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Time-Dependent Laser Cavity Perturbation Theory:
Exploring Future Nano-Structured Photonic

Devices in Semi-Analytic way
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and Henri-Jean Drouhin

Abstract—We present a theoretical framework, which success-
fully combines two different fields of photonics: i) the laser rate
equations and ii) the cavity perturbation theory, focusing particu-
larly on micro-cavity lasers with optical anisotropies. Our approach
is formally analogous to quantum-mechanical time-dependent per-
turbation theory, in which however the gain medium and permit-
tivity tensor distribution are perturbed instead of the Hamiltonian.
Using the general vectorial Maxwell-Bloch equations as a starting
point, we derive polarization-resolved coupled-mode equations, in
which all relevant geometric and anisotropy-related laser param-
eters are imprinted in its coefficients. Closed-form coupled-mode
equations offer physical insights like rate equations approaches
and the precision comparable to brute-force numeric routines, thus
being the time-saving alternative to finite-difference time-domain
methods. The main advantage is that one calculates numerically the
shapes of cold-cavity modes used to derive coupled-mode equations
for one set of parameters and the broad landscape of parameters
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Jan Peřina Jr. is with the Joint Laboratory of Optics of Palacký University and
Institute of Physics of Academy of Sciences of the Czech Republic, Palacký
University, 772 07 Olomouc, Czech Republic (e-mail: jan.perina.jr@upol.cz).

Tibor Fördös is with the IT4Innovations and Nanotechnology Centre, CEET,
VŠB-Technical University of Ostrava, 708 00 Ostrava-Poruba, Czech Republic
(e-mail: tibor.fordos@vsb.cz).

Henri-Yves Jaffrès is with the Unité Mixte de Physique CNRS/Thales and
Université Paris-Saclay, 91767 Palaiseau Cedex, France (e-mail: henri.jaffres@
cnrs-thales.fr).

Henri-Jean Drouhin is with the LSI, CEA/DRF/IRAMIS, CNRS, École
Polytechnique, Institut Polytechnique de Paris, 91128 Palaiseau, France (e-mail:
henri-jean.drouhin@polytechnique.edu).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/JLT.2022.3168231.

Digital Object Identifier 10.1109/JLT.2022.3168231

of interest is further studied in a perturbative way. This makes the
method particularly interesting for semi-analytic studies of state-
of-art devices such as the photonic crystal lasers, the liquid-crystal
lasers or specifically spin-lasers, in which the interplay between in-
jected spin and cavity birefrigence creates very promising platform
for ultrafast data transfer technologies.

Index Terms—Anisotropies, cavity perturbation theory, micro-
cavity lasers, polarization dynamics, rate equations.

I. INTRODUCTION

FROM the historical point of view, the interest in time-
dependent semi-analytic modeling of lasers with possible

anisotropies has its origin in gas lasers, in which the major
source of anisotropy is the lifting of atomic degeneracies due
to external magnetic field. The first quantitative treatment was
provided by Doyle et al. [1], building upon the revolutionary
semi-classical laser theory of Lamb [2]. The novelty was based
on respecting vectorial nature of electric field and assuming
a possible non-collinearity between the electric field vector
and the induced dipole moment density of active atoms. Ad-
ditionally, the distributed loss anisotropy was included in the
diagonal conductivity tensor. More detailed analysis, allowing
to consider more general cavity anisotropies, was performed
for a single-mode oscillation regime by van Haeringen et al.
[3] and later for a multimode regime by Sargent et al. [4], [5],
providing the theoretical background for the so-called Zeeman
lasers. Alternative theory, including openness of laser resonators
and allowing for a more complex field shapes, is due to Lenstra
[6]. A simplified, and easier to work with, formalism based on
studying the time evolution of Stokes vector of a laser beam
was introduced by Tratnik et al. [7], [8]. More recently, Paddon
et al. showed, how to evaluate the so-called anisotropy rates in
laser rate equations in a simple round-trip model using the Jones
matrix algebra [9].

Particularly rich analysis of polarization dynamics was per-
formed for vertical-cavity surface-emitting lasers (VCSELs).
A very successful spin-flip model (SFM), including electron
spin degree of freedom, derived by San-Miguel et al. is still
being used to study effects of in-plane phase and amplitude
anisotropies in VCSELs [10], [11]. A very similar theory of
Travagnin et al. is suitable for the description of non-collinearity
of birefringence and dichroism principal axes [12], [13]. The
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generalized SFM with a realistic variation of the gain on spin
carrier concentrations was used to explain the polarization
switching [14]. A weak point of SFM is that it cannot describe
the geometric complexity of VCSEL cavities in a self-consistent
way and the local nature of anisotropies [15], [16]. This was
improved by the spatio-temporal models for VCSELs, which
could partially account for the local anisotropies, the realistic
gain variation with carrier concentration, the lateral dimensions
of devices and the carrier diffusion [17], [18]. More recently, the
index-guiding effects and transverse mode dynamics have been
studied using generalized SFM with anisotropy rates extracted
from the stationary wave equation, but for a simplified effective
structure [19], [20].

