and be a good preconditioners. The results for Example 3b is
hard to predict, but still both approximations produce a good results.

The last variant of preconditioning, which is tested with AGMG method, is Aug-
mented type of preconditioning. It was introduced in Section 7.13. It works with ma-
trix Ar = A + rBTW−1B, which is SPD. Table 31 shows the results in dependency on
the parameters ζ and r for augmented preconditioner with W = I . Obviously the pre-
conditioner produces a better results for higher value of the parameter r. Similarly, the
inner iterations (in bracket), which were solved by AGMG method, are better for higher
value of the parameter r. This is caused by bigger role of matrix BBT which is well-
preconditioned against matrix A and AGMG method can do a better work. Moreover, in
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Section 7.13 was referred about the matrix density of Ar and methods like AGMG and
Incomplete Cholesky factorization do a better job with denser matrices.

In this thesis the Augmented type of preconditioning based on projections were pre-
sented. The advantage is the avoiding of completing ofAr, but paid price is in more mul-
tiplications and need for solution with matrix W = BD∗B

T three times, see Algorithm 9
for more details. The results where the inner systems W are solved by AGMG method
show Table 32 and 33. It has a good correspondence to Table 23 and Table 24, where dif-
ferences are caused by increasing of precision of the AGMG method to ε = 1e−12. It was
necessary due to required precision of the outer GMRES iterations.

r=1e0 r=1e3 r=1e6
ζ = 0 1 2 0 1 2 0 1 2
Ex.1- 16x16 18(21) 15(20) 7(20) 3(1) 5(1) 3(1) 3(1) 3(1) 2(1)
Ex.1- 32x32 26(9) 17(9) 11(9) 5(1) 5(1) 3(1) 3(1) 3(1) 2(1)
Ex.1- 64x64 25(10) 17(10) 14(10) 5(1) 5(1) 3(1) 3(1) 3(1) 2(1)
Ex.3- 16x16 102(18) 68(19) 35(20) 15(10) 15(10) 8(9) 3(1) 5(1) 3(1)
Ex.3- 32x32 105(5) 67(7) 37(9) 25(10) 21(9) 11(9) 3(1) 5(1) 3(1)
Ex.3- 64x64 63(10) 43(10) 27(11) 52(14) 37(13) 19(13) 3(1) 5(1) 3(1)

Table 31: Dependency of ζ = and r parameters for augmented preconditioner with
W = I . Solution shows properties of Example 1b and Example 3b. Outer iterations were
solved by GMRES method. Inner matrix Ar was solved by PCG method with AGMG
preconditioner. All stopping criteria were ε = 1e−6.
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2r=1e0 r=1e3 r=1e6
mesh ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2

Ddiag

16x16 17(43,14) 15(44,14) 8(46,14) 3(44,14) 5(43,14) 3(41,14) 2(43,14) 3(41,14) 2(43,14)

32x32 17(77,17) 14(78,17) 7(81,17) 3(83,17) 5(79,16) 3(78,16) 2(81,16) 3(77,16) 2(83,17)

64x64 15(140,19) 13(140,19) 6(152,19) 3(158,19) 5(147,18) 3(148,18) 2(157,19) 3(145,18) 2(166,19)

Das

16x16 21(37,12) 13(38,12) 9(38,12) 3(36,13) 5(36,13) 3(38,12) 3(37,12) 3(36,12) 2(36,12)

32x32 21(65,14) 18(65,14) 9(68,14) 3(69,14) 5(67,14) 3(65,14) 2(68,14) 3(68,14) 2(70,14)

64x64 19(114,15) 16(115,15) 12(129,15) 3(131,15) 5(124,15) 3(122,15) 2(131,15) 3(133,15) 2(138,15)

Dainv

16x16 18(26,13) 11(25,13) 8(25,13) 3(25,13) 5(26,13) 3(24,13) 3(28,13) 3(25,13) 2(42,13)

32x32 17(46,14) 16(47,14) 8(48,14) 3(53,14) 5(51,14) 3(49,14) 2(53,14) 3(53,14) 2(54,14)

64x64 17(88,15) 14(86,15) 11(84,15) 5(98,15) 5(95,16) 3(91,15) 4(112,16) 3(98,16) 2(106,16)

Table 32: Table for Example 1b shows the numbers of outer GMRES iterations and in parentheses average number of inner
GMRES iterations per one outer iteration and system withW = BDBT . Outer iterations solve the system with matrix A and
use preconditioner P, see (7.55). Inner iterations solve the system with the augumented matrix Ar = A + rBTW−1B. The
preconditioner Ãr is implemented via the projection technique (7.54). Application of Ã−1

r involves solution of the system
with W , which is found by a AGMG technique. Application of P involves further solution of system with W , which is
handled in the same way. Inner iterations were solved by GMRES method with ε = 1e−6 and AGMG inner iterations were
set to ε = 1e−12.
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3
r=1e0 r=1e3 r=1e6

mesh ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2 ζ = 0 ζ = 1 ζ = 2

Ddiag

16x16 18(48,14) 13(47,14) 8(46,14) 3(44,13) 5(44,13) 3(41,13) 2(44,13) 3(43,13) 2(45,13)

32x32 17(81,16) 13(83,16) 11(82,16) 3(79,16) 5(77,16) 3(72,15) 2(79,16) 3(78,15) 2(81,15)

64x64 15(134,18) 13(138,16) 8(160,18) 3(138,17) 5(137,17) 3(140,18) 3(156,18) 3(148,17) 3(148,17)

Das

16x16 22(44,14) 15(45,14) 9(45,14) 3(41,14) 5(42,14) 3(41,13) 3(42,13) 3(41,13) 2(42,13)

32x32 20(80,14) 15(81,14) 9(79,14) 3(79,14) 5(78,14) 3(76,14) 2(77,14) 3(79,13) 3(80,14)

64x64 19(136,15) 15(135,15) 11(155,15) 3(149,15) 5(138,15) 3(139,15) 2(148,15) 3(150,14) 2(147,15)

Dainv

16x16 18(26,13) 11(26,13) 8(26,13) 3(25,16) 5(26,13) 3(23,13) 2(25,13) 3(25,13) 2(25,14)

32x32 18(47,16) 11(4,16) 8(47,16) 3(49,16) 5(4,16) 3(47,16) 2(48,16) 3(50,16) 3(50,16)

64x64 18(84,18) 14(83,18) 11(92,18) 3(92,18) 5(86,18) 3(86,18) 3(100,19) 3(94,18) 2(97,19)

Table 33: Table for Example 3b shows the numbers of outer GMRES iterations and in parentheses average number of inner
GMRES iterations per one outer iteration and system withW = BDBT . Outer iterations solve the system with matrix A and
use preconditioner P, see (7.55). Inner iterations solve the system with the augumented matrix Ar = A + rBTW−1B. The
preconditioner Ãr is implemented via the projection technique (7.54). Application of Ã−1

r involves solution of the system
with W , which is found by a AGMG technique. Application of P involves further solution of system with W , which is
handled in the same way. Inner iterations were solved by GMRES method with ε = 1e−6 and AGMG inner iterations were
set to ε = 1e−12.



174

7.16 Summary

This section summarizes properties of the saddle point system (7.3) which arises from
the Stokes–Brinkman model. It also examines both sub-matrices A and B; and the saddle
point system (7.3). Main interest is in spectral properties of the (7.3), matrix A, modified
saddle point system (7.14), and various matrices summation and multiplication, because
they are key property to control the maximal number of iterations of the Krylov sub-
spaces method, like GMRES, PCG etc.

As the solvers of the presented (sub)systems were chosen GMRES, (P)CG, and Matlab
’backslash’ operator. GMRES always works as primal solver of saddle point systems (7.3)
or (7.14). The other two ((P)CG and ’backslash’) do a job as inner solvers. GMRES and
PCG are iterative methods, so they need a preconditioning, because good preconditioner
ensures their robustness and optimality. Primarily in this thesis two system (7.3) and
(7.14) are solved. They are interchangeable, (7.14) is just a multiplication of the (7.3).
The first system (7.3) is symmetric and indefinite; and the second system (7.14) is non-
symmetric and positive definite. Various preconditioners, which use the qualities of both
saddle point systems are used.

The first type of preconditioner is HSS preconditioner (Section 7.9). It works with
Hermitian and skewsymmetric splitting of (7.14). The HSS is easily constructed pre-
conditioner which requires to solve two SPD subsystems with matrices A + αI and
(αBBT + α2I). HSS is strongly dependent on parameter α. It was proven that appro-
priate small α erases imaginary part of eigenvalues and causes clustering of eigenvalues.
This is good property of iterative GMRES solver. Table 8 shows dependency of number
of GMRES iterations on parameter α, but it also shows the limits of value α.

Almost independent on parameter α is modification of HSS preconditioner called
Relaxed HSS (RHSS) which also works with (7.14). RHSS requires to solve two inner SPD
systems A and BBT without parameter α. The Table 11 shows dependency of number of
GMRES iterations on parameter α, within reasonable α.

Both HSS and RHSS; and practically all next preconditioners have unremovable is-
sue. It is need for solution with SPD system A. As was mentioned in beginning of this
chapter, matrix A is sum of stiffness and mass matrix. Condition number of mass matrix
grows with mesh division and further it contains jumps in coefficients. Consequently it
is hard to find a general preconditioner of matrix A. From the theory, the best precondi-
tioner is inverse matrix, because every iterative method then converges in one iteration.
But computation of exact inverse is often more computer demanding than finding the
solution. There are some ways how to approximate the exact inverse by less computer
demanding ways and obtain the qualitatively good approximation of the exact inverse.
In this thesis matrix A is SPD, so approximation of the A−1 is restricted to be SPD, due to
usage of PCG method.

The list of approximation of the inverse with short comment about advantages and
disadvantages

• Diagonal preconditioning Ddiag - easy implementation and computation. Advan-
tage is easy computation with diagonal matrix. Disadvantage is worse approxima-
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tion of the matrix A, but matrix A from the Stokes–Brinkman problem in this thesis
is diagonally dominant.

• Assembled preconditioning Das - it element by element inverts the fully assembled
matrix A, which is cheaper than invert whole matrix A. Advantage is quite good
approximation of the A−1, because it works with original system A ∈ R

n×n (com-
pare to next approximation of the inverse). Disadvantage is n-times computation
of 9× 9 sub-matrices.

• Element by element inverse Del - assembled during FEM assembling of the sys-
tem A. Advantage is cheaper assembling during FEM method, which must be
done anyway. Disadvantage is lack of knowledge of parameters of surrounding
elements. It is a problem for models with highly element by element varying coef-
ficients.

• Dainv approximative inverse Dainv = LLT - is an approximative inverse by the
technique Kolotina and Yeremin [95]. Here are introduced two versions:

– Driven wide of the band - it works with fixed size of sub-matrix. Consequently
the quality of the approximation can be driven by bandwidth parameter. On
the other hand it creates dense matrix inside of the band.

– Computed only on the pattern of matrix A - very fast approximation because
it works only with values which are located on the sparsity pattern and it
adaptively change the size of sub-matrix from which the inverse is computed.
On the other hand quality of the approximation can not be driven.

