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1. Introduction 

The objective of the thesis is to measure and compare the performance of portfolios 

by different portfolio optimization models in different sample period. We apply four 

model in our thesis: naïve strategy, Markowitz model, Black’s model and Tobin model. 

We use those models to construct efficient portfolios, then calculate the performance 

measures. We calculate the Sharpe ratio, Roy’s Safety First ratio, Sortino ratio, 

information ratio, maximum drawdown and the final wealth for each portfolio. We 

choose 30 stocks from the American stock market from 01/01/2011 to 31/12/2020 and 

collect the weekly adjusted closed prices for the calculation. We divided those stock 

prices into two parts, in-sample period (1//1/2011-31/12/2015) and out-of-sample 

period (1/1/2016-31/12/2020). We also calculate the performance measures for the 

S&P500 index and set the index as a benchmark. 

The thesis is divided into five chapters. The first chapter is an introduction to the 

whole thesis.  

Chapters 2 and 3 are theoretical parts, and chapter 2 is the description of portfolio 

performance measures. In this part, we introduce some basic information and formulas 

about performance measures, the measures include Sharpe ratio, Roy's Safety First ratio, 

Sortino ratio, information ratio, maximum drawdown and wealth calculation. Chapter 

3 is the description of portfolio optimization models. First, we introduce modern 

portfolio theory and economic factors that influence stocks. Then we introduce some 

basic formulas for portfolio calculations, including the return, variance, standard 

deviation and covariance. Finally, we describe the four portfolio optimization models: 

naive strategy, Markowitz model, Black’s model and Tobin model. We introduce their 

assumptions, objective functions and constraints. 

The fourth chapter is the application part, this chapter is divided into four parts. The 

first part is data description, we give a brief introduction to the stock data we collected. 

The second and third parts are respectively used for analyzing the performance in the 

in-sample period and out- of-sample period under four different models that we have 
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mentioned before. the last part is the comparison of the performance of the portfolios 

in the in-sample period and out-of-sample period. 

The final chapter is conclusion, we make a summary according to our calculation. 
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2. Description of Portfolio Performance Measures  

  In this chapter, we introduce several risk-adjusted performance indicators that differ 

in the definition of returns and risks. First, we introduce the backtesting of portfolio 

optimization. In particular, we study the Sharpe ratio, Roy's Safety First ratio, Treynor 

ratio, Sortino ratio and information ratio. We can use these different risk-adjusted 

performance indicators to help us rank our portfolios. However, due to differences in 

the definition of benefits and risks, the ranking of investments by these indicators may 

vary. 

2.1 Backtesting of Portfolio Optimization 

Backtesting is the process of applying an investment strategy to historical financial 

data to assess the results, i.e., to analyze risks and profitability, before traders assume 

any actual capital investment. Through the backtesting process, we can analyze what 

would have happened if we followed each investment strategy in history. 

“Within backtesting procedure the historical data are utilized. For each observation  

(day) we compute the portfolio composition based on the information set known at that 

moment, i.e., the weights of portfolio at time t are determined based on the  

returns/prices of the assets in historical window(t-m，t-1)，where m determines the size 

of past data, which are utilized. In order to avoid look-ahead bias, it is vital to assure 

that algorithm utilizes only information that would have been available  at the time of 

the portfolio rebalancing.”（Kresta, 2015, p61） 

We calculate the ex-post portfolio returns as follows, 

                                                            𝑅𝑃,𝑡 = 𝑅𝑡 ∙ 𝑤𝑡,                                           (2.1) 

where 𝑅𝑡 represents the ex-post observed asset returns and 𝑤𝑡 represents the weights 

of assets in the portfolio, which are obtained by portfolio optimization model based on 

the prices of assets in the historical window (t-m, t-1). 

Also, we can calculate the ex-post wealth (portfolio value) evolution as follows, 



 

8 

                                           𝑊𝑡 = 𝑊𝑡−1 ∙ (𝑒𝑅𝑃,𝑡),                                           (2.2) 

where 𝑊𝑡 represents the accumulated wealth at time t. 

2.2 Sharpe ratio 

Sharpe proposed the Sharpe ratio based on modern portfolio theory. The Sharpe ratio 

pays more attention to the return of assets and also pays attention to the risk of assets. 

It measures the return after asset adjustment risk and is the price display of unit of risk. 

Since the Sharpe ratio comprehensively reflects the risk-return characteristics of the 

capital market, it has expanded to the widely used performance measure for evaluating 

asset portfolios, judging the operating efficiency of the capital market, effective asset 

portfolios, and guiding investment decisions. 

Sharpe ratio is a measure of excess portfolio return over the risk-free rate relative to 

its standard deviation. The formula for calculating the Sharpe ratio is:  

𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜 =
𝐸(𝑅𝑃)−𝑅𝐹

 𝜎𝑃
,                  (2.3) 

where, 𝑅𝐹  represents the risk-free rate, 𝐸(𝑅𝑃)  represents the expected return of the 

portfolio, 𝜎𝑃 represents the standard deviation of portfolio returns. 

  The higher the Sharpe ratio, the higher the excess return obtained when a certain risk 

is assumed. Conversely, if the Sharpe ratio is small or even negative, it means that the 

excess return from taking a certain risk is small or there is no excess return. 

  Here is an example of Sharpe ratio, A and B two funds, the historical annualized 

return of A fund is 10%, the Sharpe ratio is 0.5, the historical annualized return of B 

fund is 5%, and the Sharpe ratio is 1. Fund A seems to have a higher annualized return, 

but in fact, compared to Fund B, it takes more risks and does not get a higher excess 

return. Although Fund B has an annualized rate of return of 5%, it has obtained a higher 

excess return under the same risk 

When investors use the Sharpe ratio, there are a few things we need to pay attention 

to: 

1. The comparison must be made in the same type of fund and in the same period, 

otherwise it is meaningless. 
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2. Since the hypothetical model of the Sharpe ratio is normally distributed, it can 

only measure normalized risks and excess returns. 

3. The calculation of the Sharpe ratio basically uses the historical data of the fund, so 

the calculated Sharpe ratio can only represent the past performance, and it is not 

rigorous to use it to predict the future condition. 

2.3 Roy’s Safety First Ratio 

Roy’s Safety First (SF) Ratio makes a slight change to the Sharpe Ratio. Specifically, 

instead of using the risk-free rate, Roy’s SF Ratio uses a target or minimum acceptable 

return to calculate the excess return. That is, 

                   𝑅𝑜𝑦𝑆𝐹𝑃 =
𝐸(𝑅𝑃)−𝑀𝐴𝑅

𝜎𝑃
                           (2.4) 

where MAR is the minimum acceptable return, 𝐸(𝑅𝑃) represents the expected return 

of portfolio, 𝜎𝑃 represents the standard deviation of portfolio returns. The higher the 

Roy’s Safety First Ratio, the better the risk-adjusted performance of the portfolio. 

According to Ang (2015, p, 199)“to implement Roy’s SF Ratio, we need to come up 

with a minimum acceptable return (MAR). This MAR can potentially depend on many 

factors, such as investors return objectives, risk preferences, etc. For example, a simple 

minimum acceptable return could be to have at least a real return of zero. That is, the 

MAR should match inflation expectations.” The inflation in the United states in 2019 is 

1.942%1, it is a good idea we take this number as the minimum acceptable return and 

calculate the Roy’s safety first ratio in 2019. 

  The Roy’s Safety First Ratio provides a probability of meeting a minimum required 

return on a portfolio. An investor's optimal decision is to choose the portfolio with the 

highest Roy’s Safety First Ratio. Investors can use the formula to calculate and evaluate 

various scenarios involving different weights, different investments and other factors 

that affect the probability of meeting their minimum return. 

 
1 https://data.worldbank.org/indicator/NY.GDP.DEFL.KD.ZG?locations=US&view=chart 
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2.4 Treynor ratio 

Treynor Ratio represents the excess return (compared with risk-free rate) generated 

by bearing a unit of systemic risk. 

The Treynor Ratio modifies the denominator in the Sharpe Ratio to use beta instead 

of standard deviation. That is, 

                 Treynor Ratio =
𝐸(𝑅𝑃)−𝑅𝐹

 𝛽𝑃
                         (2.5) 

where βp is the beta of the portfolio, 𝐸(𝑅𝑃)  represents the expected return of 

portfolio, 𝑅𝐹 represents risk-free assets. The beta (β) of an investment portfolio is a 

measurement of its volatility of returns relative to the entire market. It is used as a 

measure of risk and is a part of the Capital Asset Pricing Model (CAPM). The formula 

of CAPM model is: 

                                        𝐸(𝑅𝑃) = 𝑅𝐹 + 𝛽 ∙ [𝐸(𝑅𝑚) − 𝐸(𝑅𝐹)].                                  (2.6) 

A stock with a higher beta has greater risk and usually also greater expected returns. 

If beta is positive, it means that the return volatility and market volatility are in the same 

direction, and if beta is negative, it is the opposite. The absolute value of beta represents 

the fluctuation range of the return rate caused by the fluctuation of the market return 

rate by one unit. 

According to Traynor, fund managers should eliminate all non-systematic risks 

through investment portfolios, so Traynor measures the performance of investment 

funds with the excess return obtained by the unit of systematic risk coefficient. A 

sufficiently diversified portfolio has no non-systematic risk, only systematic risk that 

differs from market movements. So he uses the beta of the fund's investment return as 

a measure of risk. 

The Treynor Ratio does not measure the risk diversification of a fund. Systematic 

risk will not be reduced due to the diversification of the investment portfolio. Therefore, 

even if a fund manager's risk diversification is done well, the Treynor ratio may not 

increase as a result. 
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2.5 Sortino ratio 

Sortino Ratio is similar to Sharpe Ratio, except that it distinguishes between good 

and bad fluctuations. The volatility used in the denominator is not the standard 

deviation, but the downward standard deviation. The implicit condition is that the rise 

of the investment portfolio (positive rate of return) meets the requirement of investors 

and should not be included in risk adjustment. 

Sortino Ratio represents the excess return (relative to MAR) obtained by assuming a 

unit of downside risk. Sharpe Ratio treats all fluctuations as risks, so a sharp increase 

in the rate of return may pull down the ratio. Sortino Ratio only considers bad volatility, 

so a sharp increase in the yield will not pull down the ratio. Sortino Ratio can be seen 

as a correction to Sharpe Ratio. 

The Sortino Ratio has the same numerator as Roy’s SF Ratio. However, the 

denominator measures only the deviation of values lower than the MAR, which is 

referred to as Downside Deviation (DD). That is, 

       𝑆𝑜𝑟𝑡𝑖𝑛𝑜 𝑟𝑎𝑡𝑖𝑜 =
𝐸(𝑅𝑃)−𝑀𝐴𝑅

𝐷𝐷𝑃
,                      (2.7) 

where MAR is the minimum acceptable return, 𝐸(𝑅𝑃) represents the expected return 

of the portfolio, 𝐷𝐷𝑃 is the downside deviation. Downside deviation is the standard 

deviation of these returns which are less than the period minimum acceptable return. 

The higher the Sortino Ratio, the better the risk-adjusted performance of the portfolio. 

2.6 Information ratio 

Information ratio (IR) is a measure of the return of a portfolio over a benchmark 

(usually an index) and compared to the volatility of those returns. The benchmark used 

is usually a market index. 

The IR is the ratio of the difference between portfolio return and market return over 

their tracking error: 

𝐼𝑅 =
𝐸(𝑅𝑃)−𝐸(𝐵)

𝑇𝑟𝑎𝑐𝑘𝑖𝑛𝑔 𝑒𝑟𝑟𝑜𝑟
,                      (2.8) 

where IR is information ratio, 𝐸(𝑅𝑃) represents the expected return of portfolio, 𝐸(𝐵) 
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represents the return of the benchmark. The tracking error can be calculated by taking 

the standard deviation of the difference between the portfolio returns and the index 

returns.  

  The information ratio describes the risk-adjusted return from the perspective of active 

management, which is different from the Sharpe ratio, which describes the absolute 

return and total risk. The larger the information ratio, the higher the excess return 

obtained by the fund manager adjusted for tracking error. Therefore, the performance 

of a fund with a higher information ratio is better than that of a fund with a lower 

information ratio. For example, the return of a certain manager's portfolio in a certain 

period is 10%. From this 10% alone, the fund manager's ability is very strong, but the 

return of the market in this period is 20%. Relatively speaking, the manager has not 

performed better than the market. So a better evaluation method is to look at the return 

of the manager's portfolio relative to the benchmark. 

2.7 Maximum Drawdown 

Maximum drawdown, the maximum loss from a peak to a thorough of a portfolio, is 

an indicator of downside risk over specified time period. This measure is called 

drawdown and can be expressed in formula (2.9): 

                                                                 𝐷𝐷𝑡 = 1 −
𝑊𝑡

max
𝑡∈(0,𝑡)

𝑊𝑇
,                                        (2.9) 

𝑊𝑡 represents the wealth in time t. 

Then, we can extend the ratio so that we measure the maximum drawdown over the 

period (0, 𝑇), 

                                             𝑀𝐷𝐷0,𝑇 = max
𝑡∈(0,𝑡)

(1 −
𝑊𝑡

max
𝑡∈(0,𝑡)

𝑊𝑇
).                                 (2.10)   

The maximum drawdown is the worst decline in the wealth over the analyzed period. 
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3. Description of Portfolio Optimization Models 

In this chapter, we mainly study three portfolio investment models, including 

Markowitz model, Black's model and Tobin model. We will introduce their assumptions, 

objective functions and some constraints, and how to use them to obtain the weight in 

the portfolio of each stock. Before that, we briefly introduce modern portfolio theory 

and the factors that affect the stock market. 

3.1 Modern Portfolio Theory 

In 1952, Harry Markowize published a paper entitled " Portfolio Selection" in the 

"Journal of Finance", which explored the inherent correlation between different types 

of securities with different moving directions and elaborated on the basic principles of 

securities portfolios. This theory was later called the Modern Portfolio Theory (MPT). 

Based on this theory, Markowize later won the Nobel Prize in Economics. 

MPT believes that just looking at the expected risks and returns of a stock is not 

enough. Investing in multiple stocks can enjoy the benefits of diversification, the most 

important of which is to reduce risks. MPT quantified the benefits of diversified 

investment and explained the investment logic of "not putting all your eggs in one 

basket" from a quantitative theory. For most investors, the risk of buying stocks is that 

the return is lower than expected, or even negative. In other words, it is the deviation 

of the average return. The variance formula of the portfolio shows that the variance of 

the portfolio depends largely on the correlation between securities. The return and 

standard deviation of a single security may not be attractive to investors, but if it has a 

small or even negative correlation with the securities in the portfolio, it will be included 

in the portfolio. When the number of securities in the portfolio is large, the variance of 

the portfolio depends more on the covariance between the securities to a large extent, 

and the variance of a single security will be of secondary importance. 

A correlation coefficient of -1 indicates a complete negative correlation between the 

two assets. This means that positive movement in one is associated with negative 
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movement in another. A correlation coefficient of 1 indicates a completely positive 

correlation. The two assets react in the same way to market movements.  

This theory mainly solves the problem of how investors measure different investment 

risks and how to rationally combine their funds to maximize the maximum return. 

According to this theory, there is a special relationship between investment risk and the 

return of combined financial assets, and the diversification of investment risk is regular. 

Modern portfolio theory points out that the risk of stock returns consists of two parts: 

systematic risk is market risk, which cannot be solved by diversified investment. Such 

as interest rates, recessions, wars. Unsystematic risks, also called "specific risks", are 

particularly prominent for individual stocks, but as the number of stocks in the 

investment portfolio increases, risks can be diversified. It is an integral part of stock 

returns, but has nothing to do with the movement of the market. 

In a perfect diversified stock portfolio, the risk deviation of each stock has little effect 

on the overall risk of the portfolio. On the contrary, the difference or covariance of 

individual stock risk levels determines the overall portfolio risk. Therefore, investors 

should diversify their investments and not just hold one individual stock. 

Now we understand the benefits of diversification. The next question is how to 

determine the best distribution level and the most effective frontier achieved. For each 

level of return, there is a combination that provides the lowest possible risk; for each 

level of risk, there is a combination that provides the highest possible return. If the risk 

is taken as the horizontal axis and the expected return is taken as the vertical axis, the 

shape of the effective frontier composed of multiple investment portfolios is a 

positively correlated curve, then all the risk-return portfolios that fall on the curve line 

of the investment portfolio are the maximum returns obtained under a specific risk or 

the lowest risk under a specific return. Figure 3.1 is an example of the efficient frontier. 
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Figure 3.1 Example of the efficient frontier 

 

Source: Kresta (2015, p. 51) 

Simply put, the purpose of a traditional frontier graph is to provide investors with a 

visual way to try to get the maximum return on their investment. The graph illustrates 

the balance between the risks they are willing to take and the returns they can expect to 

receive (for example, if I am willing to take more risks, I can achieve higher returns). 

Effective frontier is the best combination of investment, as shown in the figure 3.1. 

3.2 Economic Factors That Influence Stocks 

 While it's impossible to predict exactly where the stock market will go, and it's 

impossible to pinpoint the timing of the best strategy, there are some indicators that can 

give us a sense of what's ahead. Some economic factors can influence stock prices to 

give you an idea of what's going to happen next. Economic news is important for the 

stock market because as the economy grows, so does corporate profitability. Many 

companies whose shares are traded on the stock market depend on good economic 

conditions. When the economy expands, more people buy goods and services and are 

more likely to invest. All this has supported share prices. Conversely, when the 

economy is in trouble, people tend to avoid spending, and companies and their stocks 

fall. Here are eight factors to watch: 
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1. Business cycle 

It is often said that the stock market is a barometer of the economy. That is to say, 

stock price changes not only with changes in the business cycle, but can also indicate 

changes in the business cycle. Stock price volatility is ahead of economic volatility. 

Often when the economy has not yet bottomed out, the stock price has already begun 

to rise. 

When social demand continues to rise with the increase in population and 

consumption, the price of products, workers’ wages, and the investment impulse of 

capital owners will all increase. A concomitant situation is that investment demand 

increases and market capital prices (that is, interest rates) increase. The increase in 

wages has caused personal consumption to increase again. The increase in investment 

in enterprises and the increase in personal disposable income have continuously 

improved the quality of the physical economy, the efficiency of enterprises has 

continued to rise, and economic development has been further stimulated. When the 

economy rises to a certain level, the growth rate of social consumption begins to slow 

down, and the supply of products exceeds demand. Enterprises begin to reduce the scale 

of production. The demand for funds in the society decreases, the price of funds falls, 

and the economy enters a downturn. When the economy is operating in accordance with 

the above-mentioned cycle, the securities market is also operating in a cycle, but the 

change in the operating cycle of the securities market is much earlier than the in 

economic cycle. 

