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Abstract

This autoreferate describes thesis working with the Stokes–Brinkman equation, which
is the model for simulation of the fluid flow in a fully saturated porous medium. The
Stokes–Brinkman equation is a unique equation combining the Darcy and Stokes equa-
tions. More precisely, the Darcy equation is used for simulation of fluid flow in porous re-
gion and the Stokes equation simulates the fluid flow in void spaces of a porous medium.
Both domains (porous and void) have different values of permeability tensor K, which
separates one from another in the Stokes–Brinkman equation.

In this thesis, the Stokes-Brinkman equation is used for simulation of the fluid flow
through various types of porous domains and boundary conditions. Every domain is
discretized by mixed finite element methods by means of Q2 − Q1 elements, where the
stability is verified. The usage of the weak formulation of the Stokes-Brinkman model
together with the mixed finite element method leads to the saddle point system. This
saddle point system is ill-conditioned by itself, and it further contains the jumps in coef-
ficients from K. Such jumps increase ill-conditioning of the solved saddle point system.

Thesis suggests to solve the saddle point system by the GMRES method with appro-
priate types of preconditioning. Most of the presented preconditioners require to solve a
system with SPD matrix A from the saddle point system. Generally, this matrix A con-
tains jumps in coefficients and it is hard to find a general preconditioner. Hence some
types of SPD approximation of A−1 are presented and tested. The thesis offers a general
comparison of preconditioning techniques with various types of approximation of A−1

for different examples. Here, also some technique of a posteriori error estimates, which
measure the quality of the mesh on various elements, is presented. This technique dis-
covers singularities which can be caused by sudden changes of the fluid flow or by the
inner structure of a porous medium.

Keywords

Darcy equation, Stokes equation, Stokes–Brinkman equation, porous media, precon-
ditioning, a posteriori error estimate, permeability tensor, saddle point system.



Abstrakt

Tento autoreferát popisuje disertační práci se zabývající se Stokesovou–Brinkmanovou
rovnící, která je modelem pro simulaci proudění v plně saturovaném porézním prostředí.
Stokesova–Brinkmanova rovnice je unikátní spojení Darcyho a Stokesovy rovnice. Přes-
něji, Darcyho rovnice je využívána pro simulaci proudění v porézním prostředí a Stokesova
rovnice simuluje proudění ve volných oblastech porézního prostředí. Obě oblasti (porézní
a volná) mají odlišný tenzor propustnosti K, který odlišuje obě oblasti ve Stokesově–
Brinkmanově rovnici.

V této práci je Stokesova–Brinkmanova rovnice využita pro simulaci proudění skrz
různá porézní prostředí s různými okrajovými podmínkami. Každá oblast je diskreti-
zována pomocí smíšené metody konečných prvků s použitím Q2 − Q1 elementů, na
nichž je ověřena stabilita úlohy. Využití slabé formulace Stokesovy–Brinkmanovy rovnice
spolu se smíšenou metodou konečných prvků vede na sedlobodový systém. Tento sed-
lobodový systém je přirozeně špatně podmíněný, ale navíc se v něm projevují skoky
koeficientů z tensoru propustnosti K. Tyto skoky zvyšují špatnou podmíněnost řešeného
sedlobodového systému.

V Disertační práci je návrh řešit tento sedlobodový systém pomocí GMRES metody
s vhodným typem předpomínění. Většina typů předpomínění využitých v této práci
pracuje s SPD maticí A z řešeného sedlobodového systému. Obecně tato matice A ob-
sahuje skoky v koeficientech a je proto těžké najít vhodné obecné předpomínění. Proto v
této práci byly využity a testovány metody aproximace předpodmínění A−1. Tato práce
nabízí obecné srovnání několika typů předpomínění včetně jejich kombinace s různými
metodami aproximace inverze A−1 pro několik různých příkladů. Tato práce se také
zabývá a posteriorním odhadem chyby, kde byla vyvinuta a použita technika, která
umožní měřit kvalitu různých diskretizačních sítí. Navíc tato technika umí objevit sin-
gularity způsobené náhlou změnou proudění a tvarem porézního prostředí.

Klíčová slova

Darcyho rovnice, Stokesova rovnice, Stokesova–Brinkmanova rovnice, porézní prostředí,
předpodmínění, a posterioriorní odhady chyb, tenzor propustnosti, sedlobodová matice.
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Thesis organization

The main aim of this thesis is to deal with the whole process of using the Stokes–Brinkman
equation. It concerns understanding of physical laws describing the behaviour of the
fluid flow in porous medium. It compares the Stokes–Brinkman model with other appro-
priate mathematical methods, which allows to compute similar problems on computers.
Moreover, it has to handle all issues which can happen during numerical simulations.
Consequently, the thesis is organized as follows.

Chapter 1 guides the readers through basic facts about porous medium. Chapter
1 aims at better understanding of the relationships between the physical properties of
porous medium and mathematical modelling by the presentation of basic characteristics
of porous materials. It also concerns the basic characteristics of the fluid flow regimes in
porous domains including the properties which define the fluid flow in porous medium.

Chapter 2 defines equation of the fluid incompressibility, which is considered through
the whole dissertation thesis. It defends the assumptions of usage the incompressibility
condition and slightly shows other variations of fluid properties.

Chapter 3 introduces basic models describing the fluid flow in porous medium under
various physical conditions. It shows the usage, limits, pros, and cons of the Stokes–
Brinkman equation against other models.

The next Chapter 4 concerns the derivation of the weak formulation of the Stokes–Bri-
nkman equation which is a necessary step to approximation by the mixed finite element
method. This chapter also describes the involvement of pressure and velocity boundary
conditions into mixed formulation of the Stokes equation, which are extended to the
Stokes–Brinkman equation.

Chapter 5 is short but very important, as it proves the well-posedness of continuous
and finite element (on chosen finite elements) solution. The necessary condition is the
LBB condition, whose proof for continuous form is in Appendix A.

Examples illustrating the potential of the Stokes–Brinkman model for real application
are given in Chapter 6. Each of them was designed to validate the unique properties of
the Stokes–Brinkman model, like various boundary conditions, two interrelated free flow
regions, usage of transition zone, validation of the condition between the free flow and
porous domain named Beaver-Jones condition, and setting the permeability tensor K by
CT-scan. Furthermore, Chapter 6 contains two examples which show the industrial and
technical potential of the Stokes–Brinkman equation. Both of them were computed in
COMSOL Multiphysics (this program also served for validating of some of the author’s
codes).

Chapter 7 investigates the finite element approximation from the numerical point of
view. The first part of Chapter 7 examines the general properties of the saddle point
system arising from the finite element approximation of the Stokes–Brinkman equation.
It also focuses on individual properties of sub-matrices, from which the saddle point
system is assembled. It explores the properties that affect the condition number of the
whole saddle point system and individual sub-matrices. The second part of Chapter 7,
which exceeds beyond the Stokes–Brinkman model, tries to find an appropriate precon-
ditioning technique for the saddle point matrix with varying coefficients. It concerns the
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preconditioning techniques which deal with the whole saddle point system or individual
sub-matrices.

The last Chapter 8 presents a derivation of a posteriori error estimate for the Stokes–
Brinkman model. Moreover, it demonstrates the computation of a posteriori error esti-
mate based on the previous theory.

The final part of the thesis contains the conclusion and a brief discussion about the
thesis. Furthermore, it contains a discussion about future possible directions.

The last pages contain thesis’ references; and author’s references and talks.
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Introduction

The flow in porous media receives close attention in many engineering and environmen-
tal applications. In geo-engineering it is underground disposal of the spent nuclear fuel
and more generally contaminant transport, carbon-dioxide sequestration, construction of
enhanced geothermal systems, enhanced oil recovery (EOR) and others. Other applica-
tions can be found in civil engineering, development of filtration systems, construction
of modern batteries as well as in biomechanics.

The currently used models describe the flow in saturated and unsaturated porous me-
dia, multiphase flow etc. Analysis of this models, development of the numerical meth-
ods, and available software are still under a significant development.

Classical (e.g. Darcy’s) models take porous medium like a continuum. On the other
hand with arising computational power, porous medium can be modelled with respect to
each small fracture within. Such approach allows the fluid flow to be described more pre-
cisely. One of such approaches is to use the Stokes-Brinkman equation, which combines
the fluid flow inside porous medium on microscopic level with the fluid flow through
fractures and void spaces on macroscopic level.

Current state-of-the-art

Since the moment when H. C. Brinkman firstly published his articles [12] and [13] rele-
vant to the topic, a lot of work has been done with respect to his work. It is not in the
power of the author to cite all articles, books, scientific research etc., which connect with
the Stokes–Brinkman equations. Here follows the short list of publications crucial to the
topic of the thesis and current research.

Author’s initial interest in the Stokes–Brinkman model was caused by articles [36]
and [30], which show the usage of the Stokes–Brinkman model of real applications. Basic
properties of porous medium can be found, e.g., in [43, 46, 49].

General ideas used in this thesis as mixed finite element method (MFEM), properties
of saddle point systems, Stokes and Darcy mixed formulation, creation of matrices from
equations etc. are described in books [9, 11, 19].