All techniques of approximation of the inverse can be further improved by methods
of corrections F1, F2 and F3 based on Frobenius norm. Diagonal corrections F1 and F2
are very fast and cheap. Correction F3 works with more information, it makes F3 little bit
slower but more precise.

All methods of the approximation of inverse are compared in Table 16. Next compar-
ison is done via Modified block triangular matrix preconditioner (7.35), which gives an
observation about quality of used techniques and it is another alternative how to solve
the preconditioned systems (7.3) and (7.14), see Table 17 and Section 7.15.

Other category are Augmented matrix type preconditioners - at the first they look
unusable types of preconditioning for the systems (7.3) and (7.14). But it was shown, that
they have good spectral properties. Advantage is big robustness against the jumps in
coefficients. With appropriate big parameter r they have both stable and small number
of outer iterations. On the other hand, they work with matrix A + rBTB type or similar
which is almost dense. This makes theirs usage complicated for big systems. Moreover
parameter r does not work well for the Stokes–Brinkman equation.

For this reason in Section 7.13.3 there is introduced a modification based on projection
property of system Ar = A+ rBT (BDBT )−1B, which avoids assembling of A+ rBTDB
(or more dense modification), but it also has the small stable number of outer iterations
for appropriate parameter r. Besides it adds some matrix operations.
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Following two level preconditioner uses the structure of the (7.3). It adds a term αI∗,
where I∗ can be chosen in many ways. This type of preconditioning requires to solve
the SPD system A + αBTB, where α ≤ 1 decreases the influence of BTB block. The
system A + αBTB is preconditioned by approximation of the inverse A−1. This has
stable number of iterations and easy implementation. Disadvantage is work with denser
system A+ αBTB.

Block triangular preconditioner is similar to Modified block triangular preconditioner
from Section 7.12. Due to this similarity Block triangular preconditioner was tested with
AGMG method from Yvan Notay12, which was tested as a solver of SPD matrices A and
approximation of the Schur complement S. Motivated by cheap computation of Del.
Here the similar technique of computation element by element Schur complement was
used. Method based on (7.60) turned out to be inaccurate. Because of this, it led to some
modifications like K−1 > 0 in the free flow region(s), 2×2 or 4×4 overlapping Schur
complement. Quality of such modifications and usage of approximative techniques of
inverse A−1 are depicted in Figures 85 to 100.

Final part of this Chapter belongs to various ideas which were tested. They are pre-
sented in the second part of Appendix A. They fulfil the theory and bring the readers
ideas which can be tested and evolved in codes of others.

Final resumé about which type of preconditioning is the best is not straightforward.
From computational results, experiences obtained during implementation, testing, and
personal feelings; author can give this recommendations:

HSS or RHSS is easy to implement, but their quality is not high. Augmented block
preconditioners are very robust even in the case of bigger jumps in hydraulic permeabil-
ity tensor K−1 than mentioned in this thesis, but one has to be careful about presented
weaknesses of Augmented block preconditioners.

The Modified block triangular preconditioner is not significantly better against block
triangular preconditioner. Definitely user should useBT or−BT on (2, 1) matrix position
in the block triangular preconditioner, i.e. not use only diagonal preconditioner. The
usage of AGMG in block triangular preconditioner is great in cases with small jumps in
K−1 between the elements.

Two level type preconditioner is a well-balanced option between robustness, compu-
tational demanding and physical properties for the system (7.3).

Clearly the best approximation of the inverse is Dainv, it gives appropriate good ap-
proximation. Moreover, it is fast because it works only with elements from sparsity pat-
tern of Q2 elements (other approximations like Q1 − P0 were not tested and the situation
can be different). Only competitive choice is DF1

as or DF2
as .

Most of the algorithms can be implemented in parallel version and this option is al-
ways mentioned in text. But they were not mentioned, because it can bedim the qualities
of preconditioning techniques. Hence it is crucial to understand the behaviour of precon-
ditioners first, before programming their parallel version.

Final resumé is that, every problem solved by the Stokes–Brinkman equation needs
a closer look to finding the optimal way which leads to the solution. On the other hand,

12Author would like to thank to Yvan Notay for providing of his codes.
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solution methods which are presented and tested in this thesis can give a basic set of
preconditioning methods for the Stokes–Brinkman and other problems which use saddle
point system.
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8 A posteriori error estimate

In this section a residual based a posteriori error estimate for the Stokes–Brinkman prob-
lem on a two-dimensional polygonal domain is derived. As was mentioned in Chapter 4,
the Stokes–Brinkman equation in this thesis is solved on Taylor-Hood quadrilateral ele-
ments.

Main aim is to contribute to to the technique of a posteriori error estimates for the
finite element solution of linearized flow problems. In this respect, important results
have already been obtained: concerning linear elliptic equations work of Babuška et al.
[11, 13], concerning the Stokes problem [1, 16, 56, 89] and a posteriori estimator under
some assumptions for the Stokes–Brinkman case is in [2] and [90]. Following text is
extended and detailed version of [A3] and [A7].

Main goal is to link the problem of a posteriori error estimates as much as possible
to the information on the regularity of the solution and extend published theory to the
Stokes–Brinkman case.

Brief illustration of the Dirichlet problem for the Poisson equation without deeper
details

−∆u = f in Ω,

u = 0 on ∂Ω, (8.1)

where Ω is a polygonal domain in R
2. Let uh be the finite element solution of (8.1), with

linear quadrilateral elements for example. Let

e = u− uh,

denotes the approximation error, and

R(uh) = f +∆uh,

the residual. The following technique of [59] and usage of the first the Galerkin orthogo-
nality gives estimate of the error, in the L2-norm

‖e‖20 ≤
∑

K∈Th

{
‖R(uh)‖0,K‖ϕ− πhϕ‖0,K +

∑

l∈∂K

∥∥∥∥
1

2

[[
∂uh
∂n

]]

l

∥∥∥∥
0,l

‖ϕ− πh‖0,l

}
, (8.2)

where ϕ is the solution of the dual problem

−∆ϕ = e in Ω,

ϕ = 0 on ∂Ω, (8.3)

πhϕ means the interpolant of ϕ. The sum in (8.2) is taken over all squares in the quadri-

lateral mapping Qh, the symbol
[[

∂uh
∂n

]]
means the jump of the normal derivative ∂uh

∂n over
the edge l of the square K.
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8.1 A Posteriori error estimate for the Stokes–Brinkman problem

The Stokes–Brinkman model and its derivation of weak formulation were introduced
in Chapter 4. Let be remained that the problem is:

Find u ∈ H1
E and p ∈ L2

0(Ω) such that

µ∗
∫

Ω
∇u : ∇v + µ

∫

Ω
uGv−

∫

Ω
p∇ · v =

∫

∂ΩN

f · v ∀v ∈ H1
E0
, (8.4)

∫

Ω
q∇ · u = 0 ∀q ∈ L2

0(Ω). (8.5)

Here L2
0(Ω) is the space of L2 functions having mean value zero. More details is in Chap-

ter 4.
If the continuous bilinear forms a : H1×H1 → R and b : H1×L2

0(Ω)→ R are defined,
so that

a(u, v) def.

= µ∗
∫

Ω
∇u : ∇v + µ

∫

Ω
uGv, b(v, q) def.

= −
∫

Ω
q∇ · v, (8.6)

and the continuous functional l : H1 → R so, that

l(v) def.

=

∫

∂ΩN

f · v (8.7)

then the weak formulation can be (8.4) and (8.5) can be consistently restarted to:
Find u ∈ H1

E and p ∈ L2
0(Ω) such that

a(u, v) + b(v, p) = l(v) ∀v ∈ H1
E0
, (8.8)

b(u, q) = 0 ∀q ∈ L2
0(Ω). (8.9)

For simplicity, in next section problem (8.4) and (8.5) will be restricted to zero Dirichlet

boundary condition on the whole boundary. On the space V =
(
H1

0 (Ω)
2 × L2

0(Ω)
)

the
bilinear form is defined as

A

(
{u, p}, {u∗, p∗}

)
=

= µ∗
∫

Ω
∇u : ∇u∗ + µ

∫

Ω
uGu∗ −

∫

Ω
p∇ · u∗ −

∫

Ω
p∗∇ · u (8.10)

Problem (8.4), (8.5) can be written as follows: find {v, p} ∈ V , such that

A

(
{u, p}, {u∗, p∗}

)
= (f ,u∗)0 , ∀{u∗, p∗} ∈ V, (8.11)

where (., .)0 means the scalar product in L2.
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8.1.1 Finite element approximation

Similar to Chapter 4, it is supposed that Ω is a polygon, for simplicity. Let Th be regu-
lar [56] square mapping of Ω. Let Xh, Mh be the finite element spaces of Hood-Taylor
elements (cf. e.g. [26]), i.e.

Xh = {u ∈ H1
0 (Ω)

2,u/Q ∈ P 2(Q)2, Q ∈ Qh},
Mh = {p ∈ L2

0(Ω), p/Q ∈ P 1(Q), T ∈ Qh}.

This element combination satisfy the stability LBB condition, see Chapter 5. The finite
element approximation of the Stokes–Brinkman problem consists of finding
{vh, ph} ∈ Xh ×Mh such that

A

(
{uh, ph}, {u∗

h, p
∗
h}
)
= (f ,u∗

h)0 , ∀{u∗
h, p

∗
h} ∈ Xh ×Mh . (8.12)

8.2 Derivation of a posteriori error estimate

This part follows the idea of K. Eriksson et al. [59] who proved the a posteriori error
estimate for the Poisson equation.

Let the residual components is defined by the relation

R1{uh, ph} = f + µ∗∆uh − µGuh −∇ph, R2{uh, ph} = div uh. (8.13)

Next, the properties of following errors are studied

ev = u− uh , ep = p− ph ,

where {u, p} is the exact solution of (8.11), {uh, ph} is the approximate solution defined
in (8.12). The V norm of {eu, ep} is

‖{eu, ep}‖2V = (eu, eu)1 + (ep, ep)0 =

∫

Ω
(eu · eu +∇eu : ∇eu) +

∫

Ω
epep.