 

2. Fiscal policy 

Fiscal policy is the distribution activity of a part of social products that the country 

needs to realize its functions. The source of state fiscal funds mainly comes from the 

net income of enterprises. Its size depends on the development status of the production 

sector, the optimization of the economic structure, the level of economic benefits, and 

the correctness of fiscal policies. Financial expenditures are mainly used for economic 

construction, public utilities, education, national defense, and social welfare. The 

country’s reasonable budgetary revenue and expenditure measures will promote 
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expansion and growth, and key investment directions will also affect the stock price. 

The fiscal scale and the fiscal approach adopted have a direct impact on the stock 

market. If the fiscal scale expands, as long as the country adopts a expansionary fiscal 

policy, the stock price will rise; on the contrary, if the country’s fiscal scale shrinks or 

shows signs of fiscal tightening, investors will predict a bad future and reduce 

investments, so the stock price will fall. 

 

3. Interest rate 

The rise and fall of stock prices are negatively correlated with changes in interest 

rates. 

Rising interest rates will not only increase the company’s borrowing costs, but also 

make it difficult for the company to obtain the necessary funds. In this way, the 

company has to reduce the production scale, and the reduction of the production scale 

will inevitably reduce the company’s future profits. Therefore, the stock price will fall. 

Otherwise, the stock price will rise. When the interest rate rises, the discount rate used 

by investors to evaluate the stock price will also rise, and the value of the stock will 

therefore fall, which will also cause the stock price to fall accordingly; conversely, if 

the interest rate falls, the stock price will rise. 

If the market is prosperous and prices rise, it is possible for the country to take 

measures to raise interest rates and to alleviate market pressures by attracting deposits 

from residents. On the contrary, if the market is weak, the country may start the market 

by lowering the interest rate level. 

 

4. Exchange rate 

The most direct impact of exchange rate changes on stock prices is the stocks of 

companies engaged in import and export trade. It is reflected in the stock price through 

its impact on the company's operations and profits. If the company’s products are sold 

in overseas markets, when the domestic currency appreciates, the competitiveness of 

the products in overseas markets will be weakened, the company’s profitability will fall, 

and the stock price will fall. If the company relies on imports for some raw materials, 
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then the appreciation of domestic currency will reduce the cost of imported raw 

materials and increase the profit of the company, thus making the company's stock price 

tend to rise. 

 

5. Price level 

Changes in ordinary commodity prices have an important impact on the stock market. 

Generally speaking, when prices rise, stock prices rise; when prices fall, stock prices 

also fall. A specific analysis of the impact of commodity prices on stock market prices 

is mainly manifested in four aspects: 

1.When commodity prices increase slowly but not too much, and the price increase 

rate is greater than the increase rate of borrowing interest rates, at this time, the price 

of the company’s inventory increases. Since the increase in product prices is higher than 

the increase in borrowing costs, the profits of company will rise, and stock prices will 

rise as a result. 

2.Commodity prices have risen too much, and stock prices have not risen accordingly, 

but may fall instead. This is because rising prices have caused the company's production 

costs to rise, and the rising costs cannot be completely passed on through merchandise 

sales, which reduces the company's profits and the stock price. 

3.When prices are rising and commodity market transactions are prosperous, 

sometimes when the stock price is sinking, people prefer on immediate  consumption, 

which makes the stock price fall; when the commodity market rises and falls, it becomes 

the best time to invest in stocks. This caused the stock price to rise. 

4.Prices continue to rise, which has increased the role of stock investors’ awareness 

of value preservation. Therefore, investors withdraw funds from the stock market and 

invest in movable property, real estate, precious metals and other strong value-

preserving items, which will reduce the demand for stocks, thus causing the stock price 

to fall. 

 

6. Inflation 

Inflation is an important macroeconomic factor that affects stock market prices. The 



 

19 

influence of this factor on the trend of the stock market is more complicated. It not only 

stimulates the stock market, but also suppresses the stock market. Inflation is mainly 

caused by an excessive increase in the money supply. 

As the money supply increases, the expanded purchasing power will be invested in 

stocks, thereby driving up stock prices. Conversely, if the money supply decreases and 

the purchasing power decreases, investment will decrease, unemployment will increase, 

and stock prices will definitely be affected. This is the main aspect of the problem. 

However, inflation to a certain level, even exceeding double digits, will push interest 

rates up, thereby causing stock prices to fall. This is another aspect of its effect on stock 

prices. In short, when the stimulus effect is large, the trend of the stock market is 

consistent with the trend of inflation; when the depressive effect is large, the trend of 

the stock market is opposite to the trend of inflation. 

 

7. Political factors 

Political factors generally refer to those international political activities, major 

economic development plans and policies, government decrees and political measures 

that have a certain influence on stock prices. Changes in the political situation have also 

had an increasingly sensitive impact on stock prices. It mainly includes:  

1)Changes in the international situation, such as the improvement of diplomatic 

relations, will increase the share prices of relevant multinational companies.  

2) The influence of war. The war has destabilized the political economy of various 

countries, and stock prices have fallen. However, the stock prices of companies related 

to the munitions industry will inevitably rise.  

3)Major domestic political events. Firstly, it has an impact on the psychology of stock 

investors, reduces investors' investment confidence, and indirectly affects stock prices. 

4) The country's major economic policies, such as industrial policies, tax policies, 

and monetary policies, have a major impact on stock prices. 

 

8. Human manipulation 

 Generally speaking, in the normal stock market, it is not individuals who can 
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manipulate the stock price, but a large group. For example, some financial giants use 

their wealth to prompt certain stocks to rise sharply and sometimes plummet in the 

market. They can make huge fortunes amidst the violent fluctuations in stock prices, 

which caused some small and medium shareholders to lose their fortunes in this fierce 

battle. 

3.3 Basic Descriptive Data Formulation  

In this subchapter, we focus on the description of basic input data, what is necessary 

for the calculation of different models. Here, we assume a given 𝑚 × 𝑛 matrix, where 

m represents our historical data’s length, and n stands for the number of risky assets that 

we hold. 𝑃𝑖,𝑡 represents the stock price of asset 𝑖 at time t, 𝑃𝑖,𝑡−1 shows the previous 

price of asset 𝑖 at time 𝑡 − 1. We can calculate the return as follow: 

𝑅𝑖,𝑡 =
𝑃𝑖,𝑡−𝑃𝑖,𝑡−1

𝑃𝑖,𝑡−1
=

𝑃𝑖,𝑡

𝑃𝑖,𝑡−1
− 1                      (3.1) 

                                                     𝑅𝑖,𝑡 = ln (
𝑃𝑖,𝑡

𝑃𝑖,𝑡−1
)                                                       (3.2)   

where, 𝑅𝑖,𝑡 express the obtained return at time t of the asset 𝑖, it is equal to the price 

of asset 𝑖 minus the previous (𝑡 − 1) time price, then divide to the price of assets 𝑖 at 

previous time 𝑡 − 1. 

An investment portfolio will face the risk that can affect the actual return of investor. 

There is no way to accurately calculate future returns. The mean of historical return can 

be used by investors to calculate the value of the expected returns of security. The 

formula is as follow: 

                   𝐸(𝑅𝑖) =
1

𝑚
∙ ∑ 𝑅𝑖,𝑡

𝑚
𝑡=1                                                              (3.3) 

As presented in Equation (3.2), 𝐸(𝑅𝑖) represents the mean of 𝑅𝑖,𝑡 return. In fact, we 

use mean of return as asset 𝑖’s expected return. As we know, we usually use standard 

deviation or variance to represents risk. How can we calculate the risk for an assets or 

portfolio, it is very important for an investor, because the risk is closely related to the 

investor’s potential gain or loss. Next, the variance of return is expressed by Equation 
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(3.3): 

                𝜎2 =
1

𝑚
∙  ∑ [𝑅𝑖,𝑡

𝑚
𝑡=1 − 𝐸(𝑅𝑖)]2                            (3.4) 

The risk of assets is expressed as variance and standard deviation. Equation (3.3) 

represents the asset i’s variance over m period. The risk standard deviation can be seen 

in Equation (3.4), which stands for the root square of variance. 

                              𝜎 = √𝜎2 = √
1

𝑚
∙  ∑ [𝑅𝑖,𝑡

𝑚

𝑡=1
− 𝐸(𝑅𝑖)]2                                      (3.5)    

Next, covariance can be calculated. The covariance is shown in Equation (3.5), 

which expresses the relationship between assets 𝑖 and asset 𝑗. It measures how much 

asset 𝑗 can be changed on return, due to the return’s change on asset 𝑖 . If asset 𝑖 and 

𝑗 are positively related, there will be the same tendency between these two assets. On 

the contrary, the assets tendency is inversely related as the covariance value is negative. 

                         𝑐𝑜𝑣(𝑅𝑖; 𝑅𝑗) =
1

𝑚
∙ ∑ [𝑅𝑖,𝑡

𝑚

𝑡=1
− 𝐸(𝑅𝑖)] ∙ [𝑅𝑗,𝑡 − 𝐸(𝑅𝑖)]             (3.6) 

The correlation coefficient is a statistical indicator used to reflect the degree of 

correlation between random variables. 

                                               𝜌𝑖,𝑗 =
𝑐𝑜𝑣(𝑅𝑖; 𝑅𝑗)

𝜎(𝑅𝑖) ∙ 𝜎(𝑅𝑗)
 ,                                                   (3.7)  

where 𝜌𝑖,𝑗 is the correlation between assets 𝑖 and 𝑗. 

3.4 Markowitz model 

Markowitz (1952) was praised for introducing the new concept of risk measurement 

and its application in portfolio selection. He first thought of ordinary investors' idea of 

avoiding risks and their desire to obtain the greatest expected return with the least risk. 

The Markowitz model is a theoretical framework for analyzing risk and return and their 

relationship. His theory led to the concept of an effective investment portfolio. For a 

given level of risk, an effective investment portfolio is expected to produce the highest 

return, and for a given level of return, the lowest risk can be obtained. Markowitz 

generated many investment portfolios for a given amount of money or wealth and a 
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given investor's risk and return preferences. There is a big difference in personal risk 

tolerance and asset preferences. Portfolio selection is not a simple choice of any kind 

of securities, but the correct combination of securities. 

Before we discuss the Markowitz model, we should first understand the assumptions 

of this model. According to Kresta (2015, p. 48), the Markowitz model is based on 

several assumptions as follow:  

a) “There are N risky assets. Prices of all assets are exogenously given. In other 

words, investors are just price takers; they cannot affect prices by transaction. 

b) There is a single time period. 

c) Investors base decisions on expected returns and standard deviation of one 

period historical return. 

d) There are neither transaction costs nor lowest limitation of transaction. 

e) The equities in portfolio are infinitely divisible. 

f) The markets are liquid for all equities. 

g) Short sale is not feasible. 

h) Investors prefer higher expected returns to same level of standard deviation, 

and lower standard deviation for the same level of expected return. 

i) Investors are risk-averse, and they devote efforts to minimize the standard 

deviation and maximize expected return.”  

Markowitz Model is set up in three steps. The first step is to find the portfolio with 

minimal risk, the second step is to find the portfolio with the maximal expected return. 

The final step consists of selecting the portfolios for interior points of the efficient set. 

Finally, we use Excel input the data to calculate the set of efficient portfolios. A 

portfolio is defined by a set of weights, and the sum of the weights is equal to one.  

Thus, according to Kresta (2015, p. 54), in order to find the efficient frontier, we have 

to imply these steps:  

1. “the expected return of minimum risk (i.e., minimum variance) portfolio,  

2. the expected return and standard deviation of the portfolio with the highest 

expected return ,  

3. the expected return and standard deviation of portfolios in equidistant intervals,” 



 

23 

Figure 3.2: Find the portfolio with a minimum standard deviation 

Objective function 

𝝈𝒑 → 𝒎𝒊𝒏. 

Constraints 

                                                                ∑ 𝑥𝑖

𝑖

= 1                                                       (C1) 

𝑥𝑖 ≥ 0, for 𝑖 = 1,2, … , 𝑁,                 (C2) 

where 

𝜎𝑝 = √∑ ∑ 𝑥𝑖 ∙ 𝜎𝑖𝑗 ∙ 𝑥𝑗𝑖𝑖 = √𝑥→𝑇 ∙ 𝐶 ∙ 𝑥→       (E1) 

Source: Zmeškal et al. (2004, p. 84) 

The optimization problem of finding a portfolio with a minimum standard deviation 

is shown in Figure 3.2. The constraints C1 means the sum of the weights 𝑥𝑖 is equal to 

1, and C2 represents a constraint that the short-selling does not exist. E1 expresses the 

calculation of standard deviation for the optimal portfolio. 

Above the objective function, we define the calculation of the standard deviation for 

the optimal portfolio with minimum standard deviation. That is the point at the most 

left side of the efficient frontier. 

The optimization problem of finding a portfolio with the maximum expected return 

is shown in Figure 3.3. The objective function expresses the maximum expected return 

under given constraints. The constraints C1 means the sum of the weights 𝑥𝑖 is equal 

to 1, and C2 represents the short-selling does not exist. 
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Figure 3.3: Find the portfolio with the maximum expected return 

Objective function 

𝐄(𝐑𝑷) → 𝒎𝒂𝒙 

Constraints 

∑ 𝑥𝑖

𝑖

= 1 (C1) 

𝑥𝑖 ≥ 0, for 𝑖 = 1,2, … , 𝑁, (C2) 

where   

                                      E(𝑅𝑝) = ∑ 𝑥𝑖

𝑖

∙ 𝐸(𝑅𝑖) = 𝑥→𝑇 ∙ 𝐸(𝑅→)                                   (𝐸2) 

Source: Zmeškal et al. (2004, p. 84) 

Now, we get one portfolio with minimum standard deviation, and the other portfolio 

with the maximum expected return. The point with the maximum expected return 

located in the most right side of the efficient frontier. By this we can calculate the 

equidistant interval for interior portfolio returns. The internal points are calculated by 

the previous two points, they are between the minimum standard deviation point and 

maximum expected return point. The following step is to generate equidistant points 

for internal points of the frontier. Finally, we find the expected return and standard 

deviation of portfolio in equidistant points. 

Constraints 3 ensures the expected return 𝐸(𝑅𝑝) will equal to requested mean return 

𝐸(𝑅𝑝−𝑔𝑒𝑛) as specified initially for a given equidistant point. N means the number of 

inner portfolios. Figure 3.4 shows how to Find the expected return and standard 

deviation of equidistant points. 

Then, we can get the efficient frontiers of Markowitz model. 

Figure 3.1 is the efficient frontiers of Markowitz model. A portfolio that gives 

maximum return for a given risk and minimum risk for given return is an efficient 

portfolio. The black curve in the figure is the effective frontier, and the leftmost point 

of the black curve is the portfolio with the lowest risk and lowest return. The rightmost 

point is the portfolio with the highest return and highest risk. 



 

25 

Figure 3.4: Find the expected return and standard deviation of equidistant points 

Objective function 

𝝈𝒑 → 𝒎𝒊𝒏. 

Constraints 

                                                      ∑ 𝑥𝑖

𝑖

= 1                                                           (𝐶1)  

                                           𝑥𝑖 ≥ 0, for 𝑖 = 1,2, … , 𝑁,                                            (𝐶2)  

                                                      𝐸(𝑅𝑝) = 𝐸(𝑅𝑝−𝑔𝑒𝑛)                                              (𝐶3)  

where  

𝜎𝑝 = √∑ ∑ 𝑥𝑖 ∙ 𝜎𝑖𝑗 ∙ 𝑥𝑗

𝑖𝑖

= √𝑥→𝑇 ∙ 𝐶 ∙ 𝑥→        

                        E(𝑅𝑝) = ∑ 𝑥𝑖

𝑖

∙ 𝐸(𝑅𝑖) = 𝑥→𝑇 ∙ 𝐸(𝑅→)                            

𝐸𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 =
𝐸(𝑅𝑝,𝑚𝑎𝑥) − 𝐸(𝑅𝑝,𝑚𝑖𝑛)

𝑁 + 1
 

𝐸(𝑅𝑝𝑗) = 𝐸(𝑅𝑝𝑗−1) +  𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 

Source: Zmeškal et al. (2004, p. 84) 

3.5 Black’s model 

The Black’s model is very similar to the Markowitz model, and the steps are basically 

the same. The only difference is that the short selling of assets is not allowed in the 

Markowitz model, but in the Black’s model, short selling is allowed. Therefore, when 

using the Black’s model to establish the effective frontier of the portfolio, the weight of   

each stock is higher than a minimum weight, we set this minimum weight as -10% in 

our application part. 

Figure 3.5 shows the difference of constraint between Markowitz model and Black’s 

model. 
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Figure 3.5 Constraint different between Markowitz Model and Black’s Model 

Change the constraint in figure 3.2 to 3.4: 

𝑥𝑖 ≥ 0, for 𝑖 = 1,2, … , 𝑁, 

to 

𝑥𝑖 ≥ −10%, for 𝑖 = 1,2, … , 𝑁, 

Source: Zmeškal et al. (2004, p. 84) 

By making the comparison between Markowitz model and Black’s model, we invest 

into risky stocks not only the total amount of initial wealth, but also all capital obtained 

by shorting the others. That means in Black’s model we have more options than 

Markowitz model, if we want, we can choose to take a higher risk to get a higher return. 

3.6 Tobin model 

“The Markowitz model is based on the assumption, that it is possible to hold 

exclusively risky assets, while short sales are not allowed.   

Models that are extended by the consideration of the riskless asset form the family 

of Tobin model. Here, the riskless assets can be, without any restriction, included into 

the optimal portfolio, so, there is no constraint on borrowing (investing into riskless 

asset) or lending (short sale of the riskless asset). Clearly, there exist various types of 

three models 

⚫ The riskless asset can be only lent.  

⚫ The riskless asset can be only borrowed.  

⚫ The riskless rate on both operations, lending and borrowing, is the same. That it is 

the case of the CAPM model.  

⚫ Both riskless operations, lending and borrowing, are allowed, but there exist 

different rates. 