The mathematical analysis of the Stokes–Brinkman equation was done in [21, 27].
The theoretical justifications of the Brinkman model exists, see [31, 34] and [25] and the
references therein.

The Stokes–Brinkman model is certain connection of the Stokes equation [9, 19] and
Darcy equation [18, 45]. The optional choice for the Stokes–Brinkman model is the Stokes–
Darcy model [45]. The multiscale approach of the Darcy model as a macro model and
Stokes–Brinkman model at micro level is shown in [32, 50, 37].

Numerical solution of the Stokes–Brinkman system can be found e.g. in [35] which
suggests to work with incomplete Cholesky factorization technique. Another one [47]
is based on different approach of introducing the flow’s vorticity as an additional un-
known. Recently published article [28] is based on the divergence-conforming discontin-
uous Galerkin methods and overlapping patch based domain decomposition smoothers.
General information about solving the saddle-point system is described in [7] and [9].

A posteriori error estimate is represented by articles [27] and [2].
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1 Mathematical model

In this autoreferate is considered the following model equations on a bounded, con-
nected, and polygonal domain Ω ⊂ R

n, where n = 2, 3. Next we denote free flow domain
Ωf (vugs, caves, fractures) and porous part Ωp (effective media with certain permeability
and porosity). Thus, the entire domain Ω is the union of both domains Ωp and Ωf . The
interface between the free flow and porous media is denoted Γ, that is Γ = ∂Ωp ∩ ∂Ωf ,
excluding the external boundary which is denoted ∂Ω. In the problems of fluid flow two
physical variables are needed, where one depends on the other. The first one is veloc-
ity u (vector), which represents the actual physical velocity of the fluid in the free flow
domains Ωf , but in the porous domains Ωp represents the Darcy (or averaged) velocity.
The second one variable is pressure p (scalar). External forces denotes the f (vector), for
example gravitation, centrifugal force etc.

1.1 Darcy’s model - Darcy’s law

Darcy’s law is a phenomenologically derived constitutive equation that describes the
flow of a fluid through a saturated porous medium. In 1856 Henry Philibert Gaspard
Darcy the engineer of the town of Dijon formulated the law, which was based on results
of experiments on the flow of water in a vertical, saturated, homogeneous sand filter
(= column) in connection with the city’s fountains, [18]. Darcy’s law is and

q = −
K

µ
(∇p− ρ~g) , (1.1)

where q is the Darcy’s flux (discharge per unit area, [m/s]), ∇p is the (fluid, pore) pressure
gradient [Pa/m], theoretical derivation is in [49]. The real velocity of fluid inside a porous
medium is

u =
q
φ
, (1.2)

where φ = Vφ/V , Vφ is the volume of pore (=void) space and V is the total volume of
porous medium.

Darcy’s model has a wide spectrum of usage in simulation of groundwater flowing.
For example in construction of flownets, groundwater flow equation (is based on Darcy’s
law and the conservation of mass), and flowing under a dam etc. From computational
point of view Darcy’s model is not so computationally demanding, but it is not so ac-
curate in the micro-flow inside fractures in porous medium. From hence Darcy’s model
is successfully used in modeling of rocks, mountains, soil under dams, and other large-
scales areas.

1.2 Viscous flow model - Stokes equation

At first moment it has to mentioned, that Stokes equation does not represent fluid flow
inside porous medium. Stokes model is fundamental model of viscous flow into pipes or
it can represents slow flow around obstacles. Hence Stokes equation is good candidate
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for fluid flow in porous medium, due to reasons, that fractures within porous medium
are small and fluid flow inside porous medium is slow at many natural cases. The Stokes
equation system is

−µ∆u +∇p = 0, (1.3)

∇ · u = 0. (1.4)

The variable u is a vector-valued function representing the velocity of the fluid, and the
scalar function p represents the pressure. Term µ represents the kinematic viscosity. The
first equation in (1.3) represents conservation of the momentum of the fluid (it is often
called momentum equation). The second equation enforces conservation of mass (it is
often called as incompressibility condition). More about Stokes equation can be found in
[44], [19].

1.3 Darcy and Stokes equations - boundary value problems and discretiza-
tion

Let be reminded the formulation of the Darcy problem, which is the basis for the future
Stokes–Brinkman model in the porous subregion, and the Stokes problem, which de-
scribes the flow in a complementary free flow region. The formulation of the Darcy flow
problem consists of a combination of Darcy’s law with mass balance. In the stationary
case, it gives

µK−1u +∇p = f in Ω, (1.5)

∇ · u = 0 in Ω, (1.6)

where f represents fluid sources or sinks. The boundary conditions can be mixed, i.e.
prescribed either p = p̂ on ∂pΩ or u · n = q̂n on ∂fΩ. The classical formulation of the
Darcy flow which eliminates flux is

−∇ ·

(

K
µ
∇p

)

= ∇ · f in Ω. (1.7)

This elliptic equation can be formulated variationally, and it is a basis for classical finite
element discretization. Some drawbacks of this classical FEM approach are in the viola-
tion of local (element) conservativness and a worse approximation of fluxes (compared
with approximation of pressures).

To remove these drawbacks, a mixed variational formulation can be used with both
(u, p) ∈ W × Q as unknown variables. Such variational formulation can be formulated
in spaces W = H(div,Ω) and Q = L2(Ω) and with proving existence, uniqueness, and
stability through LBB theory are considered in thesis, and [9] and [11].
The FEM is realized through introducing suitable FE subspaces Wh ⊂ H(div,Ω) and
Qh ⊂ L2(Ω). The convergence and stability requires to prove LBB condition for the pair
(Wh, Qh) and typical elements fulfilling this requirements are Raviart-Thomas RT0 − P0

elements. On the opposite the pairs like P1 − P0 are not stable, and their usage can show
instabilities as spurious oscillations of the computed solution, see, e.g. [20].
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For the Stokes problem, it is again possible to consider p as primal variable and use
classical finite elements, but their behaviour may be problematic due to locking effect
imposed by the incompressibility constraint. Therefore a mixed variational formulation
in (u, p) and mixed FEM are recommended. The mixed variational formulation inW ×Q,
where W =

[

H1(Ω)
]d and Q = L2(Ω) is described and analyzed through LBB theory in,

e.g. [9], [11] and [19]. The finite element method is again realized through introducing
FE spaces Wh ⊂ W and Qh ⊂ Q and a typical family of FE of this type are Taylor-Hood
elements, P2 − P1 on triangles (tetrahedrons) or Q2 −Q1 on rectangles (bricks).

1.4 Stokes-Brinkman model

The Stokes–Brinkman equation originally published in [12] and [13] by H.C. Brinkman is
a model for a single phase flow in porous/free flow media, and it is written as follows

µK−1u +∇p− µ∗∆u = f in Ω, (1.8)

∇ · u = 0 in Ω, (1.9)

where µ∗ is the effective viscosity and µ - the physical dynamic viscosity is a material
constant that defines the fluid under consideration (e.g., water, oil, etc.) and in this paper
it is a uniform constant in the entire domain Ω. Note that effective viscosity µ∗ is only
a parameter that allows for matching the shear stress boundary conditions across free-
fluid/porous medium interface [14]. K is a permeability tensor, which in Ωp is equal to
the Darcy permeability of the porous media. Note that by choosing µ∗ = 0 in the vugular
region, (1.8) is reduced to Darcy’s law (1.1). On the other hand by choosing kij → ∞
(or very large) in fluid domain Ωf , (1.8) is reduced to the Stokes equations (1.5) and µ∗ is
often taken equal to the physical fluid viscosity µ, see e.g. [37]. Thus, the Stokes or Darcy
equations can be obtained by suitable choices of the parameters µ∗ and K by defining
them in vugular and rock matrix regions, respectively.

In the porous region (K << 1) it is known [36] that for moderately small permeabili-
ties and pore fractions, the diffusive term µ∗∆u, where µ∗ takes values close to the fluid
viscosity µ, introduces only a small perturbation of the velocity and pressure fields in
comparison with a pure Darcy’s law with µ∗ = 0. Thus it is assumed, that µ∗ = µ. In [37]
is shown that the Stokes–Brinkman equation with the choice µ∗ = µ in the porous region.