By the Poincaré-Friedrichs inequality, cf. [56], as eu ∈ H1
0 (Ω)

2

(eu, eu)1 ≤ CP

∫

Ω
∇eu : ∇eu + eu · eu (8.14)

8.2.1 Dual Stokes–Brinkman problem

To study the above norms the dual Brinkman-Stokes problem is introduced by

−µ∗∆ϕu + µGϕu +∇ϕp = −∆eu in Ω ,

−div ϕu = ep in Ω , (8.15)

ϕu = 0 on ∂Ω ,
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which in a weak form is

(µ∗∇ϕu,∇u∗)0 + µ

∫

Ω
(Gϕu)u

∗ − (ϕp,∇u∗)0 = (∇eu,∇u∗)0 , ∀u∗ ∈ H1
0 (Ω)

2 ,

(−div ϕu, p
∗)0 = (ep, p

∗)0 , ∀p∗ ∈ L2
0(Ω) , (8.16)

or, using the notation (8.12)

A({ϕu, ϕp}, {u∗, p∗}) = (∇eu,∇u∗)0 + (ep, p
∗)0 , ∀{u∗, p∗} ∈ V . (8.17)

By (8.14) and (8.16) where u∗ = eu, p
∗ = ep is put, it results to

1

CP
(eu, eu)1 ≤ (∇eu,∇eu)0 = µ∗(∇ϕu,∇eu)0 + µ

∫

Ω
(Gϕu)eu − (ϕp∇, eu)0 =

= µ∗(∇ϕu,∇u)0+µ
∫

Ω
(Gϕu)u−(ϕp∇,u)0−µ∗(∇ϕu,∇uh)0−µ

∫

Ω
(Gϕu)uh+(ϕp∇,uh)0

(8.18)
whereas

(ep, ep)0 = (ep,−div ϕu)0 = −(p∇,ϕu)0 + (ph∇,ϕu)0 . (8.19)

Combination of (8.18), (8.19), and (8.15) gives (as CP ≥ 1)

1
CP

{
(eu, eu)1 + (ep, ep)0

}
≤

≤ µ∗(∇u,∇ϕu)0 + µ

∫

Ω
(Guϕu)− (p,∇ϕu)0 − (∇u, ϕp)0 +

+
∑

K∈Th

{
− µ∗(∇ϕu,∇uh)0,K − µ

∫

Ω
(Guhϕu) + (ph,∇ϕu)0,K + (ϕp,∇uh)0,K

}
=

= (f ,ϕu)0 +
∑

K∈Th

{
(µ∗∆uh,ϕu)0,K −

∫

∂K
µ∗
∂uh

∂n
ϕuds

}
− µ

∫

Ω
(Guhϕu)− (8.20)

−
∑

K∈Th

{
(∇ph,ϕu)0,K +

∫

∂K
phϕu · nds + (div uh, ϕp)0,K

}
=

=
∑

K∈Th

(f + µ∗∆uh − µ
∫

Ω
(Guhϕu)−∇ph,ϕu)0,K +

∑

K∈Th

(div uh, ϕp)0,K −

−
∑

K∈Th

∫

∂K
µ∗
∂uh

∂n
ϕuds+

∑

K∈Th

∫

∂K
phϕu · nds
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In view of (8.12) it also gives

∑

K∈Th

(f + µ∗∆uh − µGuh −∇ph,u∗
h)0,K + (div uh, p

∗
h)0 =

= (f ,u∗
h)0 +

∑

K∈Th

{
(−µ∗∇uh,∇u∗

h)0,K − µ
∫

Ω
(Guh,u

∗
h) +

∫

∂K
µ∗
∂uh

∂n
u∗
hds
}
+

+(∇ph,u∗
h)0 −

∑

K∈Th

∫

∂K
phu

∗
h · nds+ (div uh, p

∗
h)0 = (8.21)

= 0 +
∑

K∈Th

∫

∂K
µ
∂uh

∂n
u∗
hds−

∑

K∈Th

∫

∂K
phu

∗
h · nds, ∀{u∗

h, p
∗
h} ∈ Xh ×Mh.

This implies, taking u∗
h = πhϕu, p

∗
h = πhϕp , the Clement interpolants,

cf. e.g. [46, p.146] that

∑

K∈Th

(f + µ∗∆uh − µGuh −∇ph, πhϕu) + (div uh, πhϕp)0 −

−
∑

K∈Th

∫

∂K
µ∗
∂uh

∂n
πhϕuds−

∑

K∈Th

∫

∂K
phπhϕu · nds = 0 (8.22)

Now subtracting zero in (8.22) from (8.20) gives

1
CP

{
(eu, eu)1 + (ep, ep)0

}
≤

≤
∑

K∈Th

(f + µ∗∆uh − µGuh −∇ph,ϕu − πhϕu)0,K + (div uh, ϕp − πhϕp)0 −

−
∑

K∈Th

∫

∂K
µ
∂uh

∂n
(ϕu − πhϕu)ds+

∑

K∈Th

∫

∂K
ph(ϕu − πhϕu) · nds = (8.23)

=
∑

K∈Th

(f + µ∗∆uh − µGuh −∇ph,ϕu − πhϕu)0,K + (div uh, ϕp − πhϕp)0 −

−
∑

K∈Th

∑

l∈∂K

∫

l

([[
µ
∂uh

∂n
− phn

]]

l

)
(ϕu − πhϕu)ds ,

where the expression

[[
µ
∂uh

∂n
− phn

]]

l

=

(
µ
∂uh

∂n
− phn

)/

l+

−
(
µ
∂uh

∂n
− phn

)/

l−

denotes the jump along the common side l of two adjacent squares. Then, using in turn
the Schwarz inequality, the interpolation properties of Xh, Mh (cf. e.g. [26]), and the
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estimate of the solution of the dual problem (8.15) (cf. [26]) give the inequalities

‖eu‖21 + ‖ep‖20 ≤
≤ CP

∑

K∈Th

{
‖R1{uh, ph}‖0,K ‖ϕu − πhϕu‖0,K +

+ ‖R2{uh, ph}‖0,K ‖ϕp − πhϕp‖0,K
}

+

+ CP

∑

K∈Th

∑

l∈∂K

∥∥∥∥
1

2

[[
µ
∂uh

∂n
− phn

]]

l

∥∥∥∥
0,l

‖ϕu − πhϕu‖0,l ≤ (8.24)

≤ CP CI

∑

K∈Th

{
hK ‖R1{uh, ph}‖0,K ‖ϕu‖1 + ‖R2{uh, ph}‖0,K ‖ϕp‖0

}
+

+ CP CI

∑

K∈Th

(hK)
1

2

∑

l∈∂K

∥∥∥∥
1

2

[[
µ
∂uh

∂n
− phn

]]

l

∥∥∥∥
0,l

‖ϕu‖1 ≤

≤ CP CI CR

∑

K∈Th

{
hK ‖R1{uh, ph}‖0,K + ‖R2{uh, ph}‖0,K +

+
∑

l∈∂K

(hK)
1

2

∥∥∥∥
1

2

[[
µ
∂uh

∂n
− phn

]]

l

∥∥∥∥
0,l

}
·
{
‖∆eu‖−1 + ‖ep‖0

}
.

Using then the relations

‖∆eu‖−1 ≡ sup
u∗∈H1

0
,u∗ 6=0

|(∆eu,u
∗)0|

‖u∗‖1
= sup

u∗∈H1
0
,u∗ 6=0

|(∇eu,∇u∗)0|
‖u∗‖1

≤

≤ sup
u∗∈H1

0
,u∗ 6=0

‖∇eu‖0 ‖∇u∗‖0
‖u∗‖1

≤ ‖∇eu‖0 ≤ ‖eu‖1

gives, by (8.24)
{
‖eu‖1 + ‖ep‖0

}2 ≤ 2
{
‖eu‖21 + ‖ep‖20

}
≤

≤ 2 CP CI CR

∑

K∈Th

{
hK‖R1{uh, ph}‖0,K + ‖R2{uh, ph}‖0,K + (8.25)

+ h
1

2

K

∑

l∈∂K

∥∥∥∥
1

2

[[
µ
∂uh

∂n
− phn

]]

l

∥∥∥∥
0,l

}
·
{
‖eu‖1 + ‖ep‖0

}
.

Upon cancelling
{
‖eu‖1 + ‖ep‖0

}
in (8.25) the following final theorem is getting:
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Theorem 8.1 Let Ω be a polygon in R
2. Let Qh be a family of regular quadrilateral of Ω. Let

{uh, ph} be the Hood-Taylor approximation of the solution {u, p} of the Stokes-Brinkman prob-
lem. Then the error {eu, ep} satisfies the following a posteriori estimate

‖ev‖1 + ‖ep‖0 ≤ 2 CP CI CR

∑

K∈Th

{
hK‖R1{vh, ph}‖0,K+

+‖R2{vh, ph}‖0,K + h
1

2

K

∑

l∈∂K

∥∥∥∥
1

2

[[
µ
∂uh

∂n
− phn

]]

l

∥∥∥∥
0,l

}
. (8.26)

where CP , CI , CR are positive constants.

The estimate in Theorem 8.1 applies to more general class of elements. Of course,
for Hood-Taylor elements with continuous pressure, the jumps of ph along the common
sides disappear. Presented results are in agreement with [153], although the technique of
the proof is different.

The a posteriori errors for non-convex domains (e.g. with corners) for the Stokes–
Brinkman problem does not obtain so strong regularity. But this is assumption based
on works for Stokes equation [93] and Navier-Stokes equation [37], because of missing
theory for the Stokes–Brinkman case. Hence someone can expect that a posteriori error
estimate should be better than for (8.16). But this require the techniques outside of scope
of this thesis, see [29, 37, 93] for more details.

8.3 Application of a posteriori error estimates in 2D

A posteriori error estimate belongs to the important part of numerical mathematics. It
gives an overview about quality of numerical solution on given mesh. Hence, it can be
also used in methods of mesh refinement. Part aim in this thesis is to show behaviour
of a posteriori error on the example with corners and jumps in coefficients of the Stokes–
Brinkman equation for Example 1a. This is important for assesment of quality of finite
element solution. In real applications it can lead to adaptive mesh refinement and hence
it can create a more precise solution with respect to a posteriori error.

The exact solution of the problem is denoted by (u1, u2, p) and the approximate finite
element solution by (uh1 , u

h
2 , p

h). The exact solution differs from the approximate solution
in the error

(eu1
, eu2

, ep) = (u1 − uh2 , u2 − uh2 , p− ph).

For the solution (u1, u2, p) is defined

‖(u1, u2, p)‖2V
def.

= ‖(u1, u2)‖21,Ω + ‖p‖20,Ω =

=

∫

Ω

(
u21 + u22 +

(
∂u1
∂x

)2

+

(
∂u1
∂y

)2

+

(
∂u2
∂x

)2

+

(
∂u2
∂y

)2
)
dΩ +

∫

Ω
p2dΩ.
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Theorem 8.1 gives a posteriori error estimate for the Stokes–Brinkman equations:

‖(eu1
, eu2

)‖21,Ω + ‖ep‖20,Ω ≤ E
2(uh1 , u

h
2 , p

h), (8.27)

where (cf. [153]) and last term in (8.26)

E
2(uh1 , u

h
2 , p

h,Ωl) = C

[
h2
∫

Ωl

(
r21 + r22

)
dΩl +

∫

Ωl

r23dΩl

]
, (8.28)

where h denotes the diameter of the element, Ωl denotes domain of local element and ri
are the residuals

r1 = fx + µ∗
(
∂2uh1
∂x2

+
∂2uh1
∂y2

)
− µk−1

11 u
h
1 −

∂ph

∂x
,

r2 = fy + µ∗
(
∂2uh2
∂x2

+
∂2uh2
∂y2

)
− µk−1

22 u
h
2 −

∂ph

∂y
,

r3 =
∂uh1
∂x

+
∂uh2
∂y

.

Note, that the model can contain various viscosity µ, effective viscosity µ∗ and K−1 per-
meability tensor (with diagonal matrix kii = const., ∀i = 1 . . . n is computed - homoge-
neous domain, n = 2 in this thesis).

Let be also noted that due to our practical experience only the element residuals are
used. In this respect cf. also [43].

Qualitatively the value of the constant C is not simple to determine, the sources can
be seen in Theorem 8.1. It is important, that C does not depend on the mesh size and so
it can be determined experimentally for general situation. For practical reasons C = 1
thought this thesis. Let be noted, that a posteriori error estimates for the Stokes and the
Navier-Stokes equation was proved in [128] and [39].