  A very important term is the market portfolio. The market portfolio consists of all 

risky assets that are available at the market. The relative ratio of each asset in the 

portfolio is proportional to its value. This portfolio is optimal for any risk-averse invests 

into all assets, which are available at the market. It is implied by the fact that the 
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maximal ratio of the excess expected return (risk premia) and the standard deviation 

(risk) is reached. Even if we invest only into some of risky assets, which are available 

at the market, it is still possible to find the optimal portfolio and reach the maximal 

ratio of the expected return and the risk. This portfolio is referred to as the tangency 

portfolio, hence, the market portfolio is the special case of the tangency portfolio, which 

is set up of all risky assets available at the market. The market portfolio dominates to 

the tangency one. Hence the maximal ratio of exceeded expected return and risk is 

reached.” (Zmeškal et al. 2004, p. 90) 

The first step is to find the market portfolio that consists solely of all risky assets 

which are available at the market. The portfolio is selected with a maximal slope of the 

CML line. 

                                               𝐸(𝑅𝑃) = 𝑅𝐹 +
𝐸(𝑅𝑀) − 𝑅𝐹

𝜎𝑀
∙ 𝜎𝑃,                             (3.8) 

where 𝐸(𝑅𝑃) represents the expected return of the portfolio, 𝑅𝐹 represents the risk-

free rate, 𝐸(𝑅𝑀)  represents the expected return of the market, 𝜎𝑃  represents the 

standard deviation of the portfolio, 𝜎𝑀 represents the standard deviation of the market. 

So we maximize the ratio of the risk premium and the standard deviation of the efficient 

portfolio.  

The calculation of slope is based on the following formula shown in figure 3.6. Here 

𝑥𝑘 means the weight of the risky asset, similarly, 𝑥𝐹 represents the weight of riskless 

asset in the portfolio, and 𝑥𝑖 (𝑥𝑗) is used to indicate the weight of any assets. The vector 

�⃗� and the covariance matrix C include also all types of assets and their relationship. 

The objective function expresses the maximization of the slope of the CML line. 

The constraint (C1) indicates the sum of the weights of all risky assets and riskless asset. 

The constraint (C2) express that there are just investments into risky assets allowed. 

Then the constraint (C3) means, that the riskless asset cannot be included in the 

portfolio. Equations (E1), (E2), and (E3) formulate the calculation of portfolio 

parameters.  
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Figure 3.6: Find the maximal slope of the CML line 

Objective function  

     
𝐸(𝑅𝑀) − 𝑅𝐹

𝜎𝑀
→ 𝑚𝑎𝑥. 

   Constrains 

𝑥𝐹 + ∑ 𝑥𝑘

𝑖

= 1 (𝐶1) 

𝑥𝑘 ≥ 0, 𝑓𝑜𝑟 𝑘 = 1,2, … 𝑁 (𝐶2) 

𝑥𝐹 = 0 (𝐶3) 

 Where, 

 𝐸(𝑅𝑀) = ∑ 𝑥𝑖

𝑁+1

𝑖=1

∙ 𝐸(𝑅𝑖) (𝐸1) 

𝑣𝑎𝑟(𝑅𝑀) = ∑ ∑ 𝑥𝑖 ∙ 𝜎𝑖𝑗 ∙ 𝑥𝑗

𝑁+1

𝑗=1

𝑁+1

𝑖=1

= 𝑥→𝑇 ∙ 𝐶 ∙ 𝑥→ (𝐸2) 

𝜎𝑀 = 𝜎(𝑅𝑀) = √𝑣𝑎𝑟(𝑅𝑀) (𝐸3) 

Source: Zmeškal et al. (2004, p. 84) 

After we find the portfolio with the maximum slope of CML line, we use the standard 

deviation of this portfolio to get equidistant intervals and equidistant points. 

Finding the efficient portfolios for a given standard deviation is based on the 

maximization of the portfolio return for a given level of the standard deviation. For 

those portfolios, it is allowed to invest into both, risky and riskless assets. Further, 

riskless asset can be also shorted. Figure 3.7 shows the way to find the efficient 

portfolios for a given standard deviation. 
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Figure 3.7: Find the efficient portfolios for a given standard deviation 

Objective function 

 𝐸(𝑅𝑃) → 𝑚𝑎𝑥. 

Constrains 

𝑥𝐹 + ∑ 𝑥𝑘

𝑖

= 1 (𝐶1) 

𝑥𝑘 ≥ 0, 𝑓𝑜𝑟 𝑘 = 1,2, … 𝑁 (𝐶2) 

𝜎𝑝 = 𝜎𝑝−𝑔𝑒𝑛 (𝐶3) 

−∞ ≤ 𝑥𝐹 ≤ +∞ (𝐶4) 

where, 

 𝐸(𝑅𝑀) = ∑ 𝑥𝑖

𝑁+1

𝑖=1

∙ 𝐸(𝑅𝑖) (𝐸1) 

𝑣𝑎𝑟(𝑅𝑀) = ∑ ∑ 𝑥𝑖 ∙ 𝜎𝑖𝑗 ∙ 𝑥𝑗

𝑁+1

𝑖=1

𝑁+1

𝑖=1

= 𝑥→𝑇 ∙ 𝐶 ∙ 𝑥→ (𝐸2) 

𝜎𝑀 = 𝜎(𝑅𝑀) = √𝑣𝑎𝑟(𝑅𝑀) (𝐸3) 

                                                                  𝜎𝑚𝑎𝑥 = 𝜎𝑀 ∙ 2                                                     (𝐸4)  

                                                 
𝜎𝑚𝑎𝑥 − 0

𝑁 − 1
= 𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙                            (𝐸5) 

                                      𝜎𝑃𝑗
= 𝜎𝑃𝑗−1

+  𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙                                      (𝐸6)  

Source: Zmeškal et al. (2004, p. 84) 

3.7 Naive Strategy 

The naive strategy also refers to 1
𝑁⁄   portfolio strategy. It’s simple and easy to 

implement compared to the Markowitz model. In the Markowitz model, investors are 

allowed to construct portfolios by investing in a large number of securities, and it makes 

better performance than investment in a single asset. But it’s complicated and sensitive 

to small changes. In naive strategy, we will also select many stocks to form a portfolio, 

but compared to other models such as Markowitz, naive strategy is much simpler. It has 

no complicated calculations, instead of constructing a portfolio by applying a 
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complicated approach, the investors can establish an optimal portfolio by investing in 

a large number of assets equally. For example, in a portfolio of 20 stocks, the weight of 

each stock is 5% (100% divided by 20). 

Such a simple strategy can be utilized as a benchmark to the above-mentioned 

portfolio strategies. The other benchmark can be the investment in the market index. 
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4.Verification of International Equity Portfolios 

Performance 

  This chapter is a practical part. We apply the theoretical knowledge introduced in the 

second and third chapters to the actual data. We selected 30 stocks from the US stock 

market and collected the weekly prices of those stocks from 2011 to 2019. We will use 

four different asset portfolio models for portfolio optimization, they are Markowitz 

model, Black’s model, Tobin model and naïve strategy. All data is divided into two parts, 

in-sample period (1//1/2011-31/12/2015) and out-of-sample period (1/1/2016-

31/12/2020). After that, we analyze the asset portfolios using those asset portfolio 

models, and calculate their Sharpe ratio, Roy’s Safety First ratio and information ratio 

respectively. Finally, we compare the performances of those portfolios in the in-sample 

period and the out-of-sample period. 

 This chapter is divided into four parts. The first part is data description, we give a brief 

introduction to the stock data we collected. The second and third parts are respectively 

used for analyzing the performance in the in-sample period and out- of-sample period 

under four different models that we have mentioned before. the last part is the 

comparison of the performance of the portfolios in in-sample period and out-of-sample 

period. 

4.1 Data description 

  The 30 stocks we selected are all from the US stock market and are distributed in 

different sectors. Table 4.1 is the list of the names and codes of the stock we have chosen. 
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Table 4.1 List of Stocks’ names and abbreviations. 

Newmont Corporation  NEM Suncor Energy Inc.  SU 

Barrick Gold Corporation  GOLD JPMorgan Chase & Co.  JPM 

Netflix, Inc.  NFLX Morgan Stanley  MS 

The Walt Disney Company  DIS The Goldman Sachs Group, 

Inc.  

GS 

NetEase, Inc.  NTES Johnson & Johnson  JNJ 

Tesla, Inc.  TSLA Stryker Corporation  SYK 

Toyota Motor Corporation  TM Danaher Corporation  DHR 

Booking Holdings Inc.  BKNG Honeywell International Inc.  HON 

Marriott International, Inc.  MAR General Electric Company  GE 

Costco Wholesale Corporation  COST Prologis, Inc.  PLD 

Target Corporation  TGT Weyerhaeuser Company  WY 

Walmart Inc.  WMT Equity Residential  EQR 

Dollar General Corporation  DG AvalonBay Communities, Inc.  AVB 

Exxon Mobil Corporation  XOM NVIDIA Corporation  NVDA 

Canadian Natural Resources 

Limited  

CNQ Cisco Systems, Inc.  CSCO 

Source: https://finance.yahoo.com/ 

  The stocks in table 4.1 are randomly selected from different sectors in the U.S. stock 

market: Newmont Corporation and Barrick Gold Corporation are form the sector of 

basic materials; Netflix, Inc., The Walt Disney Company and NetEase, Inc. are from 

the sector of Communication Services; Tesla, Inc., Toyota Motor Corporation, Booking 

Holdings Inc. and Marriott International, Inc. are from the sector of Consumer Cyclical; 

Costco Wholesale Corporation, Target Corporation, Walmart Inc., Dollar General 

Corporation are from the sector of Consumer Defensive; Exxon Mobil Corporation, 

Canadian Natural Resources Limited and Suncor Energy Inc. are from the sector of 

energy; JPMorgan Chase & Co., Morgan Stanley and The Goldman Sachs Group, Inc. 

are from the sector of financial services; Johnson & Johnson, Stryker Corporation and 
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Danaher Corporation are from the sector of healthcare; Honeywell International Inc. 

and General Electric Company are from the sector of industrial; Prologis, Inc., 

Weyerhaeuser Company, Equity Residential and AvalonBay Communities, Inc. are 

from the sector of real estate; NVIDIA Corporation and Cisco Systems, Inc. are from 

the sector of technology.  

Table 4.2 The mean and standard deviation of return of chosen stocks (annualized) 

 in-sample out-of-sample 
Stocks return std return std 
NEM -21.09% 33.91% 25.89% 36.28% 

GOLD -36.34% 40.01% 21.28% 39.92% 
NFLX 29.93% 63.19% 30.99% 39.41% 
DIS 20.97% 21.76% 13.20% 25.62% 

NTES 33.15% 36.16% 23.12% 36.30% 
TSLA 42.80% 47.44% 56.02% 57.98% 
TM 10.24% 20.10% 6.87% 19.14% 

BKNG 21.25% 30.04% 13.25% 32.76% 
MAR 12.41% 24.30% 15.86% 37.60% 
COST 19.67% 16.23% 20.36% 20.96% 
TGT 8.09% 18.16% 20.97% 30.24% 
WMT 5.06% 16.80% 18.67% 20.14% 
DG 17.83% 21.89% 22.59% 26.12% 

XOM 3.36% 18.65% -6.98% 26.85% 
CNQ -10.78% 33.93% 8.66% 51.17% 
SU -5.24% 30.99% -3.17% 42.03% 

JPM 10.92% 24.71% 17.91% 28.46% 
MS 3.52% 34.29% 19.90% 32.94% 
GS 2.43% 25.69% 10.90% 31.79% 
JNJ 13.08% 13.13% 11.97% 18.92% 
SYK 12.19% 19.20% 21.42% 26.60% 
DHR 14.01% 18.53% 31.99% 27.01% 
HON 15.18% 20.63% 18.32% 26.34% 
GE 13.93% 20.95% -16.74% 39.67% 

PLD 8.96% 24.46% 20.50% 27.65% 
WY 10.65% 24.21% 7.52% 38.21% 
EQR 12.72% 19.16% 0.51% 30.41% 
AVB 13.30% 19.25% 0.60% 31.63% 

NVDA 11.37% 35.71% 57.96% 43.04% 
CSCO 7.61% 25.30% 14.92% 24.21% 

Source: own calculation. 
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Table 4.2 shows the annual returns and standard deviations of the stocks we selected. 

We collected the weekly adjusted closed prices of the stocks, calculated their weekly 

logarithmic returns, calculated the mean of those returns and standard deviations of 

these returns, and then annualized those weekly mean returns and standard deviations. 

From those returns and standard deviations, we can find that in the in-sample period, 

the returns of stocks NEM, GOLD and CNQ are negative, and the return of stock GOLD 

is the lowest, -36.34%. Stock TSLAs had the highest return, at 42.80%. NTES had the 

second-highest return, at 33.15%. NFLX came in third at 29.93%. Interestingly, TSLA 

and NTES have higher returns than NFLX, but their standard deviation (risk) is lower 

than that of NFLX. Therefore, it can be simply explained that, for rational investors, 

the stocks of TSLA and NTES have more investment value than that of NFLX. 

In the out-of-sample, the returns of stocks XOM, SU, and GE are negative, among 

which the stock with the lowest return is GE, -16.74%. The stock with the highest return 

is NVDA (57.96%), followed by TSLA (56.02%). The stock of TSLA had a very high 

return in both in-sample period and out-of-sample period. The return of stocks NVDA,  

NEW and GOLD increased greatly, and the return rate of NEW increased from the 

negative return of -21.09% in the in-sample period to 25.89% in the out-of-sample 

period. Stock GE saw the biggest drop in returns, from 13.93% to -16.74% 

In the in-sample period, the stock with the largest standard deviation is NFLX, while 

the stock with the largest return is TSLA. In the out-of-sample period, the stock with 

the largest standard deviation is TSLA, and the stock with the largest return is NVDA. 

4.2 The application of models in the in-sample period 

In this chapter, we apply naive strategy, Markowitz model, Black’s model, Tobin 

model in the in-sample period to construct portfolios. 

4.2.1 Naive strategy 

Just like our previous description of naive strategy, see chapter 3.7. In naive strategy, 

no matter how the price, return, and standard deviation of stocks change, the weights 
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of stocks in the portfolio are the same. The number of stocks we selected is 30, so the 

weight of each stock is 1

30
. 

Based on naive strategy, we can calculate the return of portfolio and the wealth in 

each week, we get the portfolio return and wealth under naive strategy for in-sample 

period. The results are shown in table 4.3, and we make a figure according to the results. 

Table 4.3 In-sample period portfolio return and wealth under naive strategy (in dollar). 

Data Return Wealth Data Return Wealth 

2011/1/1  1 2013/12/28 0.079% 1.390121 

2011/1/8 1.951% 1.019704 2014/1/4 0.385% 1.395481 

2011/1/15 -0.685% 1.012743 2014/1/11 0.295% 1.399604 

2011/1/22 0.597% 1.018812 2014/1/18 -2.123% 1.3702 

…… …… …… …… …… …… 

2011/12/24 -1.046% 0.918207 2014/12/20 0.917% 1.589901 

2011/12/31 2.556% 0.941979 2014/12/27 -0.740% 1.578183 

2012/1/7 0.867% 0.950181 2015/1/3 -0.781% 1.565901 

2012/1/14 3.341% 0.982465 2015/1/10 -0.441% 1.559012 

…… …… …… …… …… …… 

2012/12/22 -1.500% 1.038581 2015/11/28 1.702% 1.696744 

2012/12/29 4.844% 1.090124 2015/12/5 -4.286% 1.625562 

2013/1/5 0.117% 1.091396 2015/12/12 -0.051% 1.624731 

2013/1/12 1.782% 1.111018 2015/12/19 2.650% 1.668369 

2013/12/21 1.408% 1.389018 2015/12/26 -0.990% 1.651926 

Source: own calculation. 

The returns in Table 4.3 are the weekly returns calculated based on the weekly 

adjusted closed price of the stocks. When calculating the wealth path, as shown in the 

table, we assume that the initial investment amount is one U.S. dollar, and then based 

on the return of this investment portfolio, on 08/01/2011, our wealth increased to 1.0197 

dollars. By the last day of the in-sample period, our final wealth was 1.6519 dollars. 

During the entire investment period of this investment portfolio, the highest wealth is 
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1.7058 dollars, and the lowest wealth is 0.8410 dollars. 

Figure 4.1 The evolution of in-sample period wealth under the naive strategy. 

 
Source: own calculation. 

 Figure 4.1 is the evolution of in-sample period wealth under the naive strategy. That 

figure, shows that the wealth of this asset portfolio is on the rise as a whole. The wealth 

of the asset portfolio began to decline sharply from July 16, 2011 to 0.8410 dollars on 

September 24, 2011, which is also the lowest value in the entire in-sample period. 

Wealth reached the highest value of in-sample on May 9, 2015, reaching 1.7058 dollars, 

and then began to decline, and then began to rise after dropping to 1.4969 dollars. 

Next, we need to calculate four risk-adjusted performance indicators in naive strategy, 

they are Sharpe ratio, Roy's Safety First ratio, information ratio, Sortino ratio and a 

measure of riskiness-maximum drawdown. 

For the Sharpe ratio, we first calculated the weekly return and standard deviation of 

the asset portfolio, and then annualized those data. The annual portfolio return is 

10.039%, annual standard deviation is 15.477%. We also need to know the annual risk-

free rate, we can get the 10-year government bond rate of America that equal to 1.73%2, 

so, the annual risk-free rate is 1.73%. The Sharpe ratio under the naive strategy is: 

𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜 =
10.039% − 1.73%

15.477%
= 0.5368 

 
2 https://ycharts.com/indicators/10_year_treasury_rate 
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For Roy's Safety First ratio, we need to determine the minimum acceptable 

return(MAR). According to IMF, the inflation of USA in 20203 is 1.2%, we set this as 

the MAR. The Roy's Safety First ratio under the naive strategy is: 

𝑅𝑜𝑦𝑆𝐹 =
10.039% − 1.2%

15.477%
= 0.5711 

For the information ratio(IR), we need to determine the market return and tracking 

error. We calculate the annual return of the S&P500 in the in-sample period as the 

market return, which is 9.494%. Tracking error is the standard deviation of the 

difference between the return of our asset portfolio and the market return, which is 

0.04958. The information ratio under the naive strategy is: 

𝐼𝑅 =
10.039% − 9.494%

0.04958
= 0.1100 

For the Sortino ratio, we need to determine the downside deviation. Downside 

deviation is the standard deviation of these returns which are less than the period 

minimum acceptable return. The downside deviation of naive strategy is 0.1213, we 

can calculate the Sortino ratio according to formula (2.5): 

Sortino ratio =
10.039% − 1.2%

0.1213
= 0.72875 

Table 4.4 Performance under naive strategy in in-sample period. 

Final wealth 1.6519 Dollars 

Weekly portfolio return 0.193% 

Weekly standard deviation 2.146% 

Annual portfolio return 10.039% 

Annual standard deviation 15.477% 

Sharpe ratio 0.53683 

RoySF ratio 0.57108 

Information ratio 0.10996 

Sortino ratio 0.72875 

Maximum drawdown 0.21944 

Source: own calculation. 