The advantage of Stokes-Brinkman model is in the usage of uniform equations for
porous and free flow domains. Boundary conditions between these two domains are
satisfied naturally by the Stokes–Brinkman system, for more details see Chapter 2. The
distinction between flow in the porous and the free flow domain is done by K. This ap-
proach is also able to model heterogeneous material. Moreover, from a numerical point
of view, it is easier to solve a monolithic system such as the Stokes–Brinkman, in con-
trast to the coupled Darcy-Stokes system which requires an additional iterative scheme.
Also, near the interface, the Stokes–Brinkman equations allow to avoid the typical grid
refinement issues, which are necessary for solving the interface between the Darcy and
the Stokes region. The disadvantage of this approach is using Taylor-Hood’s element for
whole domain. This requires load for memory.
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2 Weak formulation of the Stokes-Brinkman equations

In this thesis, only a 2-dimensional case is considered, hence the following adjustments
are done only for 2-dimensional case, although very similar adjustments can be provided
for 3-dimensional or 1-dimensional case. Velocity u = [u1, u2] is a vector function on
a domain Ω in 2-dimensional Euclidean space. Pressure p is a scalar function. A weak
formulation of the Stokes-Brinkman equation system (1.8) and (1.9) stems from the iden-
tities

µ (G11u1 +G12u2) +
∂p

∂x
− µ∗

(

∂2u1
∂x2

+
∂2u1
∂y2

)

= f1 / · v1, (2.1)

µ (G21u1 +G22u2) +
∂p

∂y
− µ∗

(

∂2u2
∂x2

+
∂2u2
∂y2

)

= f2 / · v2, (2.2)

∂u1
∂x

+
∂u2
∂y

= 0 / · q, (2.3)

where K−1 = G. The continuity requirements on the weak solution (u, p) can be reduced
by using the Green theorem transferring the derivatives onto the test functions v and q

∫

Ω

µ (G11u1v1 +G12u2v1)−

∫

Ω

p
∂v1
∂x

+

∫

∂Ω

pn1v1

+µ∗
∫

Ω

(

∂u1
∂x

∂v1
∂x

+
∂u1
∂y

∂v1
∂y

)

− µ∗
∫

∂Ω

∂u1
∂n1

v1 =

∫

Ω

f1v1, (2.4)
∫

Ω

µ (G21u1v2 +G22u2v2)−

∫

Ω

p
∂v2
∂x

+

∫

∂Ω

pn2v2

+µ∗
∫

Ω

(

∂u2
∂x

∂v2
∂x

+
∂u2
∂y

∂v2
∂y

)

− µ∗
∫

∂Ω

∂u2
∂n2

v2 =

∫

Ω

f2v2, (2.5)
∫

Ω

(

u1
∂q

∂x
+ u2

∂q

∂y

)

−

∫

∂Ω

(u1n1q + u2n2q) = 0, (2.6)

for all v and q from suitably chosen spaces of test functions. Equations (2.4), (2.5), and
(2.6) together with the boundary condition (2.11) lead to the following velocity solution
and test spaces

H1
E := {u ∈ H1(Ω)n|u = w na ∂ΩD}, (2.7)

H1
E0

:= {v ∈ H1(Ω)n|v = 0 na ∂ΩD}, (2.8)

(Since H1
E is not closed for linear operations, it is not a vector space unless w = 0.) The

fact that there are no pressure derivatives on the left-hand side of (2.4) and (2.5) means
that L2(Ω) is the appropriate space for p. Moreover, choosing the pressure test function
q from L2(Ω) ensures that the left-hand side of (2.6) is finite. Then the weak Stokes–
Brinkman problem is defined as follows:
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Find u ∈ H1
E and p ∈ L2(Ω) such that

µ∗
∫

Ω

∇u : ∇v + µ

∫

Ω

uGv −

∫

Ω

p∇ · v =

∫

Ω

f · v +

∫

∂ΩN

s · v, ∀v ∈ H1
E0
, (2.9)

∫

Ω

q∇ · u = 0, ∀q ∈ L2(Ω). (2.10)

Boundary condition on ∂Ω = ∂ΩD ∪ ∂ΩN is given by

u = w on ∂ΩD,
∂u
∂n

− np = s on ∂ΩN , (2.11)

where n is the outward-pointing normal to the boundary vector, and ∂u/∂n denotes the
directional derivative in the normal direction. s is zero for the natural outflow condi-
tion. In order to ensure a unique velocity solution, it is assumed that the Dirichlet part
of the boundary is non-trivial, that is

∫

∂ΩD
ds 6= 0. More information about boundary

conditions of the Stoke–Brinkman model can be found in [50].

2.1 Approximation using mixed finite elements

From the theory of the mixed finite element method (MFEM) [19], spaces H1
E0

and L2(Ω)

are replaced, by their finite dimensional subspaces Xh
0 ⊂ H1

E0
and Mh ⊂ L2(Ω). Specif-

ically, for given velocity solution space Xh
E , the discrete problem is find: u ∈ Xh

E and
p ∈Mh such that

µ∗
∫

Ω

∇u : ∇v + µ

∫

Ω

uGv −

∫

Ω

p∇ · v =

∫

Ω

f · v +

∫

ΩN

s · v, ∀v ∈ Xh
0 , (2.12)

∫

Ω

q∇ · u = 0, ∀q ∈Mh. (2.13)

Note that u ∈ Xh
E here is different from u ∈ H1

E above this section. u ∈ H1
E is the exact

solution, but u ∈ Xh
E is the solution obtained by MFEM. For h → 0 the consequence

of Bramble-Hilbert lemma says that these solution are identical. The difference between
these solutions is solved in the theory of errors, see Chapter 5. The same applies to the
pressure.

From the theory of the Galerkin finite element method, convenient bases
{φ1, φ2, . . . , φnu} and

{

ψ1, ψ2, . . . , ψnp

}

for the above introduced spaces are needed. Such
bases create a finite nu- and np- dimensional vector spaces of test functions, in which
the approximated solution is searched. The basis functions for Q2 − Q1 elements are
described in [19] and [40]. Quadrilateral Q2−Q1 elements mean that velocity is approxi-
mated by Q2 functions and the pressure is approximated by bilinear Q1 functions. Note,
that Q2 − Q1 elements are often called in the literature as a Taylor-Hood method [24].

The first basis set is extended by defining additional basis functions
{φnu+1, φnu+2, . . . , φnu+n∂

}, so that the function
∑nu+n∂

j=nu+1 ujφj interpolates the boundary
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data w on ∂ΩD and uj : j = nu + 1, . . . , nu + n∂ are fixed coefficients. And so

uh =

nu
∑

j=1

ujφj +

nu+n∂
∑

j=nu+1

ujφj , (2.14)

where {φj} is a vector of basis functions (for velocity) and
∑nu

j=1 ujφj ∈ Xh
0 . Introducing

a set of scalar (pressure) basis functions {ψj}, and setting

ph =

np
∑

k=1

pkψk, (2.15)

the discrete formulation (2.12) and (2.13) can be expressed as a system of linear equations
[

A BT

B 0

] [

u
p

]

=

[

b
g

]

. (2.16)

The entries are given by

A = [aij ], aij = µ∗
∫

Ω

∇φi : ∇φj + µ

∫

Ω

φiGφj , (2.17)

B = [bkj ], bkj = −

∫

Ω

ψk∇ · φj , (2.18)

for i, j = 1, . . . , nu and k = 1, . . . , np. The entries into the right-hand side vector are

b = [bi], bi =

∫

Ω

f·v+
∫

∂ΩN

s·φi−

nu+n∂
∑

j=nu+1

uj

(

µ∗
∫

Ω

∇φi : ∇φj + µ

∫

Ω

φiGφj

)

, (2.19)

g = [gk], gk = −

nu+n∂
∑

j=nu+1

uj

∫

Ω

ψk∇ · φj , (2.20)

and solution uh a ph obtained by substituting the solution vectors uh ∈ R
nu a ph ∈ R

np

into (2.14) and (2.15) is the mixed finite element solution.

2.2 Stable Q2 − Q1 elements

Finite dimensional approximation of the Stokes–Brinkman problem should respect the
conditions enforced in continuous space. These restrictions on the finite elements are:

Approximation
The Stokes–Brinkman model deals with the pressure and the velocity. Both are
unique and both are approximated in their own spaces, namely L2(Ω) and H1

E0
.

This requires basis functions which are the finite dimensional approximation of
the given spaces.
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Approximation qualities
Generally the velocity is a vector of coordinates in every spatial dimension and the
pressure is the scalar value. One has to care of this and not represent the velocity as
constant value over element, otherwise it is impossible to compute the directions
of the flow. In other words, every velocity node requires some degree of freedom
equalled to the dimension.

Discrete LBB condition
It was observed that Q1−Q1 (bilinear) approximation is not stable as it does not sat-
isfy the LBB condition. In other words, the velocity space has to be highly approx-
imated against pressure space without the usage of the stabilization techniques.
Note, there are some stabilization techniques which do not require this, but author
decided to use the stable elements. More informations about stabilization tech-
niques can be found in [8, 15, 19, 33].

All previous assumptions are satisfied by Q2 − Q1 elements or often referred as Tay-
lor Hood method [24]. It uses biquadratic Q2 approximation for the velocity space and
bilinear Q1 approximation for the pressure. It works with 9 velocity nodes and 4 pres-
sure nodes over one element, see Figure 1. The positions of the nodes are illustrated in
Figure 1. This type of elements was used in thesis.

The Q2 − Q1 elements are stable for the Stokes–Brinkman case. The stability proof is
not derived in this thesis, but for the Stokes case is shown in [19]. The proof is based on
works of [10] and [41] which showed that any mesh that can be constructed by patching
together into macroelements satisfies the LBB condition. As was said above, the proving
ideas of the stability of Q2−Q1 elements for the Stokes problem are discussed in [19] and
for the Stokes–Brinkman model holds in the same way under similar assumptions.