By the usage of the computation of the estimate (8.28) absolute numbers are obtained,
they will depend on given quantities in different problems. Main interest is in the error
related to the computed solution, i.e. relative error R2. This is given by the ratio of abso-
lute norm of the solution error, related to unit area of the element Ωl,

1
|Ωl|

E2(uh1 , u
h
2 , p

h,Ωl),

and the solution norm in the whole domain Ω, related to unit area 1
|Ω| ‖(vh1 , vh2 , ph)‖2V,Ω,

i.e.

R
2(uh1 , u

h
2 , p

h,Ωl) =
|Ω| E2(uh1 , u

h
2 , p

h,Ωl)

|Ωl| ‖(uh1 , uh2 , ph)‖2V,Ω
. (8.29)

8.4 Numerical results of a posteriori error estimates in 2D

For the numerical test Example 1a was chosen. Due to expectations of several singular-
ities which can cause troubles in finite element solution. Namely, the first should be in
the left upper and lower corner on the left side (inlet boundary). They are caused by im-
mediately slow down of the velocity, due to the friction force over velocity zero top and
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Figure 101: Distribution of value of the
a posteriori error (8.29) for each element
for 16×16 uniform mesh division of the
Example 1a.

Figure 102: Absolute value of velocity at
each element of the Example 1a, where
the value of permeability was decreased
to k = 0.0005.

down boundary. The second singularities should be in the corners of inner square (free
flow cavity region).

The error distribution defined by equation (8.29) shows Figure 101. It can be seen,
that very small error is in the free flow (Stokes) region in the middle square, compared
to error inside porous (Darcy) region, where the error is higher. The highest errors are
around the free flow region, it is caused by jumps in the coefficients. From physical point
of view, liquid suddenly leaves the porous medium and jumps in free flow region at the
left side, vice versa at the right side, combination of both at the upper and lower side of
the free flow region.

The results of velocity magnitude for Example 1a shows Figure 22. It is interesting
to see what happens if the value of permeability is reduced by factor one hundred, from
k = 0.05 to k = 0.0005. From the physical point of view, the porous medium is less
permeable and more liquid must go through free flow region, due to incompressibility
condition. The results of velocity magnitude of such example shows Figure 102. The
Figures 103 and 104 show the difference of error (8.29) for different meshes of the Example
with k = 0.0005. It can be seen that a posteriori error (8.29) is decreased with increasing
mesh division.

If someone is interested only in singularities caused by inflow stream, then it is con-
venient to use error estimate (8.28) only with residual r3 and do not take residuals r1 and
r2. Then it gives the divergence error ‖div v‖, see Figure 105.

8.5 Summary of a posteriori error estimates

This Chapter showed the derivation of a posteriori errors of the Stokes–Brinkman equa-
tion, from which Theorem 8.1 arose. The theory partially based on Theorem 8.1 was
used for computation of a posteriori error. This method on one Example 1a with various
coefficients was tested. It supports the expected ideas about the dependency of the a pos-
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Figure 103: Distribution of value of the
a posteriori error (8.29) for each element
with permeability k = 0.0005. For the
16×16 mesh division.

Figure 104: Distribution of value of the
a posteriori error (8.29) for each element
with permeability k = 0.0005. For the
64×64 mesh division.
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Figure 105: Distribution of value of the a posteriori error (8.28) only with r3 (i.e. di-
vergence error - ‖div v‖) for each element for 64×64 mesh division with permeability
k = 0.0005.

teriori error for the Stokes–Brinkman equation with different coefficients. The Figures
103 and 104 show the dependency of the error on the density of the mesh, which de-
creases with higher mesh division. It is in agreement with theory [11, 56, 153]. Moreover,
this method is capable to discover both singularities created by fluid flow and porous
medium.

This can lead to the idea of the adaptive mesh refinement. Whereas, adaptive mesh
refinement can be driven by presented a posteriori error approach.
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9 Conclusion

This thesis deals with up to date topic of precise modelling of the fluid flow in porous
medium. The Stokes–Brinkman model was chosen for describing of the fluid flow in po-
rous medium. This model is capable of modelling of the interaction of the fast flow in
the free flow (Stokes) regions and the slow flow in the (Darcy) porous media. These two
domains are distinguished by the value of permeability tensor (K). The Stokes domain is
given by K → ∞, whereas K << 1 in the Darcy domain. The topic of precise modelling
of the fluid flow in porous medium can be simulated by many models. Most of them are
presented and compared against the Stokes–Brinkman model in Chapter 3.

Simulation of the fluid flow in the porous medium by the Stokes–Brinkman model is
done by the mixed finite element method (MFEM). This thesis also contains derivation
of the weak formulation and involvement of both pressure and velocity boundary con-
ditions, which are necessary for MFEM. The Stokes–Brinkman model under the usage
of the MFEM is represented by saddle point system (7.3). In Chapter 7 the properties
of sub-systems A and B from (7.3) are investigated in detail; as well as the whole saddle
point system (7.3). Unfortunately, the varying coefficients of the permeability tensor K
and properties of (7.3) increase ill-conditioning of the resulting saddle point system.

This saddle point system (7.3) is solved by GMRES iterative method. Generally iter-
ative methods require some preconditioning technique, which decreases condition num-
ber and ensures robustness and optimality of the iterative method. It means, that the so-
lution is found at few constant numbers of iterations.

Several preconditioning methods and SPD approximation of the inverse techniques
were implemented and tested in this thesis. Namely, HSS preconditioner which is easy
to implement and use, but it strongly depends on parameter α. Its modification called
RHSS is almost independent of α. On the other hand, the quality of preconditioning
of both HSS and RHSS is not high for the Stokes–Brinkman problem.

The next types of implemented preconditioning are Augmented block precondition-
ers. They are very robust against jumps in coefficients, but the price is dealing with dense
augmented systems. One way of avoiding work with such dense systems is to use special
type of augmented system which creates a projection matrix. It avoids assembly of such
dense system but it requires additional computations. The next type of preconditioning
is two-level type technique, which is author’s idea; it combines the previous type of pre-
conditioning with approximation of the inverse. This technique is stable in a number
of iterations and easy to implement. Another techniques of preconditioning are Block
triangular and Modified Block triangular preconditioner. Both use Schur complement
of matrix A in (7.3) which needs A−1.

In summary, all previous types of preconditioners have to find either solution to sub-
system A or its modification. Generally, condition number of matrix A grows with di-
mension; moreover it contains jumps in coefficients. Consequently, it is difficult to find
a general preconditioner. Best type of preconditioning of A is A−1, but the computa-
tion of exact A−1 is more difficult than solve the system (7.3). Due to this reason several
techniques how to approximate SPD matrix A−1 by SPD approximation of A−1 was pro-
posed. The first one is diagonal approximation which is easy to compute, but it is not
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precise. The second one is assembled approximation which takes assembled system A;
dismantle it to local matrices; invert them, and assemble them together. The third type
of approximation of the inverse is element by element approximation which is similar
to previous approximation technique. This method uses local matrices created during
FEM code, which are inverted and assembled to approximation of A−1 matrix. The last
approximation of A−1 is based on Kolotina and Yeremin technique where two modifica-
tions were done. In the first modification the quality of the approximation is driven by
the width of band parameter. The second modification uses sparsity pattern of A.

All techniques of approximation of the inverse A−1 were tested in combination with
all above mentioned preconditioners. They also were used for approximation of in-
verse in the Schur complement S = BA−1BT in the case of (Modified) Block triangu-
lar. In Block triangular case some overlapping approximations of the Schur complement
also were tested. Furthermore all preconditioners were tested with AGMG method pro-
vided by Yvan Notay. Appendix C contains some possible modifications of presented
preconditioners. Summary and comparison of all methods and techniques is at the end
of Chapter 7 and within.

It is very important to measure the quality of the solution by a posteriori error esti-
mation. In this thesis, the method, which is capable of measuring a quality of the used
Q2 − Q1 mesh and other combinations of elements, is presented. Furthermore, this
method is able to discover the both types of singularities - caused by fluid flow and inner
structure of the porous medium.

This thesis deals with the fundamental topic of simulation of the fluid flow in the
porous medium by the usage of the Stokes–Brinkman equation. This is done by MFEM
method which leads to saddle point system. The issue is that the saddle point system
contains the jumps in coefficients between the elements of the finite element mesh and
generally it is ill-conditioned. A similar scheme can be found in many areas of applied
mathematics, e.g. simulation of electric field with varying value of electrical permittivity,
etc. Hence author believes that this thesis can be helpful to the others who are interested
in similar topics or problems related to the topic of this thesis. Mainly, techniques in-
troduced and used in this thesis can speed up the codes which deal with ill-conditioned
saddle point systems. This can lead to computation of larger and multiphysics problems;
and better efficiency of similar programs.

Thesis outcome

As far as the author knows, this thesis is the first comprehensive text dealing with nu-
merical solution of the Stokes–Brinkman equation with the usage of the MFEM. Gen-
eral outcome and contribution of presented thesis is mainly in the precise description
of the Stokes–Brinkman model with comparison to other models describing the fluid
flow in the porous medium. The author tested the usage and the quality of the Stokes–
Brinkman model and its MFEM code on various examples. Most of examples contained
jumps in coefficients of permeability tensor (K). It motivated the author to find a solu-
tion to MFEM system via GMRES method with appropriate preconditioning. Whereas
most of presented methods have never been used before in connection with the Stokes–
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Brinkman model. This thesis in detail describes all methods from numerical and some
even from the analytical point of view. All methods were tested with inner types of pre-
conditioning for system A which contains jumps in coefficients and its condition number
grows with dimension. Due to this reason, it also represents numerical issue. This thesis
introduced some methods of finding approximation of A−1 which works as a precondi-
tioner for A and its modifications. This is new approach for the Stokes–Brinkman model.

In this thesis a posteriori error estimate theory for the Stokes–Brinkman model was
introduced. This led to innovative method of computation a posteriori error estimate
for given MFEM mesh. This method was tested and it helps to discover singularities from
sudden change of the fluid flow. Also it is capable of measuring the quality of the solu-
tions with respect to porous matrix. Full list of all acquisitions of this thesis is contained
in Introduction section.

Future outlooks

Fluid flow inside porous medium can be very complicated, that can include a lot of phys-
ical phenomena and different models, more information can be found e.g. in [74]. This
dissertation thesis was restricted to stationary simulation of saturated fluid flow inside
porous medium with usage of MFEM for the Stokes–Brinkman equation without me-
chanical changes of porous medium. This aim gives a strong cornerstone for future re-
search. There are many ways to connect and continue on presented topic, for example

• Error estimation - Chapter 8 concerns a posteriori error estimation. This can be
used for automatic mesh refinement technique and discussion about different type
of elements.

• Nonstationary fluid flow - it is nature step forward to model nonstationary fluid
flow based on mixed finite element method, but it may require usage of stabiliza-
tion techniques, more about problematic is in [56].

• Three dimensional fluid flow - extension of 2D modelling into 3D space allows to
model real experiments and applications. Difficulty is mainly in FEM. It needs more
computer memory, 3D element basis, spatial integration, etc. Author did some
computation, but they are not included in this thesis.