 
3 https://www.imf.org/en/Countries/USA#countrydata 



 

38 

In addition, there are some basic information of performance by using naive strategy 

are shown in table 4.4. 

4.2.2 Markowitz model 

The Markowitz model is a type of mean-variance model, for which it is allowed to 

invest only into risky assets while selling the assets short is not feasible. The theoretical 

framework of Markowitz model is for analyzing risk and return and their relationship. 

For a given level of risk, an effective investment portfolio is expected to produce the 

highest return, and for a given level of return, the lowest risk can be obtained.  

In this part, we apply Markowitz model in the in-sample period to construct the 

efficient set and find the weights of the stocks in those portfolios. The first step is to 

find the portfolio with minimal risk, the second step is to find the portfolio with the 

maximal expected return. The final step consists of selecting the portfolios for internal 

points of the efficient set. 

Table 4.5 shows our results of weights of stocks in those portfolios by Markowitz 

model. Portfolio A is the efficient portfolio with the minimum standard deviation and 

minimum expected return, portfolio B is the efficient portfolio with the maximum 

return and maximum standard deviation. Portfolios C to H are the internal points of the 

efficient set. In portfolio B, we can find that all the resources are invested in stock TSLA, 

that is because during the in-sample period, stock TSLA has the highest return, so in 

order for our asset portfolio to achieve the highest return, we must invest in stock TSLA 

as much as possible. 
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Table 4.5 The weights of stocks in Markowitz model in the in-sample period 

 
Source: own calculation. 

Table 4.6 Return and standard deviation of portfolios in in-sample period (annualized) 

 A C D E F G H B 

Return 9.14% 13.95% 18.76% 23.57% 28.37% 33.18% 37.99% 42.80% 

Standard 

deviation 

10.72% 11.06% 12.13% 14.70% 18.96% 25.15% 32.51% 47.44% 

Source: own calculation. 
  

Stocks A C D E F G H B
xNEM 3.46% 2.21% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGOLD 3.84% 0.02% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xNFLX 0.00% 0.13% 0.48% 0.63% 1.04% 1.43% 1.47% 0.00%
xDIS 0.00% 0.00% 0.00% 5.67% 4.31% 0.00% 0.00% 0.00%

xNTES 0.18% 3.49% 7.73% 15.43% 25.12% 36.59% 47.87% 0.00%
xTSLA 0.00% 1.34% 4.88% 11.65% 22.54% 36.46% 50.67% 100.00%
xTM 6.77% 2.15% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

xBKNG 1.10% 0.92% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xMAR 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCOST 7.98% 17.02% 31.56% 43.20% 43.65% 25.52% 0.00% 0.00%
xTGT 8.68% 7.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

xWMT 15.00% 8.28% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xDG 7.50% 8.84% 11.17% 11.06% 3.33% 0.00% 0.00% 0.00%

xXOM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCNQ 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xSU 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

xJPM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xMS 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGS 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xJNJ 34.70% 37.81% 36.71% 12.36% 0.00% 0.00% 0.00% 0.00%
xSYK 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xDHR 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xHON 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGE 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xPLD 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xWY 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xEQR 10.78% 9.11% 5.20% 0.00% 0.00% 0.00% 0.00% 0.00%
xAVB 0.00% 1.66% 2.29% 0.00% 0.00% 0.00% 0.00% 0.00%

xNVDA 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCSCO 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

sum 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%
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Figure 4.2 Return and standard deviation of portfolios in in-sample period (annualized) 

 
Source: own calculation. 

  Table 4.6 and Figure 4.2 are the returns and standard deviations of all portfolios of 

effective frontier that we construct. From the figure 4.2, the efficient frontier is showing 

the optimal portfolio with certain level of risk and expected return. It’s easy to find that 

the range of annual expected return on this curve is between 9.14% to 42.80%, at the 

same time, the range of annual standard deviation on this curve is between 10.72% to 

47.44%. 

Besides, for evaluating whether the performance of the portfolio is stable, we can use 

the maximum drawdown as an indicator, it can represent the worst condition for the 

portfolio. The lower the maximum drawdown, the better performance for the portfolio.  

Table 4.7 shows the maximum drawdown and the final wealth of portfolios under 

Markowitz model in the in-sample period. 
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Table 4.7 The maximum drawdown and the final wealth of portfolios under Markowitz 

model in the in-sample period. 

portfolio final wealth maximum drawdown 

portfolio A 1.579402 13.861% 

portfolio C 2.008644 9.746% 

portfolio D 2.554543 8.905% 

portfolio E 3.248804 11.259% 

portfolio F 4.131748 14.098% 

portfolio G 5.254653 16.560% 

portfolio H 6.682737 23.300% 

portfolio B 8.498938 36.417% 

Source: own calculation. 

From portfolio A to portfolio B, their returns are gradually increasing, and their final 

wealth is also gradually increasing. For maximum drawdown, the lowest is Portfolio D, 

which represents that there exists a relatively small loss when portfolio D faces the 

worst condition, and there exists a relatively large loss when portfolio B faces the worst 

condition. 

  Based on the annual standard deviations and returns of all portfolios in table 4.6, the 

annual risk-free rate is 1.73%, and the minimum acceptable return we set is 1.2%. Then 

we can calculate the Sharpe ratio and Roy’s Safety First ratio. 

Table 4.8 shows the Sharpe ratio and Roy’s Safety First ratio of Markowitz model in 

in-sample period, we can easily find that the Sharpe ratio is higher than Roy’s Safety 

First ratio in the same portfolio. This is because the minimum acceptable return is lower 

than the risk-free rate. Portfolio E has the highest Sharpe ratio and Roy's Safety First 

ratio, which means that portfolio E can achieve higher excess returns per unit of risk 

compared to other portfolios. 
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Table 4.8 Sharpe ratio and Roy’s Safety First ratio of portfolios under Markowitz model 

in the in-sample period 

 Sharpe ratio RoySF 

portfolio A 0.69102 0.74044 

portfolio C 1.10518 1.15312 

portfolio D 1.40406 1.44777 

portfolio E 1.48544 1.52150 

portfolio F 1.40534 1.43330 

portfolio G 1.25073 1.27180 

portfolio H 1.11533 1.13164 

portfolio B 0.86569 0.87687 

Source: own calculation. 

Before we calculate the Information ratio, we must determine the tracking error and 

market return, see chapter 2.6. Table 4.9 is the tracking error and information ratio of 

the portfolio in Markowitz model. 

Table 4.9 The tracking error and information ratio of the portfolios under Markowitz 

model in the in-sample period. 

 Tracking error Information ratio 

portfolio A 0.083653 -0.04216 

portfolio C 0.081214 0.548618 

portfolio D 0.084738 1.09323 

portfolio E 0.100173 1.404786 

portfolio F 0.143438 1.316273 

portfolio G 0.210889 1.123273 

portfolio H 0.287974 0.989564 

portfolio B 0.444709 0.74892 

Source: own calculation. 

For portfolio A, the information ratio is lower than 0, which means the annual return 

of portfolio A is lower than the market return. Portfolio E has the highest information 
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ratio, indicating that portfolio E performs much better than the market compared with 

other portfolios. 

For the Sortino ratio, we need to determine the downside deviation, downside 

deviation is the standard deviation of these returns which are less than the period 

minimum acceptable return. Table 4.10 shows the downside deviation and Sortino ratio 

of the portfolios in Markowitz model. 

Table 4.10 The downside deviation and Sortino ratio of the portfolios under Markowitz 

model in-sample period. 

 Downside deviation Sortino ratio 

portfolio A 0.086581 0.91717 

portfolio C 0.086666 1.471077 

portfolio D 0.090737 1.934995 

portfolio E 0.103458 2.161809 

portfolio F 0.130669 2.079614 

portfolio G 0.166281 1.923387 

portfolio H 0.21116 1.74231 

portfolio B 0.293532 1.417181 

Source: own calculation. 

  From table 4.10, we can find that portfolio B has the highest downside risk. Portfolio 

E has the highest Sortino ratio, which means portfolio E obtained a higher excess return 

(relative to MAR) by assuming a unit of downside risk. 

4.2.3 Black’s model 

Black’s model is very similar to the Markowitz model, and the steps are basically the 

same. The only difference is that short selling of assets is not allowed in the Markowitz 

model, but in the Black’s model, short selling is allowed. 

  In this part, we apply Black’s model in in-sample period to construct the efficient 

sets and find the weights of the stocks in those portfolios, see chapter 3.5. 

Table 4.11 shows our results of weights of stocks in those portfolios by Black’s model. 
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Portfolio A is the efficient portfolio with the minimum standard deviation and minimum 

expected return, portfolio B is the efficient portfolio with the maximum return and 

maximum standard deviation. Portfolios C to H are the internal points of efficient set. 

Table 4.11 The weights of stocks in Black’s model in in-sample period 

 

Source: own calculation. 

Table 4.12 Return and standard deviation of portfolios in Black’s model in in-sample 

period (annualized) 

 A C D E F G H B 

Return 9.38% 28.19% 47.01% 65.82% 84.64% 103.45% 122.26% 141.08% 

Standard 
deviation 

9.76% 12.86% 20.00% 32.13% 51.28% 79.22% 110.59% 174.55% 

Source: own calculation. 

A C D E F G H B
xNEM 3.05% 3.08% -8.94% -10.00% -10.00% -10.00% -10.00% -10.00%
xGOLD 5.81% -5.38% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xNFLX 0.24% 2.40% 3.82% 5.40% 8.07% 9.87% 3.77% -10.00%
xDIS -1.82% 11.70% 26.57% 70.12% 71.93% 33.88% -10.00% -10.00%

xNTES 2.02% 10.16% 22.13% 48.30% 88.69% 134.67% 166.59% -10.00%
xTSLA 0.09% 5.02% 12.80% 33.12% 75.80% 131.71% 199.64% 390.00%
xTM 12.50% 2.42% -9.33% -10.00% -10.00% -10.00% -10.00% -10.00%

xBKNG 3.83% 0.00% 0.39% 1.37% -10.00% -10.00% -10.00% -10.00%
xMAR -4.90% -5.30% -6.59% -10.00% -10.00% -10.00% -10.00% -10.00%
xCOST 12.66% 37.70% 64.30% 109.89% 105.52% 39.87% -10.00% -10.00%
xTGT 6.76% 3.23% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%

xWMT 17.60% -6.14% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xDG 5.38% 8.85% 11.96% 12.86% -10.00% -10.00% -10.00% -10.00%

xXOM 10.55% -7.93% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xCNQ -1.81% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xSU -3.83% -2.55% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%

xJPM 0.90% -1.56% -2.38% -10.00% -10.00% -10.00% -10.00% -10.00%
xMS -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xGS 8.13% -0.66% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xJNJ 28.14% 37.46% 41.14% 1.00% -10.00% -10.00% -10.00% -10.00%
xSYK 3.69% 1.66% -2.45% -10.00% -10.00% -10.00% -10.00% -10.00%
xDHR 13.14% 11.73% 13.97% -6.79% -10.00% -10.00% -10.00% -10.00%
xHON -10.00% -2.13% -2.02% -10.00% -10.00% -10.00% -10.00% -10.00%
xGE -0.30% 17.07% 26.19% 15.12% -10.00% -10.00% -10.00% -10.00%
xPLD -6.27% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xWY -9.86% -6.20% -6.17% -10.00% -10.00% -10.00% -10.00% -10.00%
xEQR 8.42% 1.21% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xAVB 8.18% 16.79% 23.65% -0.39% -10.00% -10.00% -10.00% -10.00%

xNVDA -3.02% -4.68% -6.44% -10.00% -10.00% -10.00% -10.00% -10.00%
xCSCO 0.71% 2.08% -2.61% -10.00% -10.00% -10.00% -10.00% -10.00%
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Figure 4.3 Return and standard deviation of portfolios in Black’s model in in-sample 

period (annualized) 

 
Source: own calculation. 

 Table 4.12 and Figure 4.6 are the returns and standard deviations of all portfolios of 

effective frontier that we construct under Black’s model. 

We can calculate the maximum drawdown according to chapter 2.7. 

Table 4.13 The maximum drawdown and final wealth for portfolios in Black’s model in 

the in-sample period. 

 Final wealth maximum drawdown 

portfolio A 1.59819 12.362% 

portfolio C 4.09430 8.387% 

portfolio D 10.48892 14.832% 

portfolio E 26.87089 25.350% 

portfolio F 68.83880 35.764% 

portfolio G 176.35371 50.787% 

portfolio H 451.78914 67.411% 

portfolio B 1157.40954 84.432% 

Source: own calculation. 

From the results of final wealth in table 4.13, we can see that the final wealth of 

portfolios G, H, and B are very large, especially for portfolio B. Our initial investment 
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was only 1 dollar, but in the end, we could get more than one thousand dollars on 

December 26, 2015. From table 4.11, we can see that we invested the most in stock 

TSLA, and we also sold other stocks to invest in TSLA. The performance of the stock 

TSLA during this period was crazy, and it rose sharply. This makes our wealth more 

than a thousand times. The maximum drawdown of Portfolio B is also very large, 

exceeding 80%, which shows that a huge return is also facing huge risk. 

Based on the annual standard deviations and returns of all portfolios in table 4.12, 

and the annual risk-free rate is 1.73%, the minimum acceptable return we set is 1.2%. 

Then we can calculate the Sharpe ratio and Roy’s Safety First ratio. 

Table 4.14 Sharpe ratio and Roy’s Safety First ratio of portfolios in Black’s model in 

the in-sample period 

 Sharpe ratio RoySF 

portfolio A 0.78329 0.83758 

portfolio C 2.05792 2.09914 

portfolio D 2.26383 2.29033 

portfolio E 1.99502 2.01151 

portfolio F 1.61661 1.62695 

portfolio G 1.28401 1.29070 

portfolio H 1.08996 1.09475 

portfolio B 0.79834 0.80138 

Source: own calculation. 

Table 4.14 shows the Sharpe ratio and Roy’s Safety First ratio of Black’s model in 

in-sample period. Portfolio D has the highest Sharpe ratio and Roy's Safety First ratio, 

which means that portfolio D can achieve higher excess returns per unit of risk 

compared to other portfolios. 

In table 4.15, we can find that for portfolio A, the information ratio is lower than 0, 

which means the annual return of portfolio A is lower than the market return. Portfolio 

D has the highest information ratio, indicating that portfolio D performs much better 

than the market compared with other portfolios. 
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Table 4.15 The tracking error and information ratio of the portfolios in Black’s model 

in the in-sample period 

 Tracking error Information Ratio 

portfolio A 0.10922 -0.01064 

portfolio C 0.12966 1.44205 

portfolio D 0.19531 1.92064 

portfolio E 0.31352 1.79662 

portfolio F 0.50005 1.50267 

portfolio G 0.77842 1.20702 

portfolio H 1.09300 1.03176 

portfolio B 1.73263 0.75946 

Source: own calculation. 

Table 4.16 The downside deviation and Sortino ratio of the portfolios in Black’s model 

in the in-sample period. 

 downside deviation Sortino ratio 

portfolio A 0.07696346 1.06250788 

portfolio C 0.09020558 2.99226605 

portfolio D 0.12792842 3.58062651 

portfolio E 0.2001278 3.22898025 

portfolio F 0.31334068 2.66276792 

portfolio G 0.49191242 2.07861867 

portfolio H 0.68629987 1.76401477 

portfolio B 1.05981091 1.31984669 

Source: own calculation. 

From table 4.16, we can find that portfolio B has the highest downside risk. Portfolio 

D has the highest Sortino ratio, which means portfolio D obtained higher excess return 

(relative to MAR) by assuming a unit of downside risk. 
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4.2.4 Tobin model 

In the Tobin model, we can not only invest in stocks of our choice, but also in risk-

free assets. And for risk-free assets, we can buy and sell. 

In this part, we apply Tobin model in in-sample period to construct the efficient sets 

and find the weights of the stocks and risk-less asset in those portfolios. The first step 

is to find the portfolio with the maximal slope of the CML line, the second step is to 

calculate the equidistant interval, then we can calculate the compositions and basic 

parameters for efficient portfolio A to H, see chapter 3.6. 

Table 4.17 The weights of stocks and riskless asset in Tobin model in in-sample period 

 
Source: own calculation. 

  Portfolio F is the portfolio we only invest in riskless asset, the return of this portfolio 

equals the risk-free rate, and the risk (standard deviation) is 0. Portfolio M is selected 

F A B C M D E G H
xNEM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGOLD 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xNFLX 0.00% 0.16% 0.31% 0.48% 0.62% 0.79% 0.94% 1.11% 1.27%
xDIS 0.00% 1.23% 2.49% 3.75% 4.95% 6.22% 7.49% 8.72% 9.96%
xNTES 0.00% 3.68% 7.35% 11.03% 14.74% 18.36% 22.06% 25.77% 29.40%
xTSLA 0.00% 2.75% 5.50% 8.24% 10.99% 13.77% 16.49% 19.21% 21.98%
xTM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xBKNG 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xMAR 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCOST 0.00% 10.55% 21.13% 31.70% 42.18% 52.74% 63.31% 73.89% 84.44%
xTGT 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xWMT 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xDG 0.00% 2.77% 5.54% 8.29% 11.11% 13.86% 16.61% 19.38% 22.16%
xXOM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCNQ 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xSU 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xJPM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xMS 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGS 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xJNJ 0.00% 3.85% 7.67% 11.50% 15.40% 19.24% 23.06% 26.92% 30.80%
xSYK 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xDHR 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xHON 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGE 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xPLD 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xWY 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xEQR 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xAVB 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xNVDA 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCSCO 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xRf 100.00% 75.00% 50.01% 25.02% 0.01% -24.98% -49.97% -75.00% -100.01%
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with the aim of having a maximal slope of CML line. Portfolio H has the maximum 

return and standard deviation, it has the minimal share of riskless asset, that means the 

investors borrow at the riskless rate and maximal allowed amount. 

Table 4.18 Return and standard deviation of portfolios under Tobin model in the in-

sample period(annualized) 

portfolio  F A B C M D E G H 

return 1.73% 7.07% 12.42% 17.76% 23.11% 28.45% 33.79% 39.14% 44.48% 

standard 

deviation 

0.00% 3.60% 7.19% 10.79% 14.38% 17.98% 21.58% 25.17% 28.77% 

Source: own calculation. 

Figure 4.4 Return and standard deviation of portfolios under Tobin model in the in-

sample period(annualized) 

 
Source: own calculation. 

Table 4.18 and Figure 4.4 are the returns and standard deviations of all portfolios of 

effective frontier that we construct. 