Figure 1: Q2 − Q1 element (• two velocity components, ◦ pressure).
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3 Numerical Examples

This section deals with various numerical simulations of the Stokes–Brinkman model.
They describe the potential of the author’s code for the Stokes–Brinkman equation and
on simple examples. There are several application programs for the Stokes–Brinkman
flow. For the purpose of this thesis two software application were used. One is the
MATLAB environment (R2011a, 64bit), in which the author wrote the whole program for
the numerical simulations. Author lately discovered the IFISS 3.0 software from [19], by
which author improved some parts of his code.

3.1 MATLAB program

The program is based on the MFEM, as was shown in Chapter 2. The finite element mesh
was taken as a rectangular mesh of Q2 − Q1 elements. The Q2 − Q1 elements are stable
for Stokes equation, proof at [19], [26] and [50]. In thesis the extension for the Stokes–
Brinkman problem was presented.

In the program, a list of Q2 elements where every row represents one element, was
created. The first nine column positions in the given row belong to the number of nodes.
The next two columns defines dynamic µ and effective µ∗ viscosity and the rest four
position represent k11, k21, k12, and k22 positions of matrix K. This allows the physical
properties to be prescribed for every element and compute with anisotropic enviroment.

Generally, diagonal matrix K, where K = k · I represents isotropic environment. Au-
thor’s code can compute the flow in anisotropic environment, but the results are not so
well readable, hence such examples have not been mentioned. The numerical integration
was done by Gauss quadrature points, motivated by IFISS 3.0 software [19]. Resulting
system (2.16) was always primary solved by the MATLAB’s ”backslash” operator in this
chapter. But also system (2.16) was solved under usage of various preconditioning tech-
niques, which takes advantage of system (2.16), see Chapter 4 for comparison. For all
plotting MATLAB’s subroutines were used.

3.2 Examples

This section describes numerical examples, which were created for the purpose of this
autoreferate. All of them are built up on [−1, 1]× [−1, 1] ∈ R

2 and on Q2−Q1 rectangular
mesh1. The following examples cover different spectrum of boundary conditions and
material coefficients. All Examples were solved as dimensionless.

3.2.1 Example 1 - cavity experiment

Example 1 is an example of the fluid flow in porous medium with one single cavity which
can be called as a free fluid region. This example creates a combination of the fluid flow
in the porous medium (area around the cavity) and inside the cavity – free fluid region,

1It was caused by no usage of mesh generator. All codes for meshes were written by author. It enabled
better control of potential errors and simplified the modifications of the program.
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Figure 2: Q2 − Q1 mesh, boundary con-
ditions and material properties of Ex-
ample 1.

Figure 3: Absolute value of velocity at
each element of the mesh from Exam-
ple 1.

see Figure 2. The fluid flow in the porous medium can be simulated by Darcy equation.
Free fluid region can be described by the Stokes equation.

The value of permeability tensor K is assumed as the isotropic case K = kI, where I is
the identity matrix, i.e. from the physical point of view, it has the uniformity of hydraulic
conductivity in all orientations on a given sub-domain (porous or free flow region). The
value of permeability is k = 0.05 for the porous medium and K → ∞ for the free flow
region, see Figure 2.

This example has the boundary conditions depicted in Figure 2. It has prescribed
pressure boundary condition on the inflow boundary. The value of the pressure is p =
0.01. Zero velocity on the bottom and top sides, u = [0, 0]. The natural outflow bound-
ary condition, often called ’do nothing’ condition, is prescribed on the right (outflow)
boundary. In this case, such a boundary condition prescribes averaged pressure on the
right side. This option was chosen as a comparable case with [36] and for easy prediction
of the fluid flow behaviour.

3.3 Example 3 - parallel flow

Example 3 focuses on the fluid flow thought three parallel domains, motivated by [23].
Where the upper domain represents the free flow (Stokes domain). The second middle
domain is the transient area to the third porous domain. The second domain is more per-
meable (K = 0.05) than the third domain (K = 1e−5), which represents a less permeable
porous medium, see Figure 4. The value of the effective and the dynamic viscosity stays
the same (µ = µ∗ = 1e−3) for all domains.

This example shows the usage of the Stokes–Brinkman model as a unique approach
to the modelling of the three different situations by one model. This advantage of the
Stokes–Brinkman equation brings one disadvantage. It is high ill-conditioning of the
discretized system, see Chapter 4. It is caused by the usage and the presence of the jumps
of varying value of permeability in different domains, see Figure 4. This problem also can
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Figure 4: Boundary conditions and ma-
terial properties of Example 3b.

Figure 5: Boundary conditions and ma-
terial properties of Example 3b.

be refereed to Darcy and Navier–Stokes–Brinkman model, where permeability tensor K
is used.
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4 Solvers & Preconditioning

Saddle point matrix or saddle point problem arises in many cases, e.g. fluid flow, con-
strained and weighted least squares estimation, domain decomposition methods, con-
strained optimization, economic, electrical circuits and networks and many others; long
list is contained in [7]. In the context of this thesis, the saddle point system arises from
the finite dimensional representation of the weak formulation of the Stokes–Brinkman
problem, see Chapter 2. If the appropriate basis functions are used then the saddle point
system is sparse, see [11].

Author in the thesis summarized properties of the saddle point system (2.16) which
arises from the Stokes–Brinkman model. It also examines both sub-matrices A and B;
and the saddle point system (2.16). Main interest is in spectral properties of the (2.16),
matrixA, modified saddle point system (4.1), which is non-symetric, but positive definite,
i.e. the entire spectrum is contained in the half-right plane Re(z) > 0 and of course
B1 = B2 = B.

[

A BT

−B 0

] [

x
y

]

=

[

f
−g

]

, or Âx = b̂. (4.1)

Various matrices summation and multiplication, because they are key property to
control the maximal number of iterations of the Krylov subspaces method, like GMRES,
PCG etc.

As the solvers of the presented (sub)systems were chosen GMRES, (P)CG, and Mat-
lab ’backslash’ operator. GMRES always works as primal solver of saddle point systems
(2.16) or (4.1). The other two ((P)CG and ’backslash’) do a job as inner solvers. GMRES
and PCG are iterative methods, so they need a preconditioning, because good precondi-
tioner ensures their robustness and optimality. Primarily in this thesis two system (2.16)
and (4.1) are solved. They are interchangeable, (4.1) is just a multiplication of the (2.16).
The first system (2.16) is symmetric and indefinite; and the second system (4.1) is non-
symmetric and positive definite. Various preconditioners, which use the qualities of both
saddle point systems are used.

The first type of preconditioner is HSS preconditioner. It works with Hermitian and
skewsymmetric splitting of (4.1). The HSS is easily constructed preconditioner which re-
quires to solve two SPD subsystems with matrices A + αI and (αBBT + α2I). HSS is
strongly dependent on parameter α. It was proven that appropriate small α erases imag-
inary part of eigenvalues and causes clustering of eigenvalues. This is good property of
iterative GMRES solver. Thesis shows dependency of number of GMRES iterations on
parameter α, but it also shows the limits of value α.

Almost independent on parameter α is modification of HSS preconditioner called
Relaxed HSS (RHSS) which also works with (4.1). RHSS requires to solve two inner
SPD systems A and BBT without parameter α. Thesis shows dependency of number of
GMRES iterations on parameter α, within reasonable α.

Both HSS and RHSS; and practically all next preconditioners have unremovable is-
sue. It is need for solution with SPD system A. As was mentioned in beginning of this
chapter, matrix A is sum of stiffness and mass matrix. Condition number of mass matrix
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grows with mesh division and further it contains jumps in coefficients. Consequently it
is hard to find a general preconditioner of matrix A. From the theory, the best precondi-
tioner is inverse matrix, because every iterative method then converges in one iteration.
But computation of exact inverse is often more computer demanding than finding the
solution. There are some ways how to approximate the exact inverse by less computer
demanding ways and obtain the qualitatively good approximation of the exact inverse.
In this thesis matrix A is SPD, so approximation of the A−1 is restricted to be SPD, due to
usage of PCG method.

The list of approximation of the inverse with short comment about advantages and
disadvantages

• Diagonal preconditioning Ddiag - easy implementation and computation. Advan-
tage is easy computation with diagonal matrix. Disadvantage is worse approxima-
tion of the matrix A, but matrix A from the Stokes–Brinkman problem in this thesis
is diagonally dominant.

• Assembled preconditioning Das - it element by element inverts the fully assembled
matrix A, which is cheaper than invert whole matrix A. Advantage is quite good
approximation of the A−1, because it works with original system A ∈ R

n×n (com-
pare to next approximation of the inverse). Disadvantage is n-times computation
of 9× 9 sub-matrices.

• Element by element inverse Del - assembled during FEM assembling of the sys-
tem A. Advantage is cheaper assembling during FEM method, which must be
done anyway. Disadvantage is lack of knowledge of parameters of surrounding
elements. It is a problem for models with highly element by element varying coef-
ficients.

• Dainv approximative inverse Dainv = LLT - is an approximative inverse by the
technique Kolotina and Yeremin [29]. Here are introduced two versions:

– Driven wide of the band - it works with fixed size of sub-matrix. Consequently
the quality of the approximation can be driven by bandwidth parameter. On
the other hand it creates dense matrix inside of the band.