• The Navier–Stokes–Brinkman equation - the Stokes–Brinkman model can be ex-
tended by viscous term, see Section 3.7. Most of the techniques in this thesis can be
used in the Navier–Stokes–Brinkman equation.

• Using hp-MFEM - in the article [12] hp-FEM method is used for model with differ-
ent material properties. It was shown there, that it is convenient to use polynomial
base function of higher order onto place where coefficients are changed. Opportu-
nity for the usage of the hp-FEM method can be on boundary between the porous
and the free flow region.

• Preconditioning - Section 7.8 is dedicated to preconditioning techniques. Still, holds
that this topic offers huge space for future work.
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• Comparison to the Stokes–Darcy model (Section 3.4) - it can be interesting to com-
pare the Stokes–Darcy model with the Stokes–Brinkman model. Both use Q2 and
Q1 element basis.

• Multiphysics - some ideas were presented in Section 6.7. Multiphysics Coupling
is actual topic. The Stokes–Brinkman model can be used in connection with heat
transfer, mechanical changes, chemical reactions, etc.

• Parallel computations - some problems requires to solve saddle point system which
cannot be solved by classical (non-parallel) methods. Most of the preconditioning
techniques can be extended into its parallel versions.

Applicability

Main aim of this thesis was not to solve and deal with real applications under the usage
of the Stokes–Brinkman equation. However, some parts of this thesis shows possible
extensions to the real applications.

Easy connection of the CT scan with Stokes–Brinkman model was tested in two of au-
thor’s Examples 4a and 4b. It is very useful tool for homogenization, for more details see
[122]. Where the Stokes–Brinkman model is used for detailed modelling of some part
of porous medium and rest is modelled by the Darcy equation with coefficients obtained
from homogenization technique from in detail modelled Stokes–Brinkman part of the
domain. There exists a possibility of connection Stokes–Brinkman equation with elastic-
ity, this can be valuable at granite rocks modelling. Or Stokes–Brinkman model can be
connected with heat transfer. This can be used for modelling of the enhanced geothermal
systems [36].

As it was already mentioned in the Introduction section, the Stokes–Brinkman model
has many geotechnical and geoenvironmental applications. Namely, it concerns the deep
geological deposition of the exhausted nuclear fuel, which is a complex problem with
strong demands of deep understanding of the role of natural and engineering barriers
for the spreading of radionuclides to the living environments [125, 144].

In the Czech Republic as the host rock environment for nuclear waste will be provided
in granitic rocks, which can be viewed as porous medium with fractures. In this respect,
the Stokes–Brinkman model can be useful. Or it can be modified to homogenization
based on the Stokes–Brinkman model for characterizing the flow in so called excavation
damage zone along the walls of boreholes and galleries. Similar problems can be found
in hydraulic fracturing [36] and geothermal energy problems [77].
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Závěr

Předkládaná dizertační práce se zabývá aktuálním tématem přesného modelování prou-
dění v porézním prostředí. Stokesův–Brinkmanův model byl zvolen pro popis proudění
v porézním prostředí. Tento model je schopný modelovat interakci rychlejšího proudění
v (Stokesový) oblastech a pomalého proudění v porézních (Darcyho) oblastech. Tyto dvě
oblasti se odlišují různou hodnotou tenzoru propustnosti (K), přičemž Stokesova oblast
je dána K → ∞, zatímco K << 1 definuje Darcyho oblast. Toto téma přesného mode-
lování proudění tekutiny v porézním prostředí může být simulováno několika modely.
Většina z nich je prezentována a porovnávaná se Stokesovým–Brinkmanovým modelem
v Kapitole 3.

Simulace proudění tekutiny v porézním prostředí dle Stokesova–Brinkmanova mod-
elu je založena na smíšené metodě konečných prvků (SMKP). Tato práce obsahuje před-
poklady nezbytné pro SMKP, neboli odvození slabé formulace a vynucení tlakové i ry-
chlostních okrajové podmínky. Za použití SMKP je Stokesův–Brinkmanův model re-
prezentován sedlobodovým systémem (7.3). V kapitole 7 jsou analyzovány vlastnosti
subsystémů A a B, které tvoří sedlobodový systém (7.3), stejně jako vlastnosti celkového
sedlobodového systému (7.3). Bohužel, různé koeficienty tenzoru propustnosti K a vlast-
nosti (7.3) mají vliv na špatnou podmíněnost výsledného sedlobodového systému.

Bylo navrženo řešit tento sedlobodový systém (7.3) pomocí GMRES iterační metody.
Všeobecně platí, že iterační metody vyžadují určitý typ předpodmínění, které snižuje
číslo podmíněnosti matice a zajišt’uje robustnost a optimalitu iterační metody. Jinými
slovy, že řešení je nalezeno v malém a konstantním počtu iterací.

Z tohoto důvodu bylo naprogramováno několik metod předpomínění a symetrické
pozitivně definitní (SPD) aproximace inverze, která je taktéž využita jako předpodmínění.
Jmenovitě, HSS metoda předpomínění, která je snadno implementovatelná, ale silně
závisí na parametru α. Její modifikací vznikne tzv. RHSS metoda, která je téměř nezávislá
na α. Na druhou stranu, kvalita HSS a RHSS předpomínění není dobrá pro Stokesův–
Brinkmanův problém.

Dalším typem testovaného předpomínění jsou předpomínění využívající rozšíření
některého z bloků matice. Takovéto druhy předpomínění jsou velmi robustní vůči sko-
kům v koeficientech, ale nevýhodou je, že vytváří hustou rozšířenou matici. Jedním
ze způsobů, jak se vyhnout práci s těmito hustými maticemi, je použít speciální druh
rozšířeného systému, který pracuje s projekční matici. Výhodou je, že tento přístup
umožňuje se vyhnout práci s hustou maticí, nevýhodou je potřeba dodatečných výpočtů.
Dalším typem předpodmínění je dvouúrovňová technika předpomínění, která je v kon-
textu této práce originální myšlenkou autora. Spojuje předchozí typ předpomínění spo-
lečně s aproximací inverze. Tato technika je stabilní v počtu iterací a je snadno imple-
mentovatelná. Další metody předpomínění jsou blokově trojúhelníkový a modifikovaný
blokově trojúhelníkový předpodmiňovač. Oba předpominovače využívají Schurova do-
plňku matice A z (7.3), který potřebuje A−1.

Souhrnně, všechny předchozí typy předpomínění musí najít, bud’ řešení sub-systé-
mu A nebo jeho modifikace. Obecně vzato, číslo podmíněnosti matice A roste s dimenzí
matice, nadto matice A obsahuje skoky v koeficientech. Z tohoto důvodu je obtížné na-



194

jít univerzální předpodmínění. Nejlepší typ předpomínění matice A je A−1, ale výpočet
přesné inverze A−1 je obtížnější, než řešit systém (7.3). Z tohoto důvodu, několik tech-
nik SPD aproximace matice A−1 bylo navrženo. První je diagonální aproximace, kterou
je snadné spočítat, nevýhodou je nízká přesnost. Druhou metodou je sestavená aproxi-
mace, jež využívá sestaveného systému A, který se rozloží na lokální sub-matice. Poté
tyto lokální sub-matice invertuje a sestaví z nich opět celý systém. Třetím typem je
aproximace element po elementu, která je podobná jako předchozí aproximační technika.
Tato technika pracuje s lokálními maticemi, které se sestavují během aplikace metody
konečných prvků. Přičemž je provedena inverze těchto matic a ty jsou poté sestaveny
do systému aproximující matici A−1. Poslední technika aproximace A−1 je založena na
technice navržené Kolotinem a Yereminou, jejíž dvě modifikace byly implementovány.
V první z nich je kvalita aproximace řízena pomocí parametru šířky pásma, druhá pracuje
se strukturou matice A.

Všechny předchozí techniky aproximace inverze A−1 byly testovány v kombinaci
se všemi výše uvedenými metodami předpomínění. Nadto byly využity i při aprox-
imaci inverze matice A−1 v Schurově doplňku S = BA−1BT v případech modifiko-
vaného blokově trojúhelníkového a blokově trojúhelníkového předpodmiňovače. Navíc
pro druhou metodu předpodmínění byla testována metoda aproximace vyžívající pře-
krytí oblasti při tvorbě aproximace Schurova doplňku. Mimo jiné všechny metody před-
podmínění byly testovány v kombinaci s metodou AGMG implementovanou a poskyt-
nutou Yvanem Notayem. Příloha C obsahuje další možné modifikace prezentovaných
předpodmínění. Shrnutí a srovnání všech metod a technik, je obsaženo uvnitř a na konci
kapitoly 7.

Obecně vzato je důležité měřit kvalitu řešení pomocí a-posteriorního odhadu chyby.
V této práci je uveden postup, díky kterému je možno měřit kvalitu použité Q2 −Q1 sítě
nebo jiné kombinace elementů. Tento postup je schopen odhalit oba druhy singularit -
způsobené prouděním a vnitřní strukturou porézního média.

Dizertační práce se zabývá důležitým tématem simulace proudění tekutin v porézních
prostředí za použití Stokesovy–Brinkmanovy rovnice. Je založena na smíšené metodě
konečných prvků vedoucí na řešení sedlobodového systému, který je obecně špatně pod-
míněný. Další nepříjemností je přítomnost skoků v sedlobodové matici, která je způ-
sobena skoky v materiálových parametrech. Podobné situace lze nalézt v mnoha oblastech
výpočetní matematiky, např. při simulaci elektrického pole s měnící se hodnotou elek-
trické permitivity, apod. Na základě tohoto se autor domnívá, že tato práce má přesah
i do jiných oblastí a může být užitečná i pro ostatní, kteří řeší podobné úlohy nebo mají
problémy související s tématem této práce. Navíc, techniky navržení a použité v této
práci mohou urychlit výpočet úloh, které se zabývají řešením špatně podmíněného sed-
lobodového systému. Což může vést k výpočtu větších úloh, řešení multifyzikálních
problémů a zvýšení efektivity podobných programů.
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Vlastní přínos práce

Na základě dosavadních znalostí si autor dovoluje tvrdit, že tato práce je první kom-
plexní text zabývající se numerickým řešením Stokesovy–Brinkmanovy rovnice s využi-
tím SMKP. Obecný výstup a přínos předkládané práce je hlavně v přesném popisu Stoke-
sova-Brinkmanova modelu s ohledem na další modely popisujících proudění tekutin v
porézním prostředí. Autor testoval kvalitu a využití Stokesovy–Brinkmanovy rovnice
a jeho konečně-prvkového kódu na různých příkladech. Většina z příkladů obsaho-
vala skoky v koeficientech propustnosti (K). Toto motivovalo autora k nalezení řešení
konečně-prvkového systému pomocí iterační metody GMRES s vhodným předpodmíně-
ním. Přičemž většina prezentovaných metod nebyla nikdy dříve využita v souvislosti se
Stokesovou–Brinkmanovou rovnicí. Tato práce detailně popisuje všechny metody z nu-
merického a některé dokonce z analytického hlediska. Všechny metody předpodmínění
byly testovány s různými aproximacemi inverze matice A, která obsahuje skoky v koe-
ficientech a její číslo podmíněnosti roste s velikostí řešeného systému. Z tohoto důvodu
reprezentuje numerický problém. Autor proto implementoval několik metod aproximace
inverzeA−1, které pracují jako předpodmiňovač pro maticiA a její modifikace. To je nový
přístup k řešení systému vznikajících při modelování Stokesovy–Brinkmanovy rovnice.