Then we calculate the maximum drawdown and final wealth of those portfolios in 

Tobin model, the results are shown in table 4.19. 
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Table 4.19 The maximum drawdown and final wealth of the portfolios under Tobin 

model in the in-sample period 

 Final wealth Maximum drawdown 

portfolio F 1.09035 0.00000 

portfolio A 1.42433 0.02753 

portfolio B 1.86062 0.05559 

portfolio C 2.43054 0.08286 

portfolio M 3.17503 0.10921 

portfolio D 4.14756 0.13497 

portfolio E 5.41800 0.15994 

portfolio G 7.07757 0.18414 

portfolio H 9.24548 0.20767 

Source: own calculation. 

Portfolio H has the highest final wealth. The portfolio F is the efficient portfolio we 

only invest in risk-free asset, the wealth of portfolio F is always increasing, the 

maximum drawdown is 0. Portfolio H has the highest maximum drawdown, it means 

that there exists a relatively huge loss when portfolio H faces the worst condition. 

Based on the annual standard deviations and returns of all portfolios in table 4.18, 

and the annual risk-free rate is 1.73%, and the minimum acceptable return we set is 

1.2%. Then we can calculate the Sharpe ratio and Roy’s Safety First ratio. 

Table 4.20 shows the Sharpe ratio and Roy’s Safety First ratio of Tobin model in the 

in-sample period. Portfolio F is the portfolio we only invest in the riskless asset, the 

return of this portfolio equals the risk-free rate, and the risk (standard deviation) is 0, 

so we cannot calculate the Sharpe ratio and Roy’s Safety First ratio. The Sharpe ratios 

of portfolios in Tobin model are the same, this is because Sharpe ratio measures the 

slope of the line in CAPM model. In Tobin model, for each portfolio we maximize that 

slope, and the slope is the same for each portfolio, so the Sharpe ratios in Tobin model 

are the same. Portfolio A has the highest Roy’s Safety First ratio, which means that 

portfolio A can get higher excess return (relative to MAR) by one unit of risk compared 
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to other portfolios. 

Table 4.20 Sharpe ratio and Roy’s Safety First ratio of portfolios under Tobin model in 

the in-sample period 

 Sharpe ratio RoySF 

portfolio F - - 

portfolio A 1.48612 1.633506 

portfolio B 1.48612 1.559813 

portfolio C 1.48612 1.535247 

portfolio M 1.48612 1.522966 

portfolio D 1.48612 1.515597 

portfolio E 1.48612 1.510684 

portfolio G 1.48612 1.507175 

portfolio H 1.48612 1.504544 

Source: own calculation. 

  Next, we calculate the information ratio of those portfolios in Tobin model, table 4.21 

is the tracking error and information ratio of the portfolio in Tobin model. 

Table 4.21 The tracking error and information ratio of the portfolios under Tobin model 

in the in-sample period 

 Tracking error Information ratio 

portfolio F 0.1426249 -0.54434 

portfolio A 0.1173227 -0.20623 

portfolio B 0.0988466 0.295865 

portfolio C 0.0914276 0.904389 

portfolio M 0.0977188 1.393049 

portfolio D 0.1153543 1.643354 

portfolio E 0.1401935 1.733381 

portfolio G 0.1690862 1.753246 

portfolio H 0.2002822 1.746988 

Source: own calculation. 
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Portfolio F and portfolio A have negative information ratio, that means the annual 

returns of portfolio F and A are lower than the market return. Portfolio G has the highest 

information ratio, indicating that portfolio G performs much better than the market 

compared with other portfolios. 

For the Sortino ratio, we calculate the downside deviation. Table 4.22 shows the 

downside deviation and Sortino ratio of the portfolios in Tobin model. 

Table 4.22 Downside deviation and Sortino ratio of the portfolios under Tobin model 

in the in-sample period. 

 Downside deviation Sortino ratio 

portfolio F 0.00000  

portfolio A 0.03442 2.05513 

portfolio B 0.05737 2.16465 

portfolio C 0.08087 2.19634 

portfolio M 0.10201 2.26505 

portfolio D 0.12198 2.33238 

portfolio E 0.14390 2.34854 

portfolio G 0.16390 2.38793 

portfolio H 0.18622 2.38867 

Source: own calculation. 

Portfolio F is the efficient portfolio we only invest in risk-free asset, and the risk-free 

rate (1.73%) is higher than the minimum acceptable return (1.2%), so there is no 

downside risk, the downside deviation is 0. Portfolio H has the highest Sortino ratio, 

that means portfolio H obtained higher excess return (relative to MAR) by assuming a 

unit of downside risk. 

4.3 The application of models in the out-of-sample period 

In previous part, we apply naive strategy, Markowitz model, Black’s model, Tobin 

model in the in-sample period to construct the efficient portfolios and calculate their in-

sample performance. In this chapter, we use those same portfolios in out-of-sample 
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period to calculate and compare the out-of-sample performance. 

4.3.1 Naive strategy 

Just like our previous description of the naive strategy, in naive strategy, no matter 

how the price, return, and standard deviation of stocks change, the weights of stocks in 

the portfolio are the same. The number of stocks we selected is 30, so the weight of 

each stock is 1

30
. 

Table 4.23 Out-of-sample period portfolio return and wealth under naive strategy (in 

dollar). 

Data Return Wealth Data Return Wealth 

2016/1/2  1 2018/1/27 -4.011% 1.633816 

2016/1/9 -3.822% 0.962504 2018/2/3 -5.280% 1.549791 

2016/1/16 0.999% 0.972169 2018/2/10 4.229% 1.61673 

2016/1/23 2.856% 1.00033 2018/2/17 -0.227% 1.613057 

…… …… …… …… …… …… 

2016/12/24 -0.305% 1.317443 2018/12/22 2.521% 1.412202 

2016/12/31 1.825% 1.341705 2018/12/29 2.341% 1.445658 

2017/1/7 -0.324% 1.337371 2019/1/5 3.543% 1.49779 

2017/1/14 -0.659% 1.32859 2019/1/12 1.645% 1.522628 

…… …… …… …… …… …… 

2017/12/23 -0.210% 1.578711 2020/11/28 1.992% 2.278482 

2017/12/30 2.395% 1.616971 2020/12/5 0.115% 2.281096 

2018/1/6 2.146% 1.652051 2020/12/12 0.885% 2.301376 

2018/1/13 0.071% 1.653221 2020/12/19 -0.427% 2.291579 

2018/1/20 2.830% 1.700677 2020/12/26 1.286% 2.321242 

Source: own calculation. 

Based on naive strategy, we can calculate the return of the portfolio and the wealth 

in each week according to the formula (3.1) and (2.2). Now we get the portfolio return 
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and wealth under the naive strategy for the out-of-sample period. The results are shown 

in table 4.23, and we make a figure according to the results. 

The returns in Table 4.23 are the weekly returns calculated based on the weekly 

adjusted closed price of the stocks. When calculating the wealth path, as shown in the 

table, we assume that the initial investment amount is one U.S. dollar, and then based 

on the return of this investment portfolio, on 09/01/2016, our wealth decreased to 

0.9625 dollar, which means we lose 0.0365 dollars. By the last day of the out-of-sample 

period, our final wealth was 2.3212 dollars. During the entire investment period of this 

investment portfolio, the highest wealth is 2.3212 dollars, and the lowest wealth is 

0.9625 dollar. 

Figure 4.5 The evolution of out-of-sample period wealth under naive strategy. 

 

Source: own calculation. 

From figure 4.4, we can find that the wealth is generally on the rise. The wealth began 

to decline sharply on 15/2/2020 and began to rise after reaching its lowest point on 

14/3/2020. Wealth rose to the highest value of 2.3212 on the last day of out-of-sample 

period. 

Next, we need to calculate four risk-adjusted performance indicators in naive strategy, 

they are Sharpe ratio, Roy's Safety First ratio, information ratio and a measure of 

riskiness, maximum drawdown. 

For the Sharpe ratio, we first calculated the weekly return and standard deviation of 
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the asset portfolio, and then annualized those data. Annual portfolio return is 16.842%, 

annual standard deviation is 19.561%. We also need to know the annual risk-free rate, 

we can get the 10-year government bond rate of America that equal to 1.73%4, so, the 

annual risk-free rate is 1.73%. The Sharpe ratio under naive strategy is: 

𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜 =
16.842% − 1.73%

19.561%
= 0.7725 

For Roy's Safety First ratio, we need to determine the minimum acceptable return 

(MAR). According to IMF, the inflation of USA in 2020 is 1.2%5, we set this as the 

MAR. The Roy's Safety First ratio under naive strategy is: 

𝑅𝑜𝑦𝑆𝐹 =
16.842% − 1.2%

19.561%
= 0.7996 

For the information ratio(IR), we need to determine the market return and tracking 

error. We calculate the annual return of the S&P500 in the out-of-sample period as the 

market return, which is 13.400%. Tracking error is the standard deviation of the 

difference between the return of our asset portfolio and the market return, which is 

0.2437. The information ratio under the naive strategy is: 

𝐼𝑅 =
16.842% − 13.400%

0.2437
= 0.1412 

For the Sortino ratio, we need to determine the downside deviation. Downside 

deviation is the standard deviation of these returns which are less than the period 

minimum acceptable return. The downside deviation of naive strategy is 0.1671 in the 

out-of-sample period, we can calculate the Sortino ratio according to formula (2.5): 

Sortino ratio =
16.842% − 1.2%

0.1671
= 0.9358 

In addition, there are some basic information of performance by using naive strategy 

are shown in table 4.24. 
  

 
4 https://ycharts.com/indicators/10_year_treasury_rate 
5 https://www.imf.org/en/Countries/USA#countrydata 
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Table 4.24 Performance under naive strategy in out-of-sample period. 

Final wealth 2.3212 Dollars 

Weekly portfolio return 0.324% 

Weekly standard deviation 2.713% 

Annual portfolio return 16.842% 

Annual standard deviation 19.561% 

Sharpe ratio 0.77254 

RoySF ratio 0.79964 

Sortino ratio 0.9358 

Information ratio 0.14124 

Maximum drawdown 0.35440 

Source: own calculation. 

4.3.2 Markowitz model 

  We have already obtained the weights of stocks in portfolio of Markowitz model in 

in-sample period, see table 4.5. We apply the same weights in the out-of-sample period. 

Then we can calculate the return and standard deviation for out-of-sample period of 

these portfolios. 

Table 4.25 Return and standard deviation of portfolios in out-of-sample period 

(annualized) 

 A C D E F G H B 

Return 14.52% 15.51% 18.05% 23.81% 28.97% 34.53% 39.91% 56.02% 

Standard 

deviation 

14.76% 15.50% 16.68% 19.14% 23.78% 30.47% 38.50% 57.98% 

Source: own calculation. 

Table 4.25 and Figure 4.6 are the returns and standard deviations of all portfolios of 

effective frontier that we construct. 
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Figure 4.6 Return and standard deviation of portfolios in out-of-sample 

period(annualized) 

 
Source: own calculation. 

We can calculate the maximum drawdown according to chapter 2.7. 

Table 4.26 The maximum drawdown and final wealth of portfolios under Markowitz 

model in the out-of-sample period. 

 Final wealth maximum drawdown 

portfolio A 2.066317 18.365% 

portfolio C 2.171453 19.004% 

portfolio D 2.465975 19.702% 

portfolio E 3.289374 20.910% 

portfolio F 4.256861 25.030% 

portfolio G 5.619675 30.836% 

portfolio H 7.354185 38.817% 

portfolio B 16.46398 52.549% 

Source: own calculation. 

Table 4.26 shows the results of maximum drawdown and final wealth. From portfolio 

A to portfolio B, their returns are gradually increasing, and their final wealth is also 

gradually increasing. Portfolio B has the highest final wealth and highest maximum 

drawdown. For maximum drawdown, the lowest is Portfolio A, it represents that there 
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exists a relatively small loss when portfolio A faces the worst condition, and there exists 

a relatively large loss when portfolio B face the worst condition. 

Based on the annual standard deviations and returns of all portfolios in table 4.25, 

and the annual risk-free rate is 1.73%, and the minimum acceptable return we set is 

1.2%. Then we can calculate the Sharpe ratio and Roy’s Safety First ratio. 

Table 4.27 Sharpe ratio and Roy’s Safety First ratio of portfolios under Markowitz 

model in the out-of-sample period 

 Sharpe ratio RoySF 

portfolio A 0.86617 0.90208 

portfolio C 0.88878 0.92297 

portfolio D 0.97871 1.01049 

portfolio E 1.15362 1.18131 

portfolio F 1.14552 1.16781 

portfolio G 1.07638 1.09378 

portfolio H 0.99165 1.00541 

portfolio B 0.93646 0.94560 

Source: own calculation. 

Portfolio E has the highest Sharpe ratio and Roy's Safety First ratio, which means 

that portfolio E can achieve higher excess returns per unit of risk compared to other 

portfolios. 

Before we calculate the Information ratio, we must determine the tracking error and 

market return, see chapter 2.6. We calculate the annual return of the S&P500 in the out-

of-sample period as the market return, which is 13.400%. Table 4.28 shows the result 

for information ratio of portfolio under Markowitz model. 

The information ratios of portfolios are higher than 0, which means the annual returns 

of portfolios are higher than the market return. Portfolio B has the highest information 

ratio, indicating that portfolio B performs much better than the market compared with 

other portfolios. 
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Table 4.28 The tracking error and information ratio of the portfolios under Markowitz 

model in the out-of-sample period 

 Tracking error Information ratio 

portfolio A 0.20759 0.05374 

portfolio C 0.21202 0.09943 

portfolio D 0.21989 0.21156 

portfolio E 0.23912 0.43552 

portfolio F 0.27688 0.56236 

portfolio G 0.33569 0.62933 

portfolio H 0.41010 0.64632 

portfolio B 0.59738 0.71351 

Source: own calculation. 

Table 4.29 The downside deviation and Sortino ratio of the portfolios under Markowitz 

model in the out-of-sample period. 

 Downside deviation Sortino ratio 

portfolio A 0.11808 1.12763 

portfolio C 0.12546 1.14044 

portfolio D 0.13588 1.24015 

portfolio E 0.14729 1.53530 

portfolio F 0.17219 1.61276 

portfolio G 0.20970 1.58922 

portfolio H 0.25588 1.51265 

portfolio B 0.38635 1.41900 

Source: own calculation. 

From table 4.29, we can find that portfolio B has the highest downside risk. Portfolio 

F has the highest Sortino ratio, which means portfolio F obtained higher excess return 

(relative to MAR) by assuming a unit of downside risk. 



 

60 

4.3.3 Black’s model 

 In Black’s model, we can sell stocks to invest other stocks, we apply the weights in 

in-sample period to out-of-sample period, then we can calculate the return and standard 

deviation for Black’s model in out-of-sample period. 

Table 4.31 Return and standard deviation of portfolios under Black’s model in the out-

of-sample period 

 A C D E F G H B 

Return 12.75% 13.59% 16.95% 31.74% 60.29% 84.41% 112.01% 173.57% 

Standard 

deviation 

13.99% 17.46% 25.06% 39.77% 62.39% 91.64% 127.07% 204.10% 

Source: own calculation. 

Figure 4.7 Return and standard deviation of portfolios under Black’s model in the out-

of-sample period 

 
Source: own calculation. 

Table 4.32 is the results for maximum drawdown and final. From the table 4.32, we 

can see that the final wealth of portfolio B reached 5874.5985 dollars, which is an 

incredible return because our initial investment was only 1 dollar. In the composition 

of portfolio B, we sell all other stocks and invest in stock TSLA, and the stock TSLA 

has a very high return during the out-of-sample period, with a weekly return of 3.339%, 
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so our wealth has expanded greatly. Portfolio B also has a very high maximum 

drawdown, which also means that portfolio B has a very high risk of decline, in some 

moment the value of the portfolio decreased to only 5% of the previous peak value. 

Table 4.32 The maximum drawdown and final wealth for portfolios under Black’s in 

out-of-sample period. 

 Final wealth maximum drawdown 

portfolio A 1.8920 12.441% 

portfolio C 1.9733 17.453% 

portfolio D 2.3337 33.289% 

portfolio E 4.8889 38.703% 

portfolio F 20.3814 44.842% 

portfolio G 68.0799 71.644% 

portfolio H 270.5978 88.818% 

portfolio B 5874.5985 95.882% 

Based on the annual standard deviations and returns of all portfolios in table 4.31, 

and the annual risk-free rate is 1.73%, and the minimum acceptable return we set is 

1.2%. Then we can calculate the Sharpe ratio and Roy’s Safety First ratio. 

Table 4.33 Sharpe ratio and Roy’s Safety First ratio of portfolios under Black’s model 

in the out-of-sample period 

 Sharpe ratio RoySF 

portfolio A 0.788101 0.825995 

portfolio C 0.679342 0.709690 

portfolio D 0.607184 0.628330 

portfolio E 0.754590 0.767917 

portfolio F 0.938667 0.947163 

portfolio G 0.902268 0.908052 

portfolio H 0.867906 0.872077 

portfolio B 0.841944 0.844541 

Source: own calculation. 
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Table 4.33 shows the Sharpe ratio and Roy’s Safety First ratio of Black’s model in 

out-of-sample period. Portfolio F has the highest Sharpe ratio Roy's Safety First ratio, 

which means that portfolio F can achieve higher excess return per unit of risk compared 

to other portfolios. 

Table 4.34 Tracking error and information ratio of the portfolios under Black’s model 

in out-of-sample period. 

 Tracking error Information Ratio 

portfolio A 0.199812 -0.032397 

portfolio C 0.223487 0.008681 

portfolio D 0.286364 0.123929 

portfolio E 0.421111 0.435505 

portfolio F 0.638228 0.734731 

portfolio G 0.925718 0.767121 

portfolio H 1.277125 0.772147 

portfolio B 2.045742 0.782934 

Source: own calculation. 

Table 4.34 shows tracking error and information ratio of the portfolio in Black’s 

model in out-of-sample period. For portfolio A, the information ratio is lower than 0, 

that means the annual return of portfolio A is lower than the market return. Portfolio B 

has the highest information ratio, indicating that portfolio B performs much better than 

the market compared with other portfolios. 

From table 4.35, we can find than portfolio B has the highest downside risk. Portfolio 

F has the highest Sortino ratio, that means portfolio F obtained higher excess return 

(relative to MAR) by assuming a unit of downside risk. 
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Table 4.35 The downside deviation and Sortino ratio of the portfolios in Black’s model  

 Downside deviation Sortino ratio 

portfolio A 1.087686 1.087686 

portfolio C 0.119165 1.040059 

portfolio D 0.163762 0.961680 

portfolio E 0.250815 1.217608 

portfolio F 0.372025 1.588399 

portfolio G 0.524859 1.585448 

portfolio H 0.716929 1.545658 

portfolio B 1.217131 1.416182 

Source: own calculation. 