– Computed only on the pattern of matrix A - very fast approximation because
it works only with values which are located on the sparsity pattern and it
adaptively change the size of sub-matrix from which the inverse is computed.
On the other hand quality of the approximation can not be driven.

All techniques of approximation of the inverse can be further improved by methods
of corrections F1, F2 and F3 based on Frobenius norm. Diagonal corrections F1 and F2
are very fast and cheap. Correction F3 works with more information, it makes F3 little bit
slower but more precise.

All methods of the approximation of inverse are compared in thesis. Next comparison
is done via Modified block triangular matrix preconditioner, which gives an observation
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about quality of used techniques and it is another alternative how to solve the precondi-
tioned systems (2.16) and (4.1), read thesis.

Other category are Augmented matrix type preconditioners - at the first they look
unusable types of preconditioning for the systems (2.16) and (4.1). But it was shown, that
they have good spectral properties. Advantage is big robustness against the jumps in
coefficients. With appropriate big parameter r they have both stable and small number
of outer iterations. On the other hand, they work with matrix A + rBTB type or similar
which is almost dense. This makes theirs usage complicated for big systems. Moreover
parameter r does not work well for the Stokes–Brinkman equation.

For this reason in thesis is introduced a modification based on projection property of
system Ar = A + rBT (BDBT )−1B, which avoids assembling of A + rBTDB (or more
dense modification), but it also has the small stable number of outer iterations for appro-
priate parameter r. Besides it adds some matrix operations.

Following two level preconditioner uses the structure of the (2.16). It adds a term
αI∗, where I∗ can be chosen in many ways. This type of preconditioning requires to
solve the SPD system A + αBTB, where α ≤ 1 decreases the influence of BTB block.
The system A + αBTB is preconditioned by approximation of the inverse A−1. This has
stable number of iterations and easy implementation. Disadvantage is work with denser
system A+ αBTB.

Block triangular preconditioner is similar to Modified block triangular preconditioner.
Due to this similarity Block triangular preconditioner was tested with AGMG method
from Yvan Notay2, which was tested as a solver of SPD matrices A and approximation of
the Schur complement S. Motivated by cheap computation of Del. Here the similar tech-
nique of computation element by element Schur complement was used. Further, it led to
some modifications like K−1 > 0 in the free flow region(s), 2×2 or 4×4 overlapping Schur
complement. Quality of such modifications and usage of approximative techniques of
inverse A−1 are depicted in thesis.

Final resumé about which type of preconditioning is the best is not straightforward.
From computational results, experiences obtained during implementation, testing, and
personal feelings; author can give this recommendations:

HSS or RHSS is easy to implement, but their quality is not high. Augmented block
preconditioners are very robust even in the case of bigger jumps in hydraulic permeabil-
ity tensor K−1 than mentioned in this thesis, but one has to be careful about presented
weaknesses of Augmented block preconditioners.

The Modified block triangular preconditioner is not significantly better against block
triangular preconditioner. Definitely user should useBT or −BT on (2, 1) matrix position
in the block triangular preconditioner, i.e. not use only diagonal preconditioner. The
usage of AGMG in block triangular preconditioner is great in cases with small jumps in
K−1 between the elements.

Two level type preconditioner is a well-balanced option between robustness, compu-
tational demanding and physical properties for the system (2.16).

2Author would like to thank to Yvan Notay for providing of his codes.



17

Clearly the best approximation of the inverse is Dainv, it gives appropriate good ap-
proximation. Moreover, it is fast because it works only with elements from sparsity pat-
tern of Q2 elements (other approximations like Q1 − P0 were not tested and the situation
can be different). Only competitive choice is DF1

as or DF2
as .

Most of the algorithms can be implemented in parallel version and this option is al-
ways mentioned in text. But they were not mentioned, because it can bedim the qualities
of preconditioning techniques. Hence it is crucial to understand the behaviour of precon-
ditioners first, before programming their parallel version.

Final resumé is that, every problem solved by the Stokes–Brinkman equation needs
a closer look to finding the optimal way which leads to the solution. On the other hand,
solution methods which are presented and tested in this thesis can give a basic set of
preconditioning methods for the Stokes–Brinkman and other problems which use saddle
point system.
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5 A posteriori error estimation

Theory of errors is very important for derivation and checking of solution obtained from
mixed finite element method. Following result contributes to the technique of a posteriori
error estimates for the finite element solution of linearized flow problems. In this respect
we note that important results was obtained by [5], concerning the Stokes problem e.g.
[1], [6] and [11]. In the thesis are followed their ideas and extended them for Stokes–
Brinkman equation. The following Theorem 5.1 from thesis and [A3] give the bounds for
velocity ev resp. pressure ep error.

Theorem 5.1 Let Ω be a polygon in R
2. Let Th be a family of regular triangulations of Ω. Let

{vh, ph} be the Taylor-Hood approximation of the solution {v, p} of the Stokes–Brinkman prob-
lem. Then the error {ev, ep} satisfies the following a posteriori estimate

‖ev‖+ ‖ep‖ ≤ 2CpCICR

∑

K∈Th

{

hk‖R1 {vh, ph}‖0,K+

+‖R2 {vh, ph}‖0,K + h
1

2

K

∑

l∈∂K

∥

∥

∥

∥

1

2

[[

ν
∂vh

∂n
− phn

]]

l

∥

∥

∥

∥

0,l

}

,

(5.1)

where Cp, CI and CR are positive constants, residuals R1 and R2 are defined as

R1 {vh, ph} = f + ν∗∆vh − νGvh −∇ph, (5.2)

R2 {vh, ph} = div vh. (5.3)

5.1 Application of a posteriori error estimates in 2D

A posteriori error estimate belongs to the important part of numerical mathematics.
It gives an overview about quality of numerical solution on given mesh. Hence, it can
be also used in methods of mesh refinement. Part aim in this thesis is to show behaviour
of a posteriori error on the example with corners and jumps in coefficients of the Stokes–
Brinkman equation for Example 1a. This is important for assesment of quality of finite
element solution. In real applications it can lead to adaptive mesh refinement and hence
it can create a more precise solution with respect to a posteriori error.

The exact solution of the problem is denoted by (u1, u2, p) and the approximate finite
element solution by (uh1 , u

h
2 , p

h). The exact solution differs from the approximate solution
in the error

(eu1
, eu2

, ep) = (u1 − uh2 , u2 − uh2 , p− ph).

For the solution (u1, u2, p) is defined

‖(u1, u2, p)‖
2
V

def.

= ‖(u1, u2)‖
2
1,Ω + ‖p‖20,Ω

=

∫

Ω

(

u21 + u22 +

(

∂u1
∂x

)2

+

(

∂u1
∂y

)2

+

(

∂u2
∂x

)2

+

(

∂u2
∂y

)2
)

dΩ +

∫

Ω

p2dΩ.
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Theorem 5.1 gives a posteriori error estimate for the Stokes–Brinkman equations:

‖(eu1
, eu2

)‖21,Ω + ‖ep‖
2
0,Ω ≤ E

2(uh1 , u
h
2 , p

h), (5.4)

where (cf. [48]) and last term in (5.1)

E
2(uh1 , u

h
2 , p

h,Ωl) = C

[

h2
∫

Ωl

(

r21 + r22
)

dΩl +

∫

Ωl

r23dΩl

]

, (5.5)

where h denotes the diameter of the element, Ωl denotes domain of local element and ri
are the residuals

r1 = fx + µ∗
(

∂2uh1
∂x2

+
∂2uh1
∂y2

)

− µk−1
11 u

h
1 −

∂ph

∂x
,

r2 = fy + µ∗
(

∂2uh2
∂x2

+
∂2uh2
∂y2

)

− µk−1
22 u

h
2 −

∂ph

∂y
,

r3 =
∂uh1
∂x

+
∂uh2
∂y

.

Note, that the model can contain various viscosity µ, effective viscosity µ∗ and K−1 per-
meability tensor (with diagonal matrix kii = const., ∀i = 1 . . . n is computed - homoge-
neous domain, n = 2 in this thesis).

Let be also noted that due to our practical experience only the element residuals are
used. In this respect cf. also [17].

Qualitatively the value of the constant C is not simple to determine, the sources can
be seen in Theorem 5.1. It is important, that C does not depend on the mesh size and so
it can be determined experimentally for general situation. For practical reasons C = 1
thought this thesis. Let be noted, that a posteriori error estimates for the Stokes and the
Navier-Stokes equation was proved in [39] and [16].

By the usage of the computation of the estimate (5.5) absolute numbers are obtained,
they will depend on given quantities in different problems. Main interest is in the error
related to the computed solution, i.e. relative error R2. This is given by the ratio of abso-
lute norm of the solution error, related to unit area of the element Ωl,

1
|Ωl|

E
2(uh1 , u

h
2 , p

h,Ωl),

and the solution norm in the whole domain Ω, related to unit area 1
|Ω| ‖(v

h
1 , v

h
2 , p

h)‖2V,Ω,
i.e.