V této práci byla představena a-posterioriorní teorie odhadu chyby pro Stokesův–
Brinkmanův model. To vedlo k inovativnímu způsobu výpočtu a-posteriorního odhadu
chyby pro konečně prvkovou sít’ využívanou v práci. Tato metoda byla testována na
několika případech. Výsledkem je schopnost dané metody objevit singularity vznikající
v důsledku náhlé změny proudění. Tato metoda je také schopna měřit kvalitu řešení s
ohledem na tvar porézní matice. Úplný seznam všech přínosů této práce je obsažen v
úvodní kapitole.

Výhledy a návaznost

Proudění tekutiny uvnitř porézního média může být velmi komplikované, může zahrno-
vat mnoho fyzikálních jevů a různých modelů, viz [74]. Tato disertační práce je omezena
na časově-neměnnou simulaci saturovaného proudění kapaliny uvnitř porézního pro-
středí bez mechanických změn s využitím smíšené metody konečných prvků pro Stoke-
sovu–Brinkmanovu rovnici. Cílem této disertační práce bylo vytvořit základ pro budoucí
výzkum. Proto existuje mnoho způsobů, jak rozšířit prezentované téma, například

• Odhady chyb numerického řešení - kapitola 8 se zabývá a posteriorním odhadem
chyby. Což může být využito k technikám automatického zjemnění sítě a diskusi
o vhodnosti jiného druhů konečně-prvkových elementů.

• Nestacionární proudění tekutin - je přirozeným krokem vpřed zabývat se mode-
lováním nestacionárního proudění tekutin na základě smíšené metody konečných
prvků, což ale může vyžadovat použití stabilizačních technik, další informace o
problematice jsou obsaženy v [56].

• Trojrozměrné úlohy - rozšíření 2D modelování na 3D prostor umožňuje modelovat
reálné experimenty a aplikace. Problém může nastat při použití metody konečných
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prvků, kdy je potřeba brát v potaz zvýšená potřeba paměti počítače, trojrozměrné
bázové prvky, prostorovou integraci, atd. Autor provedl trojrozměrné výpočty, ale
ty nejsou uvedeny v této práci.

• Navierova–Stokesova–Brinkmanova rovnice – prezentovaný Stokesův–Brinkmanův
model může být rozšířen o tzv. viskózní člen, viz kapitola 3.7. Přičemž většina
technik využita v této práci muže být rozšířena na případ Navierova–Stokesova–
Brinkmanova modelu.

• Použití hp-MFEM - ve článku [12] se hp-FEM metoda používá pro modelovou
úlohu s rozdílnými materiálovými vlastnostmi. Bylo ukázáno, že je vhodné použít
bázový polynom vyššího řádu na místě, kde se mění koeficienty. Příležitost využití
hp-FEM může být na rozhraní mezi porézní oblastí a oblastí volného proudění.

• Předpodmínění - kapitola 7.8 se zabývá předpodmíněním řešených systémů. Stále
ale platí, že toto téma nabízí obrovský potenciál pro další práci.

• Stokesův–Darcyho model (oddíl 3.4) - další alternativou, jak simulovat úlohy prezen-
tované v této práci je s využitím Stokesova–Darcyho modelu. Zajímavé může být
srovnání tohoto modelu se Stokesovým–Brinkmanovým modelem. Přičemž, oba
používají kombinaci Q2 a Q1 elementů.

• Multi-fyzikální úlohy - některé možnosti byly prezentovány v kapitole 6.7. Multi-
fyzikální úlohy jsou aktuálním tématem. Stokesův–Brinkmanův model může být
spojen například s teplotními procesy, mechanickými změnami, chemickými rea-
kcemi, atd.

• Paralelní výpočty - některé problémy vyžaduji řešení výsledného systému, který
nelze řešit klasickými (neparalelními) metodami. Přičemž platí, že většina metod
předpodmínění může být rozšířena do paralelních verzí.

Aplikovatelnost

Hlavním cílem této práce nebylo simulovat reálné aplikace za použití Stokesovy–Brink-
manovy rovnice. Některé části této práce však ukazují možná rozšíření pro reálné ap-
likace. Jednoduché propojení CT snímku se Stokesovým–Brinkmanovým modelem bylo
testováno ve dvou příkladech - 4a a 4b. Což může být velmi užitečný nástroj pro ho-
mogenizaci, viz [122]. Stokesův–Brinkmanův model se využije k detailnímu modelování
některé části porézního média a zbytek porézního prostředí se modeluje Darcyho rovnicí
s koeficienty získanými z homogenizační techniky z podrobně modelované Stokesově–
Brinkmanově oblasti. Dále existuje možnost spojení Stokesovy–Brinkmanovy rovnice
s elasticitou, což může být cenné při modelování granitických hornin. Dále může být
Stokesův–Brinkmanův model spojen s přenosem tepla, toho lze využít v úlohách mode-
lování geotermálních vrtů [36].
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Jak již bylo zmíněno v úvodní části, Stokesův–Brinkmanův model má mnoho geotech-
nických a geoenvironmentálních aplikací. Konkrétně, podzemní uložení vyhořelého ja-
derného paliva. Jedná se o složitou problematiku se silnými požadavky na hluboké po-
rozumění chování přírodní a inženýrské bariéry bránící šíření radionuklidů do životního
prostředí [125, 144].

V České republice bylo rozhodnuto, aby vhodné uložiště pro jaderný odpad bylo
vybudováno v prostředí granitických hornin, které lze považovat za porézní médium
se zlomy. V tomto ohledu, může být využit Stokesův–Brinkmanův model pro simulaci
proudění v této oblasti. Nebo může být využit v charakterizaci průtoků v tzv. zóně
poškození podél stěn vrtů a galerií, které vznikly po ražbě. Podobné problémy lze nalézt
v hydraulickém štěpení [36] a v problémech z oblasti geotermální energie [77].
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A Abstract mixed formulation

The following part introduces a general abstract mixed formulation, which works with
bilinear forms a(., .) and b(., .) on Hilbert spaces. These forms can represent the Stokes–
Brinkman problem (8.4) and (8.5) or similar problem, which satisfies the necessary con-
ditions on these bilinear forms. These conditions as continuity of both bilinear forms,
coercivity of a(., .), and LBB condition on b(., .) are sufficient conditions for the existence
of unique solution to (8.4) and (8.5). The following part shows the points where these
conditions are needed and then the proof of the existence of unique solution follows.

The proof at the end of this section is motivated by [26] and [29] where the continuous,
discrete, and perturbed version ([26] only) of the proof can be found.

Let V and Π be Hilbert spaces. Note, both of them are normed linear vector spaces.
Let a(., .) and b(., .) be continuous bilinear forms

a(., .) : V × V → R, (A.1)

b(., .) : V ×Π→ R, (A.2)

from continuity (⇔ boundedness) there are C1, C2 > 0 such that

a(u, v) ≤ C1‖u‖V ‖u‖V ∀u, v ∈ V,
b(v, p) ≤ C2‖u‖V ‖p‖Π ∀v ∈ V, u ∈ Π. (A.3)

Other properties as coercivity of a(u, v) and LBB conditions for b(., .) forms are discussed
later.

The variational problem is to find u ∈ V and p ∈ Π such, that

a(u, v) + b(v, p) = F (v) ∀v ∈ V,
b(u, q) = G(q) ∀q ∈ Π, (A.4)

where F ∈ V ⋆ (F : V → R) and G ∈ Π⋆ (G : Π → R) are linear and bounded. Let Z be a
subspace of V such

Z = {v ∈ V : b(v, q) = 0 ∀q ∈ Π} . (A.5)

Note A.1 (Closed subspace) One possible definition of closed subspace is that for every
sequence {vn} ∈ Z : vn → v ∈ V ⇒ v ∈ Z. Hence, the task for the following part is to
show that Z is closed.

For arbitrary sequence of vn ∈ Z holds

b(vn, q) = 0, ∀q ∈ Π,

from linearity and continuity of bilinear form b(., .)

|b(v, q)| = | b(vn, q)︸ ︷︷ ︸
=0 ∀vn∈Z

−b(v, q)| = |b(vn − v︸ ︷︷ ︸
→0

, q)| ≤ C2 ‖vn − v‖V︸ ︷︷ ︸
→0

‖q‖Π

⇓
b(v, q) = 0 ∀q ∈ Π (A.6)



219

vn → v ∈ Z, from hence Z is closed set.

Every closed subspace of Hilbert space is Hilbert space. Then Z is closed Hilbert sub-
space, with inherited scalar-product from V , see Note A.1.

If G 6= 0, than right-hand side of (A.4) can be reduced to case with G = 0. It can be
supposed, that u0 ∈ V is the solution to b(u0, q) = G(q), ∀q ∈ Π. Such u0 can be found,
for more details see [4] and [29]. Solution u from (A.4) has the form u = u1 + u0. Where
u1 ∈ Z, u0 ∈ V , b(u1 + u0, q) = b(u1, q) + b(u0, q) = b(u1, q)︸ ︷︷ ︸

=0

+G(q). For u1 ∈ Z holds

a(u, v) = F (v)

a(u1 + u0, v) = a(u1, v) + a(u0, v)

a(u1, v) = F (v)− a(u0, v) ∀q ∈ Z

The solution to (A.4) on Z is discussed later. The important observation is that (A.4) can
be reduced onto case with G = 0. More information can be found in [4]. For the Stokes-
Brinkman case G = 0 is taken naturally (consequence of the incompressibility condition,
see Chapter 2), if no sinks or wells are considered.

After reduction (A.4) to the case with G = 0 the following form of variation problem
is to find u ∈ V and p ∈ Π such, that

a(u, v) + b(v, p) = F (v) ∀v ∈ V,
b(u, q) = 0 ∀q ∈ Π, (A.7)

where F ∈ V ⋆.
If V = Z, then the way how to determine u from (A.7) is equivalent to finding u ∈ Z

such that
a(u, v) = F (v) ∀v ∈ Z. (A.8)

This is well-posed, when a(., .) is coercive (Z-eliptic), namely

α‖v‖V 2 ≤ a(v, v) ∀v ∈ Z. (A.9)

It follows from the Lax–Milgram Theorem.

Note A.2 (Lax–Milgram Theorem)
If

• Z is the Hilbert space with scalar product (., .) with norm induced by the inner
product,

• a(., .) : Z ×Z → R is a bilinear form - continuous (A.3) and coercive (A.9) on Z and

• F ∈ V ⋆,
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then there exists a unique u ∈ Z such that

a(u, v) = F (v) ∀v ∈ Z, (A.10)

even more
‖u‖V ≤

1

C1
‖F‖V ⋆ (A.11)

holds. The proof of the Lax-Milgram theorem is e.g. in [29].

The Lax–Milgram Theorem gives well defined u in (A.8). From (A.7) p ∈ Π can be
determined such that

b(v, p) = −a(u, v) + F (v) ∀v ∈ V. (A.12)

The Lax–Milgram Theorem is inadequate for well-posedness of the problem (A.12), hence
different kind of coercivity condition is necessary.