4.3.4 Tobin Model 

In the Tobin model, we can not only invest in stocks of our choice, but also in risk-

free assets. And for risk-free assets, we can buy and sell. we apply the same weights in 

in-sample period and out-of-sample period. Then we can calculate the return and 

standard deviation for out-of-sample period in Tobin model. 

Table 4.36 Return and standard deviation of portfolios under Tobin model in out-of-

sample period 

 F A B C M D E G H 

Return 1.73% 7.14% 12.54% 17.95% 23.35% 28.77% 34.16% 39.56% 44.98% 

Standard 

deviation 

0.00% 4.70% 9.41% 14.11% 18.81% 23.52% 28.22% 32.92% 37.63% 

Source: own calculation. 

Table 4.36 and Figure 4.8 are the returns and standard deviations of all portfolios of 

effective frontier that we construct. 
  



 

64 

Figure 4.8 Return and standard deviation of portfolios under Tobin model in out-of-

sample period 

 
Source: own calculation. 

Then we calculate the maximum drawdown and final wealth of those portfolios in 

Tobin model. Table 4.37 shows the maximum drawdown and final wealth of the 

portfolios in Tobin model. Portfolio H has the highest final wealth. The portfolio F is 

portfolio we only invest in risk-free asset, the wealth of portfolio F is always increasing, 

the maximum drawdown is 0. Portfolio H has the highest maximum drawdown, it 

means that there exists a relatively huge loss when portfolio H faces the worst condition. 

Table 4.37 The maximum drawdown and final wealth of the portfolios in Tobin model. 

 Final wealth Maximum drawdown 

portfolio F 1.09035 0.00000 

portfolio A 1.42884 0.05504 

portfolio B 1.87224 0.10827 

portfolio C 2.45294 0.15849 

portfolio M 3.21459 0.20588 

portfolio D 4.21349 0.25078 

portfolio E 5.51894 0.29293 

portfolio G 7.22970 0.33260 

portfolio H 9.47720 0.37031 

Source: own calculation. 
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Based on the annual standard deviations and returns of all portfolios in table 4.36 and 

the annual risk-free rate is 1.73%, and the minimum acceptable return we set is 1.2%. 

Then we can calculate the Sharpe ratio and Roy’s Safety First ratio. 

Table 4.38 shows the Sharpe ratio and Roy’s Safety First ratio of Tobin model in in-

sample period. Portfolio F is the portfolio we only invest in riskless asset, the return of 

this portfolio equals the risk-free rate, and the risk (standard deviation) is 0, so we 

cannot calculate the Sharpe ratio and Roy’s Safety First ratio. Portfolio A has the highest 

Sharpe ratio, it means portfolio A can get higher excess return (by riskless asset) by one 

unit of risk compared to other portfolios. Portfolio A has the highest Roy’s Safety First 

ratio, which means that portfolio A can get higher excess return (by MAR) by one unit 

of risk compared to other portfolios. 

Table 4.38 Sharpe ratio and Roy’s Safety First ratio of portfolios under Tobin model in 

out-of-sample period 

 Sharpe ratio RoySF 

portfolio F - - 

portfolio A 1.149616 1.262297 

portfolio B 1.149420 1.205761 

portfolio C 1.149289 1.186853 

portfolio M 1.149414 1.177586 

portfolio D 1.149480 1.172013 

portfolio E 1.149317 1.168098 

portfolio G 1.149256 1.165356 

portfolio H 1.149327 1.163412 

Source: own calculation. 

  Next, we calculate the information ratio of those portfolios in Tobin model, table 

4.39 is the tracking error and information ratio of the portfolio in Tobin model. 
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Table 4.39 The tracking error and information ratio of the portfolios under Tobin model 

in the out-of-sample period 

 Tracking error Information Ratio 

portfolio F 0.142625 -0.818218 

portfolio A 0.150302 -0.416666 

portfolio B 0.171069 -0.050106 

portfolio C 0.200896 0.226282 

portfolio M 0.236397 0.421079 

portfolio D 0.275403 0.557948 

portfolio E 0.316544 0.655956 

portfolio G 0.359129 0.728544 

portfolio H 0.402776 0.784007 

Source: own calculation. 

Portfolio F, portfolio A and portfolio B have negative information ratio, that means 

the annual returns of portfolio F, portfolio A and portfolio B are lower than the market 

return. Portfolio H has the highest information ratio, indicating that portfolio H 

performs much better than the market compared with other portfolios. 

For the Sortino ratio, we calculate the downside deviation. Table 4.40 shows the 

downside deviation and Sortino ratio of the portfolios in Tobin model. 

Portfolio F is the efficient portfolio we only invest in risk-free asset, and the risk-free 

rate (1.73%) is higher than the minimum acceptable return (1.2%), so there is no 

downside risk, the downside deviation is 0. Portfolio A has the highest Sortino ratio, 

that means portfolio A obtained higher excess return (relative to MAR) by assuming a 

unit of downside risk. 
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Table 4.40 Downside deviation and Sortino ratio of the portfolios under Tobin model 

in out-of-sample period. 

 Downside deviation Sortino ratio 

portfolio F 0.000000 - 

portfolio A 0.043110 1.655587 

portfolio B 0.076323 1.643364 

portfolio C 0.110638 1.622026 

portfolio M 0.145902 1.600664 

portfolio D 0.181841 1.581921 

portfolio E 0.217975 1.567320 

portfolio G 0.254244 1.556139 

portfolio H 0.290793 1.546731 

Source: own calculation. 

4.4 Comparison of different periods and different models 

In previous parts, we divide the whole sample period into in-sample period 

(01/01/2011- 31/12/2015) and out-of-sample period (01/01/2016-31/12/2020). Based 

on four different models, the expected return, standard deviation, wealth, Sharpe ratio 

of different efficient portfolios are calculated in the different periods, respectively. In 

this part, we make a comparison of performance under the different models in the 

different periods.  

 For the comparison, we make the S&P500 index as a benchmark. We calculate the 

return, standard deviation and performance measures for the market index, Table 4.40 

shows the performance of the market. 
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Table 4.41 The performance of S&P500 in in-sample and out-of-sample period. 

 In-sample Out-of-sample 

Final wealth 1.607503 1.95422 

Weekly portfolio return 0.183% 0.258% 

Weekly standard deviation 1.978% 2.507% 

Annual portfolio return 9.494% 13.400% 

Annual standard deviation 14.262% 18.076% 

Sharpe ratio 0.54434 0.64558 

RoySF ratio 0.58150 0.67490 

Maximum drawdown 0.17606 0.31810 

Source: own calculation. 

Figure 4.9 Sharpe ratios in in-sample period 

 
Source: own calculation. 

 Figure 4.9 and figure 4.10 show the Sharpe ratios in in-sample and out-of-sample 

period. The higher the Sharpe ratio, the higher the excess return (relative to risk-free 

rate) obtained when a certain risk is assumed. From the two figures, we can see that the 

Sharpe ratio of the in-sample period is generally higher than the out-of-sample period. 

In the in-sample period, the naive strategy has the lowest Sharpe ratio, which has almost 

the same Sharpe ratio as the market index. The highest Sharpe ratio is a portfolio in the 

Black's model. During the out-of-sample period, a portfolio in the Black's model has 
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the lowest Sharpe ratio, and the Tobin model performs best, all of its portfolios have 

higher Sharpe ratios than other models'.  
Figure 4.10 Sharpe ratios in out-of-sample period 

 
Source: own calculation. 

Figure 4.11 Roy’s Safety First ratios in in-sample period 

 
Source: own calculation. 

Figure 4.11 and figure 4.12 show Roy’s Safety First ratios in in-sample and out-of-

sample period. The higher the Roy’s Safety First ratio, the higher the excess return 

(relative to MAR) obtained when a certain risk is assumed. From the two figures, we 

can see that the RoySF ratio under the market index and naïve strategy is higher in the 

out-of-sample period than in the in-sample period. While for the other portfolios in-
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sample performance is generally higher than the out-of-sample performance. In the in-

sample period, the highest RoySF is a portfolio in Black’s model, and the lowest RoySF 

is the market index. In the out-of-sample period, the Tobin model has the highest RoySF 

ratio, and the worst performance is a portfolio in the Black's model, which is lower than 

our benchmark-market index and naïve strategy, and this portfolio has the highest 

RoySF ratio in the in-sample period. It means that if we invest according to the weights 

of stocks in that portfolio, it is difficult for us to achieve the desired effect. 

Figure 4.12 Roy’s Safety First ratios in out-of-sample period 

 
Source: own calculation. 

Figure 4.13 Information ratio in in-sample period 

 
Source: own calculation. 
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Figure 4.14 Information ratios in out-of-sample period 

 
Source: own calculation. 

Figure 4.13 and figure 4.14 show information ratios in in-sample period and out-of-

sample period. Information ratio is a measure of the return of a portfolio over a 

benchmark (we use S&P500 index as the benchmark) and compared to the volatility of 

those returns. The information ratio of the in-sample period is generally higher than the 

information ratio of the out-of-sample period. In the in-sample period, the highest 

information ratio is a portfolio in the Black’s model, and the lowest information ratio is 

a portfolio that only invests in risk-free assets in the Tobin model. In the out-of-sample 

period, there are two portfolios with very high information ratio, those two portfolios 

with the highest information ratios are the portfolios with the highest return in the 

Black’s model and the Tobin model, and the portfolio with the lowest information ratio 

is the portfolio that only invests in risk-free assets in the Tobin model. 

Figure 4.15 and figure 4.16 show Sortino ratios in in-sample period and out-of-

sample period. Sortino Ratio represents the excess return (relative to MAR) obtained 

by assuming a unit of downside risk. In the in-sample period, the portfolio with the 

lowest Sortino ratio is the portfolio in the naive strategy, and the portfolio with the 

highest Sortino ratio is a portfolio in the Black’s model. In the out-of-sample, the lowest 

Sortino ratio is also the portfolio in the naive strategy, but the Sortino ratio in the out-

of-sample period is higher than the in-sample under naive strategy. The highest Sortino 
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ratio is a portfolio in the Tobin model. For Sortino ratio, the in-sample performance is 

much better than the out-of-sample performance. 

Figure 4.15 Sortino ratios in in-sample period 

 
Source: own calculation. 

Figure 4.16 Sortinos ratio in out-of-sample period 

 
Source: own calculation. 

Figure 4.17 and Figure 18 show maximum drawdown in in-sample period and in out-

of-sample period, Figure 4.19 and figure 4.20 show the final wealth in in-sample period 

and out-of-sample period. From our comparison of final wealth, there is an extremely 

exaggerated final wealth in the Black's model portfolios. Our initial investment was 

only 1 dollar. Under the black's model in the portfolio with the highest return, at the end 
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of in-sample period, we can get 1,157.41 dollars, and at the end of the out-of-sample 

period, we can get 5,870.60 dollars. These are extremely high returns, because in the 

Black's model, we don’t just invest in the stock with the highest returns, we sell other 

stocks and invested in this stock. So for those investors who desire high returns and 

high risks, Black’s model is the best choice. The final wealth of the investment 

portfolios in the Markowitz model is generally higher than that of in the Tobin model. 

Figure 4.17 Maximum drawdown in in-sample period 

 
Source: own calculation. 

Figure 4.18 Maximum drawdown in out-of-sample period 

 
Source: own calculation. 
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Figure 4.19 Final wealth in in-sample period 

 
Source: own calculation. 

Figure 4.20 Final wealth in out-of-sample period. 

 
Source: own calculation. 
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5. Conclusion 

The objective of the thesis is to measure the performance of portfolios constructed 

by different portfolio optimization models in the different sample period. We apply four 

model in our thesis: naïve strategy, Markowitz model, Black’s model and Tobin model. 

We use those models to construct efficient portfolios, then calculate the performance 

measures. We calculate the Sharpe ratio, Roy’s Safety First ratio, Sortino ratio, 

information ratio, maximum drawdown and the final wealth for each portfolio. We 

choose 30 stocks from American stock market from 01/01/2011 to 31/12/2020 and 

collect the weekly adjusted closed prices for calculation. We divided those stock prices 

into two parts, in-sample period (1//1/2011-31/12/2015) and out-of-sample period 

(1/1/2016-31/12/2020).  

 Under naive strategy, the weights of all stocks in that portfolio are the same. The 

return portfolio, standard deviation and final wealth of the portfolio in the in-sample 

period is lower than those in the out-of-sample period. At the same time, all 

performance measures, Sharpe ratio, Roy’s Safety First ratio, Sortino ratio, information 

ratio, and maximum drawdown in in-sample period are lower than the out-of-sample 

period. 

Under Markowitz model, the return and standard deviation of most portfolios in the 

in-sample period are lower than the out-of-sample period. But when we compare 

performance measures, Sharpe ratio, Roy's Safety First ratio, Sortino ratio and 

information ratio in-sample period are higher than out-of-sample period . For maximum 

drawdown of all the portfolios in in-sample period is lower than out-of-sample period. 

These comparisons mean that under Markowitz model, the portfolios perform better in 

the in-sample period. 

In the Black's model, most portfolios perform better in the in-sample period, but there 

is a special case, the portfolio with maximum return in Black's model, which performs 

better in the out-of-sample period than in the in-sample period. This portfolio has a very 

high return, but its Sharpe ratio, Roy's Safety First ratio is lower than most portfolios, 
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that means this portfolio has lower excess returns per unit of risk compared to other 

portfolios. It also has a high maximum drawdown. In Black’s model, the portfolio with 

the highest return is very suitable for investors who are willing to face high risk in 

exchange for high return. 

Under Tobin model. The Sharpe ratio in-sample period of all portfolios is lower than 

the out-of-sample period. For Roy's Safety First The ratio, Sortino ratio, information 

ratio, maximum drawdown are higher in the in-sample period than they are in the out-

of-sample. 

Generally, the performance in the out-of-sample is worse than the performance in the 

in-sample, and when we compare the performance (measured by different performance 

ratios) of portfolios to the performance of naive portfolio and the market index in the 

out-of-sample period. Tobin model is the best in the out-of-sample period. 

When we look at all the results, although the returns and final wealth of Tobin model 

are lower than those Markowitz model and Black’s model, its portfolios have better 

performance indicators. Especially the portfolio with the highest return in the Tobin 

model has good performance in almost all performance indicators, high Sharpe ratio, 

high Roy’s Safety First ratio, high Sortino ratio, high information ratio and low 

maximum drawdown. Therefore, the portfolio with maximum expected return in Tobin 

model is a better and safer option. 
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rf                  Risk-free rate 

σp                 Standard deviation of portfolio return 

𝛽𝑝                  Beta of the portfolio. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Declaration of Utilization of Results from a Diploma Thesis 

Herewith I declare that 
- I was acquainted with the fact that my diploma thesis is fully covered by Act No. 

121/2000 Coll. - Copyright Act, in particular § 35 - use of the work in the 
framework of civil and religious ceremonies, in school performances and use of 
school work and § 60 - school work; 

- I acknowledge that by submitting my diploma (bachelor) thesis, I agree to the 
publication of my work under Act No. 111/1998 Coll. on universities and on 
amendments to other acts (the Higher Education Act), as amended, regardless of 
the outcome of the defence; 

- I acknowledge that the VSB – Technical University of Ostrava (hereinafter VSB-
TUO) has a non-profit right to use the diploma (bachelor) thesis for its own 
internal needs (Section 35 (3)); 

- I agree that the thesis (bachelor's thesis) will be archived in electronic form in the 
Central Library of VSB-TUO. I agree that bibliographic data on the thesis will be 
published in the VSB-TUO information system; 

- it was agreed that I would conclude a license agreement with VSB-TUO, if it was 
interested in it, with the right to use the work within the scope of Section 12 (4) 
of the Copyright Act; 

- it was agreed that I can use my work, diploma thesis (bachelor's thesis), or grant a 
license for its use only with the consent of VSB-TUO, which is entitled to request 
a reasonable contribution from me because of costs incurred by VSB-TUO for the 
creation of the work (up to their actual amount). 

 

 

 

 

 

Ostrava dated ......................  

 

 

…………………………………………….. 