R
2(uh1 , u

h
2 , p

h,Ωl) =
|Ω| E2(uh1 , u

h
2 , p

h,Ωl)

|Ωl| ‖(u
h
1 , u

h
2 , p

h)‖2V,Ω
. (5.6)

5.2 Numerical results of a posteriori error estimates in 2D

For the numerical test Example 1 was chosen. Due to expectations of several singularities
which can cause troubles in finite element solution. Namely, the first should be in the left
upper and lower corner on the left side (inlet boundary). They are caused by immediately
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Figure 7: Distribution of value of the
a posteriori error (5.6) for each element
for 16×16 uniform mesh division of the
Example 1a.

Figure 8: Absolute value of velocity at
each element of the Example 1a, where
the value of permeability was decreased
to k = 0.0005.

slow down of the velocity, due to the friction force over velocity zero top and down
boundary. The second singularities should be in the corners of inner square (free flow
cavity region).

The error distribution defined by equation (5.6) shows Figure 7. It can be seen, that
very small error is in the free flow (Stokes) region in the middle square, compared to error
inside porous (Darcy) region, where the error is higher. The highest errors are around the
free flow region, it is caused by jumps in the coefficients. From physical point of view,
liquid suddenly leaves the porous medium and jumps in free flow region at the left side,
vice versa at the right side, combination of both at the upper and lower side of the free
flow region.

The Figures 9 and 10 show the difference of error (5.6) for different meshes of the
Example with k = 0.0005. It can be seen that a posteriori error (5.6) is decreased with
increasing mesh division.

If someone is interested only in singularities caused by inflow stream, then it is con-
venient to use error estimate (5.5) only with residual r3 and do not take residuals r1 and
r2. Then it gives the divergence error ‖div v‖, see Figure 11.

5.3 Summary of a posteriori error estimates

This section showed the derivation of a posteriori errors of the Stokes–Brinkman equa-
tion, from which Theorem 5.1 arose. The theory partially based on Theorem 5.1 was
used for computation of a posteriori error. This method on one Example 1a with var-
ious coefficients was tested. It supports the expected ideas about the dependency of
the a posteriori error for the Stokes–Brinkman equation with different coefficients. The
Figures 9 and 10 show the dependency of the error on the density of the mesh, which
decreases with higher mesh division. It is in agreement with theory [3, 19, 48]. Moreover,
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a posteriori error (5.6) for each element
with permeability k = 0.0005. For the
16×16 mesh division.

Figure 10: Distribution of value of the
a posteriori error (5.6) for each element
with permeability k = 0.0005. For the
64×64 mesh division.
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Figure 11: Distribution of value of the a posteriori error (5.5) only with r3 (i.e. divergence
error - ‖div v‖) for each element for 64×64 mesh division with permeability k = 0.0005.

this method is capable to discover both singularities created by fluid flow and porous
medium.

This can lead to the idea of the adaptive mesh refinement. Whereas, adaptive mesh
refinement can be driven by presented a posteriori error approach.
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6 Conclusion

This autorefereate describes the thesis dealing with up to date topic of precise modelling
of the fluid flow in porous medium. The Stokes–Brinkman model was chosen for describ-
ing of the fluid flow in porous medium. This model is capable of modelling of the inter-
action of the fast flow in the free flow (Stokes) regions and the slow flow in the (Darcy)
porous media. These two domains are distinguished by the value of permeability tensor
(K). The Stokes domain is given by K → ∞, whereas K << 1 in the Darcy domain. The
topic of precise modelling of the fluid flow in porous medium can be simulated by many
models. Most of them are presented and compared against the Stokes–Brinkman model
in the thesis.

Simulation of the fluid flow in the porous medium by the Stokes–Brinkman model is
done by the mixed finite element method (MFEM). This thesis also contains derivation
of the weak formulation and involvement of both pressure and velocity boundary con-
ditions, which are necessary for MFEM. The Stokes–Brinkman model under the usage
of the MFEM is represented by saddle point system (2.16). In Chapter 7 the properties
of sub-systems A and B from (2.16) are investigated in detail; as well as the whole saddle
point system (2.16). Unfortunately, the varying coefficients of the permeability tensor K
and properties of (2.16) increase ill-conditioning of the resulting saddle point system.

This saddle point system (2.16) is solved by GMRES iterative method. Generally
iterative methods require some preconditioning technique, which decreases condition
number and ensures robustness and optimality of the iterative method. It means, that
the solution is found at few constant numbers of iterations.

Several preconditioning methods and SPD approximation of the inverse techniques
were implemented and tested in this thesis. Namely, HSS preconditioner which is easy
to implement and use, but it strongly depends on parameter α. Its modification called
RHSS is almost independent of α. On the other hand, the quality of preconditioning
of both HSS and RHSS is not high for the Stokes–Brinkman problem.

The next types of implemented preconditioning are Augmented block precondition-
ers. They are very robust against jumps in coefficients, but the price is dealing with dense
augmented systems. One way of avoiding work with such dense systems is to use special
type of augmented system which creates a projection matrix. It avoids assembly of such
dense system but it requires additional computations. The next type of preconditioning
is two-level type technique, which is author’s idea; it combines the previous type of pre-
conditioning with approximation of the inverse. This technique is stable in a number
of iterations and easy to implement. Another techniques of preconditioning are Block
triangular and Modified Block triangular preconditioner. Both use Schur complement
of matrix A in (2.16) which needs A−1.

In summary, all previous types of preconditioners have to find either solution to sub-
system A or its modification. Generally, condition number of matrix A grows with di-
mension; moreover it contains jumps in coefficients. Consequently, it is difficult to find
a general preconditioner. Best type of preconditioning of A is A−1, but the computation
of exact A−1 is more difficult than solve the system (2.16). Due to this reason several
techniques how to approximate SPD matrix A−1 by SPD approximation of A−1 was pro-
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posed. The first one is diagonal approximation which is easy to compute, but it is not
precise. The second one is assembled approximation which takes assembled system A;
dismantle it to local matrices; invert them, and assemble them together. The third type
of approximation of the inverse is element by element approximation which is similar
to previous approximation technique. This method uses local matrices created during
FEM code, which are inverted and assembled to approximation of A−1 matrix. The last
approximation of A−1 is based on Kolotina and Yeremin technique where two modifica-
tions were done. In the first modification the quality of the approximation is driven by
the width of band parameter. The second modification uses sparsity pattern of A.

All techniques of approximation of the inverse A−1 were tested in combination with
all above mentioned preconditioners. They also were used for approximation of in-
verse in the Schur complement S = BA−1BT in the case of (Modified) Block triangular.
In Block triangular case some overlapping approximations of the Schur complement also
were tested. Furthermore all preconditioners were tested with AGMG method provided
by Yvan Notay. Appendix in thesis contains some possible modifications of presented
preconditioners. Summary and comparison of all methods and techniques is at the end
of Chapter 4 and within.

It is very important to measure the quality of the solution by a posteriori error esti-
mation. In this thesis, the method, which is capable of measuring a quality of the used
Q2 − Q1 mesh and other combinations of elements, is presented. Furthermore, this
method is able to discover the both types of singularities - caused by fluid flow and inner
structure of the porous medium.

Presented thesis deals with the fundamental topic of simulation of the fluid flow in the
porous medium by the usage of the Stokes–Brinkman equation. This is done by MFEM
method which leads to saddle point system. The issue is that the saddle point system
contains the jumps in coefficients between the elements of the finite element mesh and
generally it is ill-conditioned. A similar scheme can be found in many areas of applied
mathematics, e.g. simulation of electric field with varying value of electrical permittivity,
etc. Hence author believes that this thesis can be helpful to the others who are interested
in similar topics or problems related to the topic of this thesis. Mainly, techniques in-
troduced and used in this thesis can speed up the codes which deal with ill-conditioned
saddle point systems. This can lead to computation of larger and multiphysics problems;
and better efficiency of similar programs.

Thesis outcome

As far as the author knows, presented thesis is the first comprehensive text dealing with
numerical solution of the Stokes–Brinkman equation with the usage of the MFEM. Gen-
eral outcome and contribution of presented thesis is mainly in the precise description
of the Stokes–Brinkman model with comparison to other models describing the fluid
flow in the porous medium. The author tested the usage and the quality of the Stokes–
Brinkman model and its MFEM code on various examples. Most of examples contained
jumps in coefficients of permeability tensor (K). It motivated the author to find a solu-
tion to MFEM system via GMRES method with appropriate preconditioning. Whereas



24

most of presented methods have never been used before in connection with the Stokes–
Brinkman model. Presented thesis in detail describes all methods from numerical and
some even from the analytical point of view. All methods were tested with inner types
of preconditioning for system A which contains jumps in coefficients and its condition
number grows with dimension. Due to this reason, it also represents numerical issue.
Presented thesis introduced some methods of finding approximation ofA−1 which works
as a preconditioner for A and its modifications. This is new approach for the Stokes–
Brinkman model.

In author’s thesis a posteriori error estimate theory for the Stokes–Brinkman model
was introduced. This led to innovative method of computation a posteriori error estimate
for given MFEM mesh. This method was tested and it helps to discover singularities from
sudden change of the fluid flow. Also it is capable of measuring the quality of the solu-
tions with respect to porous matrix. Full list of all acquisitions of this thesis is contained
in Introduction section of thesis.