Lemma A.1 If H is a Hilbert space, then for arbitrary v ∈ H holds

‖v‖H = sup
0 6=w∈H

(v, w)H
‖w‖H

Proof From definition of Hilbert space H holds ‖v‖H =
√
(v, v)H = ((v, v)H)

1

2 .
The Cauchy-Schwarz-Buňyakovsky inequality states that ∀v, w ∈ H

|(v, w)H | ≤ (v, v)H
1

2 (w,w)H
1

2 .

Certainly, it is true that

(v, w)H ≤ |(v, w)H | ≤ (v, v)H
1

2 (w,w)H
1

2 .

If outer sides are divided by ‖w‖H , then

∀w ∈ H :
(v, w)H
‖w‖H

≤ (v, v)H
1

2 (w,w)H
1

2

‖w‖H
= ‖v‖H ⇒

If sup0 6=w∈H
(v,w)H
‖w‖H

is taken then the proof is finished. Note that whenw def.

= v, then (v,v)H
‖v‖H

=

‖v‖H .

The last important condition for well-posedness of (A.4) is LBB13 condition applied
on b(., .)

∃β > 0 : β‖p‖Π ≤ sup
w∈V

b(w, p)

‖w‖V
∀p ∈ Π. (A.13)

Problem (A.12) is rewritten in the form of

b(v, p) = −a(u, v) + F (v) = F̃ (v) ∀v ∈ V, (A.14)

where term F̃ (v) = F (v) − a(u, v) is used and F̃ (v) = 0 for all v ∈ Z. The existence and
the uniqueness of a solution follows from (A.13), see the following lemma for detailed
discussion. The proof of the following lemma is an adaptation of that in [29].

13Ladyženskaja-Babuška-Brezzi condition. Often it is called (from French literature) as inf − sup condition.
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Lemma A.2 Let be supposed that (A.3), (A.9) and (A.13) holds (with β > 0). Then (A.12) has a
unique solution.

Proof It is known, that V = Z ⊕ Z⊥, where Z is closed subspace of V . Clearly Z and Z⊥

are Hilbert spaces. Space Z was defined in (A.5).
The subspace Z⊥ def.

= {y ∈ V ; (x, y)V = 0 ∀x ∈ Z}. See the Theorem about orthogonal pro-
jection in Hilbert spaces [130]. Clearly y ∈ Z⊥ is closed subspace of V , see Note A.1. The
behaviour of (A.4) on Z was discussed above, so next part of this section is focused on
Z⊥. Given p ∈ Π, the linear form v → b(v, p) (or bp(v) = b(v, p) : V → R) is continuous
on Z⊥ (same norm as on V ). bp ∈ V ⋆ and clearly ‖bp‖ ≤ C2‖p‖.

Note A.3 Lemma A.3 (Riesz representation theorem) [130].

• H is a Hilber space,

• f ∈ H⋆.

Then

• (∃!u ∈ H)(∀x ∈ H) : f(x) = (x, u),

• ‖f‖H⋆
def
= sup‖f‖H≤1

|f(x)| = ‖u‖H⋆ .

Riesz representation theorem guarantees the existence of Tp ∈ Z⊥, where F̃ ∈ V ⋆,
(F̃ (v) = 0 for all v ∈ Z), such that

(∃!Tp ∈ Z⊥)(∀v ∈ Z⊥) : F̃ (v) = b(v, p) = (Tp, v). (A.15)

T : Π→ Z⊥, is linear

(T (αp1+βp2), v) = (T (αp1)+T (αp2), v) = (T (αp1), v)+(T (αp2), v) = α(Tp1, v)+β(Tp2, v).

T is continuous

‖Tp‖2 = (Tp, Tp) = b(Tp, p) ≤ C2‖Tp‖V ‖p‖Π ⇒ ‖Tp‖ ≤ C2‖p‖Π.

T is injective

Tp1 = Tp2
linearity→ T (p1 − p2) = 0

0 = ‖T (p1 − p2)‖V = sup
v∈V

b(p1 − p2, v)
‖v‖V

≥ ‖p1 − p2‖Π ⇒ (A.16)

0 = ‖p1 − p2‖Π ⇒ p1 = p2.

Let R = Im(T ) ⊂ Z⊥. The task is to show that R = Z⊥, then next application of Riesz
representation theorem allows to represent F̃ (v) as

F̃ (v) = (u, v)V ∀v ∈ Z⊥, (A.17)



222

for some u ∈ Z⊥. The first step is to show that R is closed subspace of Z⊥. Suppose
that pj ∈ Π is a sequence such that Tpj → w in Z⊥. The next step is to show that every
convergent sequence Tpj has limit in Z⊥. Every convergent sequence in Hilbert space
Z⊥ is Cauchy. Hence {Tpj} is Cauchy in Z⊥, and

β‖pn − pm‖Π
by (A.13)

≤ sup
w∈Z⊥

b(w, pn − pm)

‖w‖V
by (A.15)

= sup
w∈Z⊥

(w, Tpn − Tpm)V
‖w‖V

by (A.16)
= ‖Tpn − Tpm‖V ,

hence {pj} is Cauchy in Π. Let q = limj→∞pj (every Cauchy sequence in the Hilbert
space has a limit). By the continuity of T , limj→∞Tpj = Tq = w ∈ Z⊥, R is closed. It
still remains to show that R = Z⊥. The proof is shown by contradiction. Let be supposed
R 6= Z⊥, then z ∈ Z⊥/R exists. R is a closed subspace of the Hilbert space. Let u =
z − P (z), where P is orthogonal projection on closed linear subspace Z⊥, [130]. Then
u 6= 0, because u ∈ R⊥. From theorem about orthogonal projection in Hilbert spaces
[130]

∀w ∈ R : (w, u︸︷︷︸
z−P (z)

) = 0. (A.18)

holds. This holds specially for Tq = w,

0 = (w, u)V = (Tq, u)V = b(u, q) ∀q ∈ Π.

This implies u ∈ Z, a contradiction. Consequently R = Z⊥.
Riesz representation theorem ensures existence u ∈ Z⊥ such (A.13) holds. Operator

T : Π → Z⊥ is linear, continuous and injective then exists unique q ∈ Π, such that
Tp = u ∈ Z⊥. So

F̃ (v) = (Tp, v)V = (u, v)V ∀v ∈ Z⊥. (A.19)
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B Notes to Modified block preconditioner - Changing α

This type of preconditioning is an extension of the Modified block preconditioner, see
Section 7.12. It works with changing coefficient α in the following form

P =

[
A+ αI (A+ αI)DBT

−B 0

]
=

[
A+ αI 0
−B SD

] [
I1 DBT

0 I2

]
, (B.1)

where D = diag(A+ αI)−1. Coefficient α does not change the SPD matrix properties of
matrices A + αI and SD = BDBT , then the PCG method with AGMG preconditioning
technique can be used. Main point of this method is to show the dependency between
inner (PCG) solver and outer (GMRES) solver to some value of α. All results are shown
in Table 34 and Table 35. They were provided only for 32×32 case, because others exhibit
similar behaviour.

It can be observed, that higher parameter α stabilizes the matrix A+αI , but it creates
an artificial matrix different from original matrix A. Even if this parameter stabilizes the
inner matrix A+αI iterations, still it increases outer iterations which are more expensive
from computational point of view. Moreover, approximation of the Schur complement is
also different about matrix +αI to exact Schur complement.

The following tables show the differences in number of iterations for Modified block
preconditioner, Block preconditioner, and diagonal preconditioner. Note, the first one
works with system (7.14) - Â and the rest work with the system (7.3) - A.

Table 36 works with the different approximations ofA−1 except the first line of results
where the exact inverseA−1 is used. Both examples on 32×32 mesh were computed. The
main task was to compare the preconditioners not to show the quality of each of one. This
is done in Section 7.8. The crucial point is that there is almost no difference between the
Modified block preconditioner and Block preconditioner. The third one is no used in this
thesis.

Table 37 also compare three preconditioners, where both Examples were computed
on 32 × 32 mesh. But only matrix D = Dainv was used. It shows the number of outer
GMRES iterations (number out of brackets) and the number of inner PCG iterations with
AGMG preconditioning technique for the systems (A,SD). It also compares the num-
ber of iterations in dependency on relative precisions of inner solver. NF means that∥∥(ui, pi

)
− (u∗, p∗)

∥∥
∞
> 0.02, for more details see Section 7.8.

The last modification of the Schur complement is SD = αI + βBDBT , where the re-
suts for D = diag(A)−1 are shown in Table 38. One can observe the number of iterations
for Modified block triangular preconditioning technique in dependency on various pa-
rameters α and β for Example 1b on 32× 32 mesh. Again the numbers are consequently:
outer GMRES iterations (number out of brackets) and the number of inner PCG iterations
with AGMG preconditioning technique for the systems (A,SD).
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1 1e-1 1e-3 1e-5 1e-7 0
Outer 159 165 92 62 55 55
A 3 3 6 10 11 11
S 9 9 10 10 10 10
Time (s) 4.08 4.28 2.47 2.40 2.27 2.25

Table 34: Iterations and time of inner solver for matrices A + αI and SD; and global
system. All methods have stopping criteria ε = 1e−6. Results on mesh size was 32 × 32
were provided and Example 1b was solved.

1 1e-1 1e-3 1e-5 1e-7 0
Outer 586 337 94 59 52 52
A 3 5 7 11 12 12
S 9 9 9 10 10 10
Time (s) 33.75 13.94 2.75 2.57 2.37 2.44

Table 35: Iterations and time of inner solver for matrices A + αI and SD; and global
system. All methods have stopping criteria ε = 1e−6. Results on mesh size was 32 × 32
were provided and Example 3b was solved.

approx. A−1 Example
[
A 0
−B SD

] [
I1 DBT

0 I2

] [
A 0
B −SD

] [
A 0
0 −SD

]

A−1 Ex. 1a 1 2 3
Ex. 3b 1 2 3

Ddiag
Ex. 1a 48 50 81
Ex. 3b 48 50 85

Das
Ex. 1a 33 33 49
Ex. 3b 32 32 51

Dainv
Ex. 1a 32 35 51
Ex. 3b 28 31 45

Table 36: Comparison of the three preconditioners for the Stokes-Brinkman saddle point
system. Inner solvers for matrix A and SD = BDBT were solved by direct solver. Table
shows outer iterations of GMRES solver where ε = 1e−6.
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approx. A−1 Example
[
A 0
−B SD

] [
I1 DBT

0 I2

] [
A 0
B −SD

] [
A 0
0 −SD

]

εinner = 1e−6 Ex. 1a 30(12,10) 33(12,9) 51(11,8)
Ex. 3b 26(13,9) 29(13,9) 45(12,8)

εinner = 1e−3 Ex. 1a 31(6,5) 34(7,5) 67(6,5)
Ex. 3b 27(7,5) 30(7,5) 59(7,5)

εinner = 1e−2 Ex. 1a NF NF NF
Ex. 3b NF NF NF

Table 37: Comparison of the three preconditioners for the Stokes-Brinkman saddle point
system for different accuracy of inner solvers epsinner for inner matrices A and SD. In-
ner matrices A and SD were solved by AGMG method. Table shows outer iterations of
GMRES solver with ε = 1e−6. Inner iterations for matrices (A,SD) are in the brackets.