                                       Student’s name and surname 



 

 

List of Annexes 

Annex 1: Historical stock price (example) (Dollar) 

Annex 2: Expected return for in-sample period (example) (Weekly) 

Annex 3: Expected return for out-of-sample period (example)(Weekly) 

Annex 4: Covariance matrix 

Annex 5: Weights of portfolio assets calculation (Markowitz model) 

Annex 6: Weights of portfolio assets calculation (Black’s model) 

Annex 7: Weights of portfolio assets calculation (Tobin model) 

 

 

 

 

 

 

 



 

1 

Annex 1: Historical weekly stock price (example) (Dollar) 

NEM GOLD NFLX DIS NTES …… WY EQR AVB NVDA CSCO
Date Adj Close Adj Close Adj Close Adj Close Adj Close …… Adj Close Adj Close Adj Close Adj Close Adj Close

2011/1/1 47.001 43.042 25.614 34.738 6.379 …… 14.505 30.912 78.915 18.269 15.682
2011/1/8 46.034 41.272 27.354 34.597 6.676 …… 15.252 31.237 81.069 21.689 15.862

2011/1/15 46.133 41.158 26.013 34.993 6.774 …… 15.859 31.587 81.307 20.429 15.503
2011/1/22 45.439 41.464 31.140 34.210 6.898 …… 15.986 32.452 81.992 21.845 15.652
2011/1/29 47.067 42.175 31.439 35.847 7.148 …… 17.135 32.568 82.006 23.601 16.490
2011/2/5 46.992 41.631 33.010 38.225 7.558 …… 17.770 33.470 83.591 21.579 13.984

2011/2/12 48.331 45.059 33.644 38.357 7.667 …… 17.741 33.151 83.642 23.565 14.097
2011/2/19 44.993 45.479 30.349 37.820 7.955 …… 17.065 32.740 85.112 21.257 13.940
2011/2/26 44.836 46.418 30.103 38.348 8.158 …… 16.725 32.716 82.892 19.087 13.760
2011/3/5 43.060 44.643 29.220 37.802 8.089 …… 17.300 33.470 84.781 16.595 13.424

2011/3/12 42.166 43.405 29.914 36.305 7.636 …… 17.307 33.556 84.636 16.200 12.818
2011/3/19 44.710 45.258 32.859 37.838 8.189 …… 17.186 33.619 84.600 17.129 12.923
2011/3/26 45.050 45.048 34.584 37.732 8.727 …… 17.839 34.990 87.094 16.733 12.743
2011/4/2 48.049 47.771 33.551 36.772 9.123 …… 16.753 34.311 85.688 16.136 13.245
2011/4/9 47.850 46.858 33.641 36.561 9.097 …… 16.101 35.070 87.932 17.202 12.780

2011/4/16 49.077 48.878 36.031 37.221 8.892 …… 16.058 35.601 89.304 17.028 12.713
2011/4/23 48.563 44.819 33.239 37.952 8.494 …… 16.328 36.886 91.932 18.388 13.148
2011/4/30 44.511 41.155 32.781 37.917 8.125 …… 15.675 36.194 91.555 17.763 13.178
2011/5/7 43.732 39.547 35.217 36.561 7.843 …… 15.547 36.528 92.165 16.788 12.668

2011/5/14 44.810 40.066 35.129 36.543 7.972 …… 15.544 36.997 92.288 16.632 12.405
2011/5/21 46.724 41.639 37.787 36.561 7.837 …… 14.908 37.417 94.394 17.929 12.352
2011/5/28 45.365 40.371 39.100 34.676 7.793 …… 14.837 37.170 95.294 16.972 12.015
…… …… …… …… …… …… …… …… …… …… …… ……

2020/6/6 54.340 23.797 418.070 115.490 81.210 …… 21.522 61.059 157.361 357.088 43.953
2020/6/13 55.780 24.213 453.720 114.350 82.174 …… 22.452 57.227 149.038 370.230 44.196
2020/6/20 58.152 25.577 443.400 109.100 87.114 …… 21.255 55.287 145.473 365.982 45.162
2020/6/27 59.739 25.972 476.890 112.180 85.694 …… 21.997 58.769 153.680 384.261 44.499
2020/7/4 60.641 26.803 548.730 119.340 96.344 …… 23.431 54.996 148.338 418.921 45.862

2020/7/11 61.660 27.030 492.990 118.650 90.936 …… 25.667 55.268 149.455 407.817 45.950
2020/7/18 65.413 28.118 480.450 117.610 89.159 …… 25.825 52.707 142.618 407.538 45.606
2020/7/25 67.814 28.583 488.880 116.940 91.165 …… 27.506 52.018 148.707 424.338 46.294
2020/8/1 67.530 28.543 494.730 129.930 92.772 …… 28.040 53.531 149.426 447.714 46.618
2020/8/8 62.571 26.684 482.680 130.530 91.756 …… 28.050 52.755 148.639 462.285 41.773

2020/8/15 64.257 28.978 492.310 127.440 96.447 …… 28.505 53.046 148.018 507.038 41.527
2020/8/22 65.374 28.869 523.890 135.540 100.263 …… 30.553 55.316 155.020 525.597 41.478
2020/8/29 64.041 28.802 516.050 131.990 96.780 …… 28.723 56.364 157.428 504.600 40.122
2020/9/5 64.894 29.496 482.030 131.750 90.889 …… 28.119 53.027 145.551 486.436 39.198

2020/9/12 63.656 28.643 469.960 128.630 92.955 …… 27.427 52.697 146.707 487.426 39.129
2020/9/19 60.420 27.463 482.880 124.000 94.166 …… 26.982 50.020 143.774 514.798 37.792
2020/9/26 61.275 27.652 503.060 122.550 88.852 …… 28.792 54.071 153.388 522.336 37.615
2020/10/3 61.797 27.810 539.440 124.980 90.348 …… 29.000 54.630 155.408 550.347 39.529
2020/10/10 61.649 27.334 530.790 126.810 88.274 …… 29.207 50.891 146.182 552.297 39.837
2020/10/17 59.485 26.581 488.280 128.350 85.631 …… 29.108 50.361 143.091 543.449 38.508
2020/10/24 61.817 26.501 475.740 121.250 86.549 …… 26.992 46.111 136.554 501.212 35.611
2020/10/31 67.030 28.623 514.730 127.460 91.784 …… 27.971 50.567 145.211 582.308 37.228
2020/11/7 64.640 25.669 482.840 138.360 88.025 …… 28.822 59.037 166.205 531.723 41.067
2020/11/14 60.646 24.072 488.240 141.070 93.250 …… 28.436 59.439 168.717 523.355 40.640
2020/11/21 57.528 22.496 491.360 147.130 93.081 …… 28.396 58.105 164.762 530.293 42.356
2020/11/28 58.472 23.391 498.310 154.140 87.137 …… 30.384 62.197 170.621 542.170 44.023
2020/12/5 57.911 22.794 503.220 175.720 88.210 …… 31.838 57.849 159.354 520.530 43.963
2020/12/12 59.914 23.162 534.450 172.890 94.736 …… 33.569 56.583 155.507 530.880 45.074
2020/12/19 59.894 22.794 513.970 173.730 92.607 …… 33.678 57.123 154.819 519.750 44.182
2020/12/26 59.805 23.132 524.590 181.170 95.876 …… 33.479 57.869 155.124 525.830 44.122
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Annex 2: Expected return for in-sample period (example) (Weekly) 

 

Data NEM GOLD NFLX DIS NTES …… WY EQR AVB NVDA CSCO
2011/1/8 -2.078% -4.201% 6.572% -0.406% 4.543% …… 5.025% 1.047% 2.694% 17.161% 1.138%
2011/1/15 0.215% -0.277% -5.028% 1.139% 1.461% …… 3.899% 1.113% 0.293% -5.983% -2.289%
2011/1/22 -1.516% 0.743% 17.990% -2.265% 1.815% …… 0.797% 2.702% 0.838% 6.701% 0.960%
2011/1/29 3.519% 1.698% 0.954% 4.677% 3.559% …… 6.943% 0.359% 0.018% 7.732% 5.213%
2011/2/5 -0.158% -1.297% 4.877% 6.422% 5.580% …… 3.637% 2.732% 1.915% -8.960% -16.479%
2011/2/12 2.808% 7.912% 1.903% 0.345% 1.426% …… -0.159% -0.958% 0.060% 8.804% 0.799%
2011/2/19 -7.156% 0.930% -10.309% -1.410% 3.686% …… -3.890% -1.248% 1.742% -10.307% -1.120%
2011/2/26 -0.349% 2.043% -0.813% 1.387% 2.525% …… -2.010% -0.075% -2.642% -10.767% -1.296%
2011/3/5 -4.042% -3.899% -2.977% -1.434% -0.849% …… 3.379% 2.281% 2.252% -13.988% -2.476%
2011/3/12 -2.097% -2.814% 2.348% -4.040% -5.767% …… 0.041% 0.256% -0.170% -2.411% -4.617%
2011/3/19 5.858% 4.183% 9.388% 4.134% 6.996% …… -0.699% 0.188% -0.043% 5.574% 0.813%
2011/3/26 0.757% -0.467% 5.119% -0.280% 6.360% …… 3.728% 3.996% 2.905% -2.335% -1.399%
2011/4/2 6.446% 5.871% -3.032% -2.577% 4.443% …… -6.279% -1.960% -1.627% -3.637% 3.867%
2011/4/9 -0.415% -1.931% 0.268% -0.576% -0.284% …… -3.975% 2.189% 2.585% 6.400% -3.576%
2011/4/16 2.531% 4.222% 6.863% 1.790% -2.280% …… -0.265% 1.503% 1.549% -1.021% -0.530%
2011/4/23 -1.052% -8.670% -8.068% 1.945% -4.581% …… 1.665% 3.544% 2.901% 7.688% 3.367%
2011/4/30 -8.712% -8.528% -1.385% -0.093% -4.440% …… -4.080% -1.893% -0.412% -3.459% 0.228%
2011/5/7 -1.765% -3.985% 7.167% -3.642% -3.541% …… -0.818% 0.917% 0.664% -5.643% -3.949%
2011/5/14 2.433% 1.302% -0.252% -0.048% 1.635% …… -0.020% 1.276% 0.134% -0.935% -2.095%
2011/5/21 4.183% 3.850% 7.295% 0.048% -1.701% …… -4.176% 1.128% 2.256% 7.506% -0.424%
2011/5/28 -2.951% -3.093% 3.415% -5.292% -0.573% …… -0.480% -0.662% 0.949% -5.481% -2.772%
2011/6/4 -4.961% -5.080% -5.667% -2.260% -7.986% …… -1.798% -1.658% -0.949% -7.536% -5.720%

…… …… …… …… …… …… …… …… …… …… …… ……
2015/6/6 -9.550% -1.759% 4.283% -0.318% 2.991% …… 2.788% 0.084% 0.921% -5.304% -0.140%
2015/6/13 4.662% 1.846% -0.581% 2.399% -0.421% …… 1.578% 3.461% 2.022% 3.537% 1.702%
2015/6/20 -3.383% -5.184% -0.837% 2.083% -3.335% …… -1.547% -3.952% -2.404% -5.305% -2.617%
2015/6/27 -0.674% -3.074% 1.021% -0.017% 0.311% …… -0.720% 2.707% 2.041% -1.555% -3.417%
2015/7/4 -4.980% -4.449% 3.330% 1.850% -3.497% …… -1.742% 2.839% 2.004% -3.336% 0.585%
2015/7/11 -8.475% -13.991% 16.587% 2.057% 7.560% …… -2.623% 0.067% 1.135% 1.607% 3.246%
2015/7/18 -15.045% -19.261% -4.847% 0.042% -1.529% …… -2.357% -0.201% 0.035% -3.292% 0.778%
2015/7/25 -3.603% -2.656% 4.445% 0.912% -6.979% …… 3.044% 0.308% 1.797% 2.693% 0.070%
2015/8/1 -6.186% -0.284% 7.749% -9.294% 6.398% …… 1.198% 0.520% 0.872% 14.140% -0.955%
2015/8/8 7.229% 8.701% -0.105% -2.023% -15.919% …… 0.418% 2.547% 1.863% 2.408% 3.078%
2015/8/15 4.453% 4.207% -17.134% -8.082% -9.874% …… -3.990% -3.630% -2.100% -9.204% -9.232%
2015/8/22 -5.496% -11.638% 12.354% 3.617% 3.206% …… -5.946% -1.968% -2.765% 6.123% -1.792%
2015/8/29 -8.950% -10.339% -17.455% -1.484% -8.693% …… -3.129% -5.321% -4.970% -4.407% -1.863%
2015/9/5 3.382% -0.940% -1.304% 3.417% 8.694% …… -0.183% 2.485% 3.212% 4.055% 1.940%
2015/9/12 4.615% 6.109% 5.108% -1.582% -2.091% …… 4.510% 1.692% 3.007% 2.786% -1.862%
2015/9/19 -2.324% -2.703% -0.371% -2.501% -1.666% …… -3.823% 1.816% -0.105% 1.365% 1.900%
2015/9/26 2.852% 0.000% 3.715% 2.656% 8.129% …… 0.915% 4.311% 2.973% 4.917% -1.043%
2015/10/3 10.343% 14.695% 6.583% 2.455% 5.131% …… 4.974% 1.836% 2.506% 4.994% 8.819%

2015/10/10 0.316% 3.105% -13.529% 2.507% 7.895% …… 1.956% 1.600% 2.473% 6.641% 1.211%
2015/10/17 2.906% -1.282% 1.055% 4.383% 1.301% …… 2.052% 0.923% -0.311% 2.586% 3.820%
2015/10/24 -0.461% -0.777% 8.007% 0.573% 2.048% …… -2.359% -2.743% -4.485% -0.772% -1.718%
2015/10/31 -10.388% -8.689% 5.108% 1.683% 1.572% …… 4.657% -0.545% -1.081% 10.624% -1.396%
2015/11/7 -0.228% 6.719% -9.570% -0.720% 0.875% …… -3.856% 0.506% -0.179% -5.707% -8.201%

2015/11/14 1.023% -4.753% 17.797% 4.454% 9.996% …… 9.578% 2.995% 4.186% 5.198% 5.059%
2015/11/21 -1.654% -1.119% 1.284% -4.201% 0.201% …… 0.558% 1.260% 1.286% 0.379% -0.911%
2015/11/28 16.258% 13.184% 4.284% -0.776% 9.164% …… -0.993% -1.235% -0.132% 7.249% 0.584%
2015/12/5 -6.721% -4.294% -9.630% -5.580% -3.760% …… -5.023% -2.684% -4.028% -3.805% -4.923%

2015/12/12 -7.584% -6.945% -0.751% 0.342% 5.239% …… -3.234% 2.985% 1.863% -1.083% 0.420%
2015/12/19 4.580% 7.845% -0.586% -1.742% 1.116% …… 4.018% 1.207% 2.505% 3.154% 4.139%
2015/12/26 -3.011% -5.791% -2.546% -0.740% -1.430% …… -2.438% 1.580% 0.763% -0.635% -0.807%
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Annex 3: Expected return for out-of-sample period (example)(Weekly) 

 

Data NEM GOLD NFLX DIS NTES …… WY EQR AVB NVDA CSCO
2016/1/9 -1.736% -6.375% -6.826% -5.541% -5.321% …… -7.748% -0.305% -2.095% -8.888% -4.018%

2016/1/16 -5.935% 8.257% -3.243% 3.145% -0.966% …… -1.561% -1.100% -0.783% 4.825% -1.064%
2016/1/23 17.952% 14.411% -9.230% -1.121% 1.705% …… 0.745% -0.814% -1.642% 2.910% 1.781%
2016/1/30 20.126% 16.090% -10.374% -2.024% -11.290% …… -6.535% -4.646% -3.091% -10.27% -3.857%
2016/2/6 5.461% 5.108% 5.419% -2.972% -0.748% …… -5.969% -3.175% -1.119% -2.684% 9.257%

2016/2/13 -3.714% 2.499% 2.072% 4.148% 10.620% …… 1.188% 2.535% 3.402% 16.810% 5.576%
2016/2/20 2.032% 7.439% 6.045% 0.315% -12.848% …… 11.238% 1.937% 0.767% 3.993% -0.529%
2016/2/27 2.954% 1.543% 6.918% 3.272% 4.584% …… 6.980% -4.219% 4.895% 2.709% 1.466%
2016/3/5 2.160% 1.662% -3.935% -0.550% 1.672% …… 5.703% 13.342% 1.757% -0.655% 3.879%

2016/3/12 4.170% 5.509% 3.482% 1.278% 3.014% …… 4.660% 1.848% 2.069% 4.817% 1.673%
2016/3/19 -8.993% -8.344% -2.767% -2.016% -2.299% …… 0.827% -2.412% -1.048% 1.962% -1.315%
2016/3/26 4.691% 0.662% 7.197% 1.885% -1.016% …… 2.635% 4.323% 2.550% 4.730% 2.577%
2016/4/2 8.908% 10.624% -1.804% -2.711% 0.161% …… 0.289% -1.690% 0.371% -1.365% -3.548%
2016/4/9 0.924% 2.985% 7.155% 2.226% -3.531% …… 1.556% -4.172% -4.199% 4.040% 1.666%

2016/4/16 6.141% 3.023% -15.081% 5.121% -3.841% …… 1.657% -0.325% -0.691% -2.343% 0.892%
2016/4/23 11.311% 18.366% -6.316% -0.493% 5.575% …… -0.435% -3.734% -1.894% -2.061% -2.372%
2016/4/30 -2.431% -4.758% 0.896% 2.184% -0.278% …… -1.601% 4.468% 5.994% -0.564% -3.555%
2016/5/7 -0.176% -0.325% -3.313% -4.873% 8.919% …… -2.401% -2.821% -0.867% 14.835% 0.000%

2016/5/14 -1.003% -1.147% 5.113% -0.739% 8.381% …… -1.436% -2.532% -3.083% 7.858% 5.286%
2016/5/21 -5.390% -9.081% 11.054% 0.510% 5.243% …… 3.425% 1.836% -0.161% 3.480% 3.340%
2016/5/28 10.223% 14.443% -3.658% -1.547% 0.308% …… -1.150% -5.611% -3.813% 1.515% 0.724%
2016/6/4 1.096% 2.217% -6.043% -1.438% -8.051% …… -1.718% -0.850% -1.951% -0.604% -0.344%

2016/6/11 -0.321% 2.518% 0.744% 1.691% 0.695% …… -5.414% 2.135% 2.003% 1.119% -0.276%
2016/6/18 4.229% 1.774% -6.575% -3.369% 5.359% …… -3.403% -0.472% -0.537% -2.142% -4.233%
…… …… …… …… …… …… …… …… …… …… …… ……

2020/6/13 2.617% 1.730% 8.183% -0.992% 1.180% …… 4.229% -6.482% -5.434% 3.614% 0.553%
2020/6/20 4.164% 5.482% -2.301% -4.700% 5.838% …… -5.478% -3.449% -2.421% -1.154% 2.161%
2020/6/27 2.693% 1.534% 7.281% 2.784% -1.643% …… 3.430% 6.108% 5.488% 4.874% -1.479%
2020/7/4 1.498% 3.148% 14.032% 6.187% 11.714% …… 6.316% -6.636% -3.538% 8.636% 3.017%

2020/7/11 1.667% 0.845% -10.712% -0.580% -5.776% …… 9.112% 0.493% 0.750% -2.686% 0.193%
2020/7/18 5.909% 3.945% -2.577% -0.880% -1.974% …… 0.615% -4.744% -4.683% -0.069% -0.751%
2020/7/25 3.605% 1.639% 1.739% -0.571% 2.226% …… 6.308% -1.315% 4.181% 4.040% 1.497%
2020/8/1 -0.420% -0.138% 1.190% 10.533% 1.747% …… 1.923% 2.867% 0.482% 5.362% 0.698%
2020/8/8 -7.626% -6.734% -2.466% 0.461% -1.101% …… 0.035% -1.460% -0.528% 3.203% -10.975%

2020/8/15 2.658% 8.246% 1.975% -2.396% 4.986% …… 1.609% 0.550% -0.419% 9.241% -0.590%
2020/8/22 1.724% -0.376% 6.217% 6.162% 3.881% …… 6.936% 4.190% 4.622% 3.595% -0.118%
2020/8/29 -2.060% -0.235% -1.508% -2.654% -3.536% …… -6.176% 1.876% 1.542% -4.077% -3.325%
2020/9/5 1.323% 2.381% -6.820% -0.182% -6.281% …… -2.123% -6.102% -7.845% -3.666% -2.330%