Future outlooks

Fluid flow inside porous medium can be very complicated, that can include a lot of phys-
ical phenomena and different models, more information can be found e.g. in [22]. Pre-
sented dissertation thesis was restricted to stationary simulation of saturated fluid flow
inside porous medium with usage of MFEM for the Stokes–Brinkman equation without
mechanical changes of porous medium. This aim gives a strong cornerstone for future
research. There are many ways to connect and continue on presented topic, for example

• Error estimation - Chapter 5 concerns a posteriori error estimation. This can be
used for automatic mesh refinement technique and discussion about different type
of elements.

• Nonstationary fluid flow - it is nature step forward to model nonstationary fluid
flow based on mixed finite element method, but it may require usage of stabiliza-
tion techniques, more about problematic is in [19].

• Three dimensional fluid flow - extension of 2D modelling into 3D space allows to
model real experiments and applications. Difficulty is mainly in FEM. It needs more
computer memory, 3D element basis, spatial integration, etc. Author did some
computation, but they are not included in thesis.

• The Navier–Stokes–Brinkman equation - the Stokes–Brinkman model can be ex-
tended by viscous term. Most of the techniques in thesis can be used in the Navier–
Stokes–Brinkman equation.

• Using hp-MFEM - in the article [4] hp-FEM method is used for model with different
material properties. It was shown there, that it is convenient to use polynomial base
function of higher order onto place where coefficients are changed. Opportunity for
the usage of the hp-FEM method can be on boundary between the porous and the
free flow region.
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• Preconditioning - significant part of thesis dedicated to preconditioning techniques.
Still, holds that this topic offers huge space for future work.

• Comparison to the Stokes–Darcy model - it can be interesting to compare the Stokes–
Darcy model with the Stokes–Brinkman model. Both use Q2 and Q1 element basis.

• Multiphysics - some ideas were presented in thesis. Multiphysics Coupling is actual
topic. The Stokes–Brinkman model can be used in connection with heat transfer,
mechanical changes, chemical reactions, etc.

• Parallel computations - some problems requires to solve saddle point system which
cannot be solved by classical (non-parallel) methods. Most of the preconditioning
techniques can be extended into its parallel versions.

Applicability

Main aim of thesis was not to solve and deal with real applications under the usage of
the Stokes–Brinkman equation. However, some parts of thesis shows possible extensions
to the real applications.

Easy connection of the CT scan with Stokes–Brinkman model was tested in two of au-
thor’s Examples. It is very useful tool for homogenization, for more details see [36].
Where the Stokes–Brinkman model is used for detailed modelling of some part of porous
medium and rest is modelled by the Darcy equation with coefficients obtained from ho-
mogenization technique from in detail modelled Stokes–Brinkman part of the domain.
There exists a possibility of connection Stokes–Brinkman equation with elasticity, this
can be valuable at granite rocks modelling. Or Stokes–Brinkman model can be connected
with heat transfer. This can be used for modelling of the enhanced geothermal systems
[14].

As it was already mentioned in the Introduction section, the Stokes–Brinkman model
has many geotechnical and geoenvironmental applications. Namely, it concerns the deep
geological deposition of the exhausted nuclear fuel, which is a complex problem with
strong demands of deep understanding of the role of natural and engineering barriers
for the spreading of radionuclides to the living environments [38, 42].

In the Czech Republic as the host rock environment for nuclear waste will be provided
in granitic rocks, which can be viewed as porous medium with fractures. In this respect,
the Stokes–Brinkman model can be useful. Or it can be modified to homogenization
based on the Stokes–Brinkman model for characterizing the flow in so called excavation
damage zone along the walls of boreholes and galleries. Similar problems can be found
in hydraulic fracturing [14] and geothermal energy problems [14].



26

7 References

[1] M. Ainsworth and J. T. Oden. A posteriori error estimators for the Stokes and Oseen
equations. SIAM Journal on Numerical Analysis, 34(1):228–245, 1997.

[2] V. Anaya, D. Mora, R. Oyarzúa, and R. Ruiz-Baier. A priori and A posteriori error
analysis of a mixed scheme for the Brinkman problem. Numerische Mathematik, pages
1–37, 2015.

[3] I. Babuška, R. Durán, and R. Rodríguez. Analysis of the efficiency of an A posteri-
ori error estimator for linear triangular finite elements. SIAM Journal on Numerical
Analysis, 29(4):947–964, 1992.

[4] I. Babuska and B. Guo. The h, p and hp version of the finite element method basic
theory and applications. NASA STI/Recon Technical Report N, 93:22550, 1992.

[5] I. Babuška and W. C. Rheinboldt. A-posteriori error estimates for the finite element
method. International Journal for Numerical Methods in Engineering, 12(10):1597–1615,
1978.

[6] R. E. Bank and B. D. Welfert. A posteriori error estimates for the Stokes equations: a
comparison. Computer Methods in Applied Mechanics and Engineering, 82(1):323–340,
1990.

[7] M. Benzi, G. H. Golub, and J. Liesen. Numerical solution of saddle point problems.
Acta numerica, 14(1):1–137, 2005.

[8] P. B. Bochev, C. R. Dohrmann, and M. D. Gunzburger. Stabilization of low-order
mixed finite elements for the Stokes equations. SIAM Journal on Numerical Analysis,
44(1):82–101, 2006.

[9] D. Boffi, F. Brezzi, and M. Fortin. Mixed Finite Element Methods and Applications.
Springer, 2013.

[10] J. Boland and R. A. Nicolaides. Stability of finite elements under divergence con-
straints. SIAM Journal on Numerical Analysis, 20(4):722–731, 1983.

[11] S. C. Brenner and R. Scott. The Mathematical Theory of Finite Element Methods, vol-
ume 15. Springer, 2008.

[12] H. C. Brinkman. A calculation of the viscous force exerted by a flowing fluid on a
dense swarm of particles. Applied Scientific Research, A1:27–34, 1947.

[13] H. C. Brinkman. On the permeability of media consisting of closely packed porous
particles. Applied Scientific Research, A1:81–86, 1948.

[14] J. Bundschuh et al. Introduction to the Numerical Modeling of Groundwater and Geother-
mal systems: Fundamentals of Mass, Energy and Solute Transport in Poroelastic Rocks.
CRC Press, 2010.



27

[15] P. Burda, J. Novotný, and J. Šístek. Numerical solution of flow problems by stabi-
lized finite element method and verification of its accuracy using A posteriori error
estimates. Mathematics and Computers in Simulation, 76(1):28–33, 2007.

[16] P. Burda, J. Novotný, and B. Sousedík. A posteriori error estimates applied to flow
in a channel with corners. Mathematics and Computers in Simulation, 61(3):375–383,
2003.

[17] C. Carstensen and R. Verfürth. Edge residuals dominate A posteriori error estimates
for low order finite element methods. SIAM journal on numerical analysis, 36(5):1571–
1587, 1999.

[18] H. Darcy. Les Fontaines Publiques de la Ville de Dijon: Exposition et Application... Victor
Dalmont, 1856.

[19] H. Elman, D. Silvester, and A. Wathen. Finite Elements and Fast Iterative Solvers: with
Applications in Incompressible Fluid Dynamics. Oxford University Press, 2014.

[20] A. Ern and J.-L. Guermond. Theory and Practice of Finite Elements, vol. 159 of
Applied Mathematical Sciences, 2004.

[21] A. Hannukainen, M. Juntunen, and R. Stenberg. Computations with finite element
methods for the Brinkman problem. Computational Geosciences, 15(1):155–166, 2011.

[22] R. Helmig et al. Multiphase Flow and Transport Processes in the Subsurface: a Contribu-
tion to the Modeling of Hydrosystems. Springer-Verlag, 1997.

[23] A. A. Hill and B. Straughan. Poiseuille flow in a fluid overlying a porous medium.
Journal of Fluid Mechanics, 603:137–149, 2008.

[24] P. Hood, C. Taylor, et al. Navier-Stokes equations using mixed interpolation. Finite
Element Methods in Flow Problems, University of Alabama in Huntsville Press, 1974.

[25] U. Hornung. Homogenization and Porous Media, volume 6. Springer Science & Busi-
ness Media, 2012.

[26] R. Ingram. A mixed finite element approximation of Stokes-Brinkman and NS-
Brinkman equation for non-Darcian flows. SIAM J. Numer. Anal, 49(2):491–520, 2011.

[27] M. Juntunen and R. Stenberg. Analysis of finite element methods for the Brinkman
problem. Calcolo, 47(3):129–147, 2010.

[28] G. Kanschat, R. Lazarov, and Y. Mao. Geometric multigrid for Darcy and Brinkman
models of flows in highly heterogeneous porous media: A numerical study. preprint
arXiv:1602.04858, 2016.

[29] L. Y. Kolotilina and A. Y. Yeremin. Factorized sparse approximate inverse precon-
ditionings: I. Theory. SIAM Journal on Matrix Analysis and Applications, 14(1):45–58,
1993.



28

[30] M. Krotkiewski, I. S. Ligaarden, K.-A. Lie, and D. W. Schmid. On the importance of
the Stokes-Brinkman equations for computing effective permeability in karst reser-
voirs. Communications in Computational Physics, 10(5):1315–1332, 2011.