α/β 1e3 1e1 1 1e-1 1e-3 1e-5
1e3 13(13,5) 13(13,3) 13(13,2) 13(13,2) 13(13,2) 13(13,2)
1e1 31(12,7) 28(12,4) 27(12,3) 27(12,3) 27(12,2) 27(12,2)
1 33(12,9) 53(12,7) 61(12,5) 61(11,3) 61(11,2) 61(11,2)
1e-1 33(12,9) 83(12,7) 151(11,7) 207(11,4) 226(11,3) 226(11,2)
1e-3 33(12,9) 48(12,9) 73(12,9) 132(11,7) 335(11,4) 363(11,3)
1e-5 33(12,9) 43(12,10) 49(12,10) 61(12,9) 168(11,7) 433(11,4)
1e-7 33(12,9) 43(12,10) 49(12,10) 59(12,9) 72(12,9) 193(11,7)
0 33(12,9) 43(12,10) 49(12,10) 59(12,9) 64(12,9) 76(12,9)

Table 38: Comparison of block triangular preconditioner (7.58) for Stokes-Brinkman sad-
dle point system of Example 2, where on position (2, 2) is−B, where SD = αI+βBDBT ,
whereD = diag(A)−1. Inner solvers for matrixA and SD were solved by AGMG method.
Precision of all methods was ε = 1e−6.
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C Other methods

This section contains the collection of methods and ideas which were tested. Most of
them do not have bigger influence on solution to saddle point system with jumps in
coefficients. Most of them are also without deep examination of the theory. The results
from these methods are described only by short observations mostly based on numerical
experiments. On the other hand, they can deepen the insight into solution to the saddle
point system.

C.1 Transition zone

General idea is to smooth the jumps between the domains. For this purpose such do-
main with transition zone was created. The case with transition zone arose from Ex-
ample 3b. The Figure 106 shows the layout of domain which is solved. The original
transition layers from the Stokes to the Brinkman sub-domains resp. the Brinkman to the
Darcys sub-domains in Example 3b was replaced by 0.02-thin layers. 0.01-deeply into
every sub-domain. Such wide layer is a compromise between width of the layer and
no significant change between the physical properties. In other words, only 64×64 wide
mesh is enough dense on the unit domain to cover 0.02-thin layer. The length of the edge
from smaller mesh size (16×16 or 32×32) is higher than 0.02. Precisely, the lengths of
the edges are 0.0625 for 16×16 mesh, 0.0313 for 32×32 mesh, and 0.0156 for 64×64 mesh
division. Hence, only 64x64 mesh assures the existence of such layer. Because the phys-
ical properties are connected to central node of Q2 element and it can happen that any
of the central nodes do not lie inside the transition zone. Wider transition zone is not
appropriate, because it can define another problem and similarity to Example 3b will not
be preserved.

The original values of hydraulic conductivity at the transition zones were replaced
by average from original values, see Figure 106. Whereas others sub-domains stays the
same. The values of effective µ∗ and dynamic µ viscosity are the same µ∗ = µ = 1e−3 for
the whole domain.

Only matrix A from system (7.3) holds the information about physical properties.
Hence the matrix A for the case with transition zone must be different from the matrix A
from Example 3b. Since now matrix Atransition is matrix for domain with transition zone
defined by Figure 106.

From numerical point of view, it is important to compare conditions numbers. This is
computed by Matlab’s condest(A) function for sparse matrices, which is based on the
1-norm condition estimator of Hager [71] and a block-oriented generalization of Hager’s
estimator [75]. The heart of the algorithm involves an iterative search to estimate

∥∥A−1
∥∥
1

without computing A−1. This is posed as the convex but non-differentiable optimization
problem max

∥∥A−1x
∥∥
1

subject to ‖x‖1 = 1.
The results of condest function are shown in Table 39. It can be seen, that there are

almost no differences in 1-norm condition number of a square matrices. The cases with
Atransition are slightly better, but still there is not big improvement of condest number.
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Figure 106: Boundary conditions and material properties of Example 3b with transition
zone.

System condest(A)

A 5.1406e4
Atransition 5.1133e4[
A BT

B 0

]
7.8807e4

[
Atransition BT

B 0

]
7.8789e4

Table 39: Comparison of lower bounds for the 1-norm condition number of a square
matrices for Example 3b and Example 3b with transition zone.

There is need for the usage ofAtransition in solution to the system
[
Atransition BT

B 0

]
.

The quality of the Atransition is measured by GMRES method with preconditioner (7.38),
where the systems Atransition and SD (SD needs approximation of B(A−1

transition)B
T ) are

solved. Table 40 compares Example 3b and the Example 3b with transition zone. There
can be seen, that there is almost no difference between Example 3b and the Example 3b
with transition zone.

In summary, from numerical results can be seen that the usage of transition zone does
not bring any improvement in the number of iterations. Question is, can the extension
of layer bring some improvement. But as was mentioned earlier, creation of transition
zone requires remeshing of area containing jumps in coefficients. It can be difficult in real
applications.

Another approach can be the usage of either arctangent or arccotangent function as
a smoothness function between the layers, which can smooth the jumps between coef-
ficients. Due to previous results and Section C.2 the various numbers always stay at
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matrix A. Due to this reasons, it can be seen that the usage of Transition zone method
cannot bring any improvement.

Approximation Example 3b Example 3b - Transition
Ddiag 64 65
Das 46 46
Dainv 41 41

Table 40: The numbers of iterations for solving the MFEM system for the model Stokes–
Brinkman problem (7.3) by GMRES (relative residual accuracy ε = 1e−6) with the block
preconditioner (7.38). The table shows dependency on various choices of matrix D for
the Example 3b and the Example 3b with transition zone on 64x64 mesh size. Both SPD
inner system with matrices A and SD are solved by direct solver.

C.2 Weighted diagonal

As was mentioned in all examples, the Stokes–Brinkman model generally contains vary-
ing coefficients. From this reason, it can be useful for various types of preconditioning to
create a matrix which can somehow reflect the varying coefficients. Here is mentioned
one way of creation of the diagonal matrixDc built from coefficients which can be further
used and developed. The motivation for creation of such matrix connects to the previous
subsection where the transition zone was used. Here is not change of the domain, but the
information about domain is created and used.

The idea is following, let be considered basic square domain consisted of 4 Q1 ele-
ments, see Figure 107. The resulting diagonal matrix will have 9x9 size, because of 9
nodes. Where the entries into matrix Dc are computed as average of the domains which
surround the given node n = 1, . . . , 9.

The key for the creation of the diagonal matrix Dc is given by following algorithm
and Figure 107.

The resulting diagonal matrix Dc from Algorithm 10 is then

Dc =




21
21

21
1011

1011
1011

2001
2001

2001




. (C.1)

Matrix C.1 gives an average value of permeabilities surrounding the given node. This
diagonal matrix can be used to compensation of the various scales, see Section 7.4.1,
which can do a problems to iterative solvers. This represents one way, how to smooth the
oscillations in iterative solvers [56, 133].
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Figure 107: Pressure nodes distribution with numbering (blue circles) on 4×4 mesh. Each
element has given value of permeability k, which is written in the middle of the domain.

Data: Load values of K−1 for all elements
Data: Load numbers of nodes for every element
Result: Diagonal matrix Dc

initialization;
I, SOLVE THE CORNERS /* There are 4 corners per domain. Find

corners, give exact corner the right value of hydraulic

conductivity. */

Dc(1, 1) = 21;
Dc(3, 3) = 21;
Dc(7, 7) = 2001;
Dc(9, 9) = 2001;
II, SOLVE THE BOUNDARY EDGES /* Boundary nodes (except

corners) are always connected to two domains, than the

value of boundary node at Dc is average of neighbourhoods

elements */

Dc(2, 2) =
21+21

2 = 21;
Dc(4, 4) =

21+2001
2 = 1011;

Dc(6, 6) =
21+2001

2 = 1011;
Dc(8, 8) =

2001+2001
2 = 2001;

III, SOLVE THE REST - INNER NODES /* The entries of hydraulic

conductivity into Dc are always average of surrounded

elements. In square domain is easy to compute the

surrounding elements, generally it is little bit difficult

task. */

Dc(5, 5) =
21+21+2001+2001

4 = 1011;

Algorithm 10: Creation of the weighted diagonal matrix Dc on 4× 4 mesh.
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Algorithm 10 shows the creation of Dc for Figure 107, but from the notes at Algo-
rithm 10, it can be seen that Algorithm 10 can be easily extended to arbitrary mesh size
by preservation of the same way. It is easy to see, that numerical complexity of Algo-
rithm 10 is O(m). It can be parallelized. Furthermore, the size Dc ∈ R

m×m (because it
is created from Q1 nodes), hence the computational demands are less significant. Any-
way, Algorithm 10 can be extended by computation to matrix Dc at Q2 mesh, then the
computational demands are higher, but still O(n).

Motivation for usage of the Dc is the following relationship

SL = αI + β
(
BD−1BT

)
≈ αI + β∆, (C.2)

ifD is close to the identity matrix. From one perspective SL can be seen as approximation
of the Schur complement. From other perspective, there is a similarity of αI + β∆ to
matrix A in system (7.3). Of course, dimension of SL is smaller than dimension of A,
because SL ’lives’ on coarser mesh.

Here Dc is used as approximation of the matrix D in (C.2) and it plays the role of
approximation of A. Parameters α and β help to understand the behaviour of solver at
different scales, see Section 7.4.1. From one point this is an artificial mix, but from another
point in can help to understand the behaviour of solvers under various multiplications.

The results from the choice of (C.2) are shown in Table 38. It shows that presence of
αI > 1e3 decreases both the number of outer iterations and number of inner iterations
for SD. Obviously, the number of inner iterations of A stays almost constant, because
changes are doing in matrix SD. Table 38 also shows that higher value of β decreases
number of iterations, probably this is caused by similarity to Laplacian operator in (C.2).
But in Table 38 matrix D = diag(A)−1 where A is sum of mass and stiffness matrix, and
this similarity holds only for mass matrix [9].

Table 41 shows similar computations as Tables 38, but it computes with matrix Dc.
In this case the difference between

∥∥(ui, pi
)
− (u∗, p∗)

∥∥
∞
> 0.02 for value α < 1e−1 in

given tolerance, for more details see Section 7.8. This was also in NF cases in Table 41.
Table 41 shows that the usage of αDc is reasonable only for small or zero value of α.

Table 41 basically shows that the usage of Dc in this context is not appropriate for the
Stokes–Brinkman problem.

α/β 1e3 1e1 1 1e-1 1e-3 1e-5
1e-3 33(11,10) 67(12,8) 85(12,8) NF NF NF
1e-5 33(12,9) 63(12,10) 115(12,8) 132(11,8) NF NF
1e-7 33(12,9) 70(12,10) 142(12,10) 200(12,9) 142(12,9) NF
0 33(12,9) 43(12,10) 49(12,10) 59(12,9) 64(12,9) 76(12,9)

Table 41: Comparison of block triangular preconditioner (7.58) for Stokes-Brinkman
saddle point system (7.14) for Example 3b, where SD = αDc + βBDBT , where D =
diag(A)−1. Inner solvers for matrix A and SD were solved by PCG method with AGMG
precoditioner, where ε = 1e−6. Precision of outer GMRES solver was ε = 1e−6.