2020/9/12 -1.926% -2.933% -2.536% -2.397% 2.248% …… -2.493% -0.624% 0.791% 0.203% -0.176%
2020/9/19 -5.218% -4.206% 2.712% -3.666% 1.294% …… -1.636% -5.214% -2.019% 5.464% -3.476%
2020/9/26 1.407% 0.684% 4.094% -1.176% -5.808% …… 6.493% 7.786% 6.473% 1.454% -0.469%
2020/10/3 0.847% 0.572% 6.982% 1.963% 1.669% …… 0.719% 1.029% 1.308% 5.224% 4.964%
2020/10/10 -0.239% -1.726% -1.617% 1.454% -2.323% …… 0.714% -7.091% -6.120% 0.354% 0.775%
2020/10/17 -3.574% -2.795% -8.348% 1.207% -3.039% …… -0.339% -1.047% -2.138% -1.615% -3.394%
2020/10/24 3.844% -0.299% -2.602% -5.691% 1.066% …… -7.549% -8.816% -4.676% -8.091% -7.820%
2020/10/31 8.097% 7.702% 7.877% 4.995% 5.873% …… 3.563% 9.225% 6.147% 14.997% 4.440%
2020/11/7 -3.631% -10.895% -6.396% 8.206% -4.182% …… 2.996% 15.487% 13.503% -9.088% 9.814%
2020/11/14 -6.378% -6.420% 1.112% 1.940% 5.767% …… -1.347% 0.679% 1.500% -1.586% -1.044%
2020/11/21 -5.279% -6.773% 0.637% 4.206% -0.182% …… -0.139% -2.271% -2.372% 1.317% 4.136%
2020/11/28 1.628% 3.903% 1.405% 4.654% -6.598% …… 6.767% 6.807% 3.495% 2.215% 3.859%
2020/12/5 -0.964% -2.586% 0.981% 13.103% 1.224% …… 4.672% -7.247% -6.832% -4.073% -0.135%
2020/12/12 3.400% 1.603% 6.021% -1.624% 7.138% …… 5.295% -2.213% -2.444% 1.969% 2.496%
2020/12/19 -0.033% -1.603% -3.907% 0.485% -2.273% …… 0.325% 0.950% -0.443% -2.119% -2.001%
2020/12/26 -0.149% 1.474% 2.045% 4.193% 3.468% …… -0.593% 1.297% 0.196% 1.163% -0.135%
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Annex 4: Covariance matrix 

Covariance matrix (In-sample) 

 

Covariance matrix (Out-of-sample) 

 

NEM GOLD NFLX DIS NTES …… WY EQR AVB NVDA CSCO
NEM 0.00221 0.00208 0.00011 0.00001 0.00045 …… 0.00035 0.00011 0.00009 0.00043 0.00018
GOLD 0.00208 0.00308 0.00036 -0.00001 0.00053 …… 0.00038 0.00012 0.00015 0.00049 0.00021
NFLX 0.00011 0.00036 0.00768 0.00051 0.00086 …… 0.00057 0.00039 0.00034 0.00104 0.00049
DIS 0.00001 -0.00001 0.00051 0.00091 0.00030 …… 0.00052 0.00030 0.00031 0.00066 0.00040

NTES 0.00045 0.00053 0.00086 0.00030 0.00251 …… 0.00048 0.00039 0.00035 0.00059 0.00033
TSLA -0.00007 0.00000 0.00136 0.00055 0.00064 …… 0.00043 0.00041 0.00044 0.00093 0.00058
TM -0.00002 -0.00005 0.00046 0.00043 0.00023 …… 0.00041 0.00019 0.00023 0.00055 0.00036

BKNG 0.00001 0.00014 0.00115 0.00051 0.00060 …… 0.00049 0.00026 0.00028 0.00078 0.00046
MAR 0.00025 0.00024 0.00054 0.00062 0.00045 …… 0.00061 0.00027 0.00030 0.00084 0.00052
COST 0.00009 0.00001 0.00027 0.00032 0.00019 …… 0.00035 0.00017 0.00017 0.00040 0.00025
TGT 0.00005 0.00004 0.00011 0.00026 0.00011 …… 0.00025 0.00011 0.00016 0.00021 0.00025

WMT 0.00006 -0.00002 0.00024 0.00025 0.00012 …… 0.00026 0.00019 0.00017 0.00023 0.00020
DG 0.00006 0.00003 0.00036 0.00023 0.00016 …… 0.00019 0.00009 0.00013 0.00023 0.00016

XOM 0.00021 0.00020 0.00038 0.00046 0.00033 …… 0.00046 0.00025 0.00024 0.00058 0.00045
CNQ 0.00046 0.00075 0.00108 0.00063 0.00066 …… 0.00076 0.00035 0.00039 0.00107 0.00071
SU 0.00050 0.00073 0.00087 0.00061 0.00066 …… 0.00072 0.00034 0.00035 0.00101 0.00063

JPM 0.00007 0.00008 0.00061 0.00057 0.00044 …… 0.00065 0.00027 0.00030 0.00065 0.00057
MS 0.00024 0.00035 0.00083 0.00082 0.00060 …… 0.00090 0.00033 0.00042 0.00105 0.00078
GS 0.00014 0.00025 0.00055 0.00059 0.00043 …… 0.00064 0.00025 0.00030 0.00069 0.00060
JNJ 0.00008 0.00004 0.00014 0.00029 0.00018 …… 0.00027 0.00018 0.00019 0.00028 0.00025
SYK 0.00004 0.00015 0.00055 0.00045 0.00027 …… 0.00052 0.00030 0.00031 0.00058 0.00040
DHR 0.00014 0.00016 0.00042 0.00049 0.00037 …… 0.00054 0.00029 0.00030 0.00065 0.00042
HON 0.00015 0.00020 0.00065 0.00058 0.00053 …… 0.00061 0.00034 0.00036 0.00072 0.00052
GE 0.00022 0.00034 0.00035 0.00050 0.00044 …… 0.00054 0.00023 0.00023 0.00070 0.00047
PLD 0.00011 0.00022 0.00041 0.00055 0.00045 …… 0.00069 0.00053 0.00054 0.00052 0.00043
WY 0.00035 0.00038 0.00057 0.00052 0.00048 …… 0.00113 0.00049 0.00050 0.00065 0.00043
EQR 0.00011 0.00012 0.00039 0.00030 0.00039 …… 0.00049 0.00071 0.00063 0.00033 0.00024
AVB 0.00009 0.00015 0.00034 0.00031 0.00035 …… 0.00050 0.00063 0.00071 0.00036 0.00031

NVDA 0.00043 0.00049 0.00104 0.00066 0.00059 …… 0.00065 0.00033 0.00036 0.00245 0.00078
CSCO 0.00018 0.00021 0.00049 0.00040 0.00033 …… 0.00043 0.00024 0.00031 0.00078 0.00123

NEM GOLD NFLX DIS NTES …… WY EQR AVB NVDA CSCO
NEM 0.00253 0.00227 0.00031 0.00018 0.00029 …… 0.00062 0.00030 0.00040 0.00014 0.00021
GOLD 0.00227 0.00306 0.00032 0.00020 0.00039 …… 0.00061 0.00022 0.00039 0.00026 0.00014
NFLX 0.00031 0.00032 0.00299 0.00050 0.00085 …… 0.00070 0.00022 0.00030 0.00148 0.00067
DIS 0.00018 0.00020 0.00050 0.00126 0.00049 …… 0.00112 0.00073 0.00082 0.00077 0.00056

NTES 0.00029 0.00039 0.00085 0.00049 0.00253 …… 0.00070 0.00027 0.00042 0.00101 0.00051
TSLA 0.00079 0.00099 0.00135 0.00105 0.00119 …… 0.00181 0.00111 0.00127 0.00176 0.00083
TM 0.00004 -0.00002 0.00021 0.00042 0.00025 …… 0.00057 0.00032 0.00034 0.00047 0.00030

BKNG 0.00013 0.00020 0.00082 0.00095 0.00062 …… 0.00134 0.00092 0.00097 0.00120 0.00079
MAR 0.00031 0.00024 0.00061 0.00110 0.00050 …… 0.00185 0.00135 0.00147 0.00112 0.00072
COST 0.00013 0.00009 0.00047 0.00045 0.00033 …… 0.00052 0.00034 0.00034 0.00060 0.00042
TGT 0.00019 0.00012 0.00044 0.00041 0.00010 …… 0.00058 0.00035 0.00033 0.00085 0.00035

WMT 0.00016 0.00014 0.00029 0.00024 0.00023 …… 0.00025 0.00018 0.00015 0.00040 0.00029
DG 0.00029 0.00030 0.00032 0.00036 0.00020 …… 0.00052 0.00032 0.00026 0.00059 0.00035

XOM 0.00033 0.00029 0.00037 0.00079 0.00039 …… 0.00116 0.00072 0.00075 0.00071 0.00064
CNQ 0.00067 0.00079 0.00051 0.00128 0.00073 …… 0.00183 0.00097 0.00117 0.00112 0.00079
SU 0.00039 0.00052 0.00043 0.00103 0.00061 …… 0.00148 0.00086 0.00092 0.00086 0.00060

JPM -0.00004 -0.00024 0.00033 0.00091 0.00036 …… 0.00134 0.00089 0.00098 0.00084 0.00068
MS -0.00001 -0.00018 0.00058 0.00106 0.00059 …… 0.00159 0.00092 0.00100 0.00123 0.00084
GS 0.00006 -0.00007 0.00060 0.00103 0.00051 …… 0.00159 0.00100 0.00111 0.00119 0.00076
JNJ 0.00024 0.00023 0.00028 0.00037 0.00034 …… 0.00060 0.00046 0.00045 0.00044 0.00044
SYK 0.00051 0.00053 0.00055 0.00068 0.00040 …… 0.00135 0.00103 0.00108 0.00076 0.00060
DHR 0.00032 0.00024 0.00054 0.00045 0.00047 …… 0.00087 0.00048 0.00056 0.00079 0.00050
HON 0.00022 0.00015 0.00039 0.00087 0.00046 …… 0.00140 0.00098 0.00112 0.00091 0.00062
GE -0.00009 0.00001 0.00048 0.00092 0.00012 …… 0.00133 0.00088 0.00097 0.00079 0.00054
PLD 0.00064 0.00068 0.00042 0.00069 0.00043 …… 0.00153 0.00113 0.00127 0.00077 0.00050
WY 0.00062 0.00061 0.00070 0.00112 0.00070 …… 0.00281 0.00149 0.00166 0.00125 0.00073
EQR 0.00030 0.00022 0.00022 0.00073 0.00027 …… 0.00149 0.00178 0.00168 0.00051 0.00048
AVB 0.00040 0.00039 0.00030 0.00082 0.00042 …… 0.00166 0.00168 0.00192 0.00072 0.00050

NVDA 0.00014 0.00026 0.00148 0.00077 0.00101 …… 0.00125 0.00051 0.00072 0.00356 0.00082
CSCO 0.00021 0.00014 0.00067 0.00056 0.00051 …… 0.00073 0.00048 0.00050 0.00082 0.00113
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Annex 5: Weights of portfolio assets calculation (Markowitz model) 

 
 

 

A C D E F G H B
xNEM 3.46% 2.21% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGOLD 3.84% 0.02% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xNFLX 0.00% 0.13% 0.48% 0.63% 1.04% 1.43% 1.47% 0.00%
xDIS 0.00% 0.00% 0.00% 5.67% 4.31% 0.00% 0.00% 0.00%
xNTES 0.18% 3.49% 7.73% 15.43% 25.12% 36.59% 47.87% 0.00%
xTSLA 0.00% 1.34% 4.88% 11.65% 22.54% 36.46% 50.67% 100.00%
xTM 6.77% 2.15% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xBKNG 1.10% 0.92% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xMAR 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCOST 7.98% 17.02% 31.56% 43.20% 43.65% 25.52% 0.00% 0.00%
xTGT 8.68% 7.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xWMT 15.00% 8.28% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xDG 7.50% 8.84% 11.17% 11.06% 3.33% 0.00% 0.00% 0.00%
xXOM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCNQ 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xSU 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xJPM 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xMS 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGS 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xJNJ 34.70% 37.81% 36.71% 12.36% 0.00% 0.00% 0.00% 0.00%
xSYK 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xDHR 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xHON 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xGE 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xPLD 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xWY 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xEQR 10.78% 9.11% 5.20% 0.00% 0.00% 0.00% 0.00% 0.00%
xAVB 0.00% 1.66% 2.29% 0.00% 0.00% 0.00% 0.00% 0.00%
xNVDA 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
xCSCO 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%

E(RP)gen 0.0017579 0.002683 0.0036072 0.004532 0.0054565 0.0063812 0.007306 0.008231
E(RP)calc 0.0017579 0.002683 0.0036072 0.004532 0.0054565 0.0063812 0.007306 0.008231
s2 0.0002212 0.000235 0.0002828 0.000416 0.0006912 0.0012161 0.002033 0.004328
s 0.0148723 0.015332 0.0168175 0.020385 0.0262916 0.0348729 0.045085 0.065788

0.0148723 0.015332 0.0168175 0.020385 0.0262916 0.0348729 0.045085 0.008231Objective function

0.000925
Equdistant interval
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Annex 6: Weights of portfolio assets calculation (Black’s model) 

 
 

 

 

 

 

 

 

 

A C D E F G H B
xNEM 3.05% 3.08% -8.94% -10.00% -10.00% -10.00% -10.00% -10.00%
xGOLD 5.81% -5.38% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xNFLX 0.24% 2.40% 3.82% 5.40% 8.07% 9.87% 3.77% -10.00%
xDIS -1.82% 11.70% 26.57% 70.12% 71.93% 33.88% -10.00% -10.00%
xNTES 2.02% 10.16% 22.13% 48.30% 88.69% 134.67% 166.59% -10.00%
xTSLA 0.09% 5.02% 12.80% 33.12% 75.80% 131.71% 199.64% 390.00%
xTM 12.50% 2.42% -9.33% -10.00% -10.00% -10.00% -10.00% -10.00%
xBKNG 3.83% 0.00% 0.39% 1.37% -10.00% -10.00% -10.00% -10.00%
xMAR -4.90% -5.30% -6.59% -10.00% -10.00% -10.00% -10.00% -10.00%
xCOST 12.66% 37.70% 64.30% 109.89% 105.52% 39.87% -10.00% -10.00%
xTGT 6.76% 3.23% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xWMT 17.60% -6.14% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xDG 5.38% 8.85% 11.96% 12.86% -10.00% -10.00% -10.00% -10.00%
xXOM 10.55% -7.93% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xCNQ -1.81% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xSU -3.83% -2.55% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xJPM 0.90% -1.56% -2.38% -10.00% -10.00% -10.00% -10.00% -10.00%
xMS -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xGS 8.13% -0.66% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xJNJ 28.14% 37.46% 41.14% 1.00% -10.00% -10.00% -10.00% -10.00%
xSYK 3.69% 1.66% -2.45% -10.00% -10.00% -10.00% -10.00% -10.00%
xDHR 13.14% 11.73% 13.97% -6.79% -10.00% -10.00% -10.00% -10.00%
xHON -10.00% -2.13% -2.02% -10.00% -10.00% -10.00% -10.00% -10.00%
xGE -0.30% 17.07% 26.19% 15.12% -10.00% -10.00% -10.00% -10.00%
xPLD -6.27% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xWY -9.86% -6.20% -6.17% -10.00% -10.00% -10.00% -10.00% -10.00%
xEQR 8.42% 1.21% -10.00% -10.00% -10.00% -10.00% -10.00% -10.00%
xAVB 8.18% 16.79% 23.65% -0.39% -10.00% -10.00% -10.00% -10.00%
xNVDA -3.02% -4.68% -6.44% -10.00% -10.00% -10.00% -10.00% -10.00%
xCSCO 0.71% 2.08% -2.61% -10.00% -10.00% -10.00% -10.00% -10.00%

100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%

E(RP)gen 0.0018034 0.0054215 0.0090397 0.0126579 0.016276 0.0198942 0.0235124 0.02713054
s2 0.0001833 0.000318 0.0007692 0.0019847 0.0050577 0.012069 0.0235179 0.05858983
s 0.0135391 0.0178316 0.0277349 0.0445501 0.0711172 0.1098591 0.1533554 0.24205336
E(RP)calc 0.0018034 0.0054215 0.0090397 0.0126579 0.016276 0.0198942 0.0235124 0.02713054

0.0135391 0.0178316 0.0277349 0.0445501 0.0711172 0.1098591 0.1533554 0.02713054Objective function

Equdistant interval
0.003618169
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Annex 7: Weights of portfolio assets calculation (Tobin model) 

 

 

 

M F A B C M D E G H
xNEM 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xGOLD 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xNFLX 0.632% 0.000% 0.161% 0.315% 0.477% 0.624% 0.786% 0.945% 1.115% 1.266%
xDIS 4.973% 0.000% 1.230% 2.486% 3.750% 4.947% 6.221% 7.490% 8.718% 9.957%
xNTES 14.705% 0.000% 3.678% 7.353% 11.028% 14.737% 18.360% 22.064% 25.766% 29.402%
xTSLA 10.992% 0.000% 2.750% 5.498% 8.239% 10.992% 13.769% 16.495% 19.207% 21.981%
xTM 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xBKNG 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xMAR 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xCOST 42.223% 0.000% 10.554% 21.127% 31.703% 42.176% 52.739% 63.309% 73.891% 84.443%
xTGT 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xWMT 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xDG 11.081% 0.000% 2.774% 5.538% 8.290% 11.112% 13.862% 16.610% 19.383% 22.163%
xXOM 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xCNQ 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xSU 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xJPM 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xMS 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xGS 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xJNJ 15.394% 0.000% 3.850% 7.672% 11.498% 15.398% 19.244% 23.063% 26.918% 30.800%
xSYK 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xDHR 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xHON 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xGE 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xPLD 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xWY 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xEQR 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xAVB 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xNVDA 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xCSCO 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000% 0.000%
xRf 0.000% 100.000% 75.004% 50.012% 25.015% 0.013% -24.982% -49.975% -74.998% -100.012%

1 1 1 1 1 1 1 1 1 1

E(RP)calc 0.0044435 0.000333 0.0013604 0.002388 0.0034158 0.00444353 0.005471 0.006499 0.007527 0.0085544
s2 0.0003979 0.000000 0.000025 0.000099 0.000224 0.000398 0.000622 0.000895 0.001219 0.001592
s 0.019947 0 0.00498676 0.009974 0.0149603 0.01994702 0.024934 0.029921 0.034907 0.039894
sP-gen 0.019947 0 0.00498675 0.009974 0.0149603 0.019947 0.024934 0.029921 0.034907 0.039894
E(RP)CML 0.0044435 0.000333 0.0013604 0.002388 0.0034158 0.00444353 0.005471 0.006499 0.007527 0.0085544

0.2060878 0.000333 0.0013604 0.002388 0.0034158 0.00444353 0.005471 0.006499 0.007527 0.0085544Objective function

0.004986751
Equdistant interval