[31] V. Laptev. Numerical Solution of Coupled Flow in Plain and Porous Media. PhD thesis,
Universität Kaiserlautern, 2003.

[32] M. Lesinigo, C. D’Angelo, and A. Quarteroni. A multiscale Darcy–Brinkman model
for fluid flow in fractured porous media. Numerische Mathematik, 117(4):717–752,
2011.

[33] A. Masud and T. J. Hughes. A stabilized mixed finite element method for Darcy
flow. Computer methods in applied mechanics and engineering, 191(39):4341–4370, 2002.

[34] G. Neale and W. Nader. Practical significance of Brinkman’s extension of Darcy’s
law: coupled parallel flows within a channel and a bounding porous medium. The
Canadian Journal of Chemical Engineering, 52(4):475–478, 1974.

[35] P. Popov. Preconditioning of linear systems arising in finite element discretiza-
tions of the Brinkman equation. In Large-Scale Scientific Computing, pages 381–389.
Springer, 2011.

[36] P. Popov, L. Bi, Y. Efendiev, R. E. Ewing, G. Qin, J. Li, Y. Ren, et al. Multi-physics
and multi-scale methods for modeling fluid flow through naturally-fractured vuggy
carbonate reservoirs. In SPE Middle East Oil and Gas Show and Conference. Society of
Petroleum Engineers, 2007.

[37] P. Popov, Y. Efendiev, and G. Qin. Multiscale modeling and simulations of flows
in naturally fractured karst reservoirs. Communications in Computational Physics,
6(1):162, 2009.

[38] V.-M. Pulkkanen. Radionuclide transport through different routes near a deposition
hole for spent nuclear fuel. In COMSOL Conference. Milan, Italy, number 16 in 14,
page 2009, 2009.

[39] S. I. Repin. A posteriori estimates for the Stokes problem. Journal of Mathematical
Sciences, 109(5):1950–1964, 2002.

[40] J. Sistek. The Finite Element Method in Fluids: Stabilization and Domain Decomposition.
PhD thesis, Czech Technical University in Prague, 2008.

[41] R. Stenberg. Analysis of mixed finite elements methods for the Stokes problem: a
unified approach. Mathematics of computation, 42(165):9–23, 1984.

[42] O. Stephansson, J. Hudson, and L. Jing. Coupled Thermo-Hydro-Mechanical-Chemical
Processes in Geo-Systems, volume 2. Elsevier, 2004.

[43] A. Szymkiewicz. Mathematical models of flow in porous media. In Modelling Water
Flow in Unsaturated Porous Media, pages 9–47. Springer, 2013.



29

[44] R. Temam. Navier–Stokes Equations. American Mathematical Soc., 1984.

[45] J. Urquiza, D. N’dri, A. Garon, and M. Delfour. Coupling Stokes and Darcy equa-
tions. Applied Numerical Mathematics, 58(5):525–538, 2008.

[46] K. Vafai. Handbook of Porous Media. CRC Press, 2015.

[47] P. Vassilevski and U. Villa. A block-diagonal algebraic multigrid preconditioner for
the Brinkman problem. Technical report, Citeseer, 2012.

[48] Verfürth and Rüdiger. A Review of A Posteriori Error Estimation and Adaptive Mesh-
Refinement Techniques. John Wiley & Sons Inc, 1996.

[49] S. Whitaker. Flow in porous media I: A theoretical derivation of Darcy’s law. Trans-
port in Porous Media, 1(1):3–25, 1986.

[50] X. Xie, J. Xu, and G. Xue. Uniformly-stable finite element methods for Darcy-Stokes-
Brinkman models. Journal of Computational Mathematics, 26(3), 2008.



30

Author’s bibliography

Related to the thesis

Journals

A1. A. Millard; N. Mokni; J. D. Barnichon; K. Thatcher; A. Bond; A. Fraser-Harris; Ch.
Mac Dermott; R. Blaheta; Z. Michalec; M. Hasal; T. Nguyen; O. Nasir; H. Yi; O. Ko-
lditz. Comparative modelling approaches of hydro-mechanical processes in sealing
experiments at the Tournemire URL. Environmental Earth Sciences. 76, 2 (2017),
IF: 1.765

A2. A. Millard; N. Mokni; J. D. Barnichon; K. Thatcher; A. Bond; A. Fraser-Harris; Ch.
Mac Dermott; R. Blaheta; Z. Michalec; M. Hasal; T. Nguyen; O. Nasir; R. Fedors;
H. Yi; O. Kolditz. Comparative modelling of laboratory experiments for the hydro-
mechanical behaviour of a compacted bentonite-sand mixture. Environmental Earth
Sciences. 75, 19 (2016), ISSN: 18666280, DOI: 10.1007/s12665-016-6118-z,
IF: 1.765

A3. P. Burda, M. Hasal. An A posteriori error estimate for the Stokes–Brinkman prob-
lem in a polygonal domain. Applications of Mathematics, (2015). - in print, IF: 0.507

Proceedings

A4. M. Hasal, R. Hrtus, Z. Michalec, R. Blaheta. Hydro-Mechanical Modelling of Infil-
tration Test for a Bentonite-Sand Mixture: Model Verification and Parameter Iden-
tification. 2017. - submitted

A5. O. Axelsson, R. Blaheta, M. Hasal, A comparison of preconditioning methods for
saddle point problems with an applications for porous media flow, Lecture Notes in
Computer Science (including subseries Lecture Notes in Artificial Intelligence and Lecture
Notes in Bioinformatics). 9611 (2016), ISBN: 978-331940360-1, DOI: 10.1007/978-3-
319-40361-8_5, SJR: 0.025

A6. R. Blaheta, M. Hasal, Z. Michalec, Modelling hydro-mechanical processes for ben-
tonite based sealing in rocks. EUROCK 2015 - ISRM European Regional Symposium -
the 64th Geomechanics Colloquy, 7.-10. September, Salzburg, Austria - in print

A7. M. Hasal, P. Burda. Application of A Posteriori Error Estimates for the Steady
Stokes–Brinkman Equation in 2D. ICNAAM 2015 - 13th International Conference of
Numerical Analysis and Applied Mathematics, Vol. 1738, 2016,
ISSN: 0094243X, DOI: 10.1063/1.4952137.

A8. Martin Hasal. Two level preconditioner of Steady Stokes–Brinkman Equation with
Jumps in Coefficients. ICNAAM 2015 - 13th International Conference of Numerical
Analysis and Applied Mathematics, Vol. 1738, 2016.
ISSN: 0094243X, DOI: 10.1063/1.4952136.



31

A9. A. Millard; N. Mokni; J. D. Barnichon; A. Bond; K. Thatcher; A. Fraser-Harris; Ch.
Mac Dermott; R. Blaheta; Z. Michalec; M. Hasal; T. Nguyen; O. Nasir; R. Fedors; H.
Yi; O. Kolditz. DECOVALEX-2015 Project Task A Final Report. (2016),
ISBN: 978-91-7595-826-2(03), ISSN: 1650-86-10,

A10. Martin Hasal, Radim Blaheta. Numerical solution of Stokes–Brinkman equation
with mixed finite elements and HSS preconditioner. SNA’15 - Seminar on Numeri-
cal Analysis and Winter School, Ostrava, Czech Republic,
ISBN: 978-80-86407-55-5.

A11. M. Hasal, Z. Michalec, R. Blaheta. Hydromechanical modelling with application
in sealing for underground waste deposition. ICNAAM 2014 - 12th International
Conference of Numerical Analysis and Applied Mathematics, Vol. 1648, 2015,
ISSN: 0094243X, DOI: 10.1063/1.4913037.

A12. R. Blaheta, M. Hasal, Z. Michalec. Preconditioners for linear and nonlinear poroe-
lasticity problems. Numerical Methods for Scientific Computations and Advanced Appli-
cations, 2014, Bansko, Bulgaria, page 23, ISBN: 978-954-91700-7-8.

A13. M. Hasal, P. Burda. Stokes–Brinkman equation , WOFEX 2012, Faculty of Electrical
Engineering and Computer Science, VŠB-TUO, 11-12 September, Ostrava, Czech
Republic, ISBN: 78-80-248-2769-8.

Conferences - which were not listed above

A14. R. Blaheta, M. Hasal, Z. Michalec. DECOVALEX 2019 - Task D and G - Step1 - actual
results. 2th Workshop & Steering Committee Meeting, 29 November - 2 December 2016,
Taiwan Power Company (TPC), Taipei, Taiwan.

A15. R. Blaheta, M. Hasal, Z. Michalec. DECOVALEX 2015 - Task A - Step3 - final results.
8th Workshop & Steering Committee Meeting, 13-15 October 2015, Wakkanai, Japan.

A16. R. Blaheta, M. Hasal, Z. Michalec. Modelling of coupled hydro-mechanical pro-
cesses with applications. 4rd Annual conference of IT4Innovations, 3-4 October 2014,
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Slovakia, Supplement p.4, ISBN 978-80-7097-969-3.

• Resekce jaterních tumoru: srovnání laparoskopického a otevřeného přístupu,
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