None of the above-mentioned models can simultaneously
describe any local anisotropies in both gain and passive media,
the standing-wave cavity of arbitrary shape, out-of plane polar-
ization or multiple-transition gain medium beyond 2-level atom
approximation. In this paper, we adress this issue by deriving
a polarization-dependent model which consistently combines
the rate equations with cavity perturbation theory. Our approach
can be understood as time-dependent perturbation theory, where
the gain media properties, permittivity tensor distribution and
to some extent the shape of the resonator can be perturbed
instead of Hamiltonian and the effects consequently studied
semi-analytically via explicitly formulated rate equations. For
example, in contrast with Refs. [17], [18], the theory gives
systematic theory of anisotropy rates. It is a direct polarization-
dependent extension to the mathematical treatment of Hodges
et al. [21]–[24], in which, however, we neglect the quantum
noise. Our formulation does not assume any specific spatial
dependence of vector eigen-mode basis functions as in the case
of Hodges et al. Moreover, we propose a method how to treat
the gain media with the general dependence of the susceptibility
on population inversion (carrier concentration). The present
work can be understood as direct generalization of Ref. [25],
in which we describe spin-VCSELs with local anisotropies
for ultrafast applications, while providing more rigorous basis
for SFM.

The paper is organized in the following way: Section II
introduces the general semi-classical Maxwell-Bloch theory of
lasers with local anisotropies and multiple laser transitions with
generally different polarization characteristics and frequency. In
Section III, we provide the revisited recipe to derive polarization-
resolved coupled-mode equations. This is followed by detailed
analysis of anisotropy rates in Section IV, where the treatment
is extended to include basis functions with different frequencies
and the direct connection to the cavity perturbation theory is
shown. The formalism is numerically validated in Section V
by extracting the threshold modes of a pillar microcavity laser
and comparing the results to fully-vectorial 2.5-D calculation.
Moreover, we use our theory to uncover non-Hermitian physics
of such structures, related to non-trivial polarization dynamics.
Then, Appendix A shows new aspects of the theory of loss field.
In Appendix B, we re-formulate the anisotropy operator. Finally,
we show in Appendix C, how to apply this formalism to the
cases in which the standard two-level atom approximation is
not valid.

II. MAXWELL-BLOCH EQUATIONS FOR ANISOTROPIC LASERS

WITH MULTIPLE TRANSITIONS

The derivation of coupled-mode equations is based on the
standard semi-classical Maxwell-Bloch theory, describing the
ensemble of quantum-mechanical two-level systems coupled
to classical electromagnetic field via electric dipole interac-
tion. We consider generally multiple laser transitions labeled
by μ, each having their own emission energy and polarization
characteristics. Polarization-dependent gain is described by the
gain tensor T̂μ(r) [26]. Spatially-dependent optical anisotropies
of a laser cavity are self-consistently included in the relative
permittivity tensor ε̂(r, ω) of background passive media. After
having employed the rotating-wave approximation (RWA) with
respect to frequency ω, we derive the modified Maxwell-Bloch
equations that couple the dipole moment densities P̃μ(r, t),
population inversions Nμ(r, t) and the complex electric field
amplitude E(r, t) [27]–[29]:

∂

∂t
P̃μ(r, t) = − (γ⊥,μ + iΔμ) P̃μ(r, t)

+
i

�
|θμ|2Nμ(r, t)T̂μ(r)E(r, t),

(1)

∂

∂t
Nμ(r, t) = − γ‖,μ Nμ(r, t) + Λμ(r, t)

+
2i

�

[
E†(r, t)P̃μ(r, t)− c.c.

]
,

(2)[
c2∇2 − ε̂(r, ω)

∂2

∂t2
− ζ(r, ω)

ε0

∂

∂t

]
E(r, t) exp(iωt)

=
1

ε0

∂2

∂t2

∑
μ

P̃μ(r, t)exp(iωt),
(3)

where γ⊥,μ, Δμ, � and θμ are the dipole moment relaxation
coefficient, spectral detuning, Dirac constant and the magnitude
of electric dipole moment operator off-diagonal matrix element,
respectively. The incoherent processes of the population inver-
sion Nμ(r, t) are described by decay coefficient γ‖,μ and pump-
ing rate Λμ(r, t). Any losses originating from an intra-cavity
absorption or cavity leakage are given by the phenomenological
conductivity ζ(r, ω). Note, that the total electric field intensity
isF(r, t) = E(r, t) exp(iωt) + c.c. and the complex dipole mo-
ment density P̃μ(r, t) contributes to the total complex dipole
moment density as P(r, t) = Pb(r, t) +

∑
μ P̃μ(r, t), where

Pb is the dipole moment density of the background non-lasing
media.

III. POLARIZATION-RESOLVED COUPLED-MODE THEORY

A. The principle

In the following, we construct the polarization-resolved ex-
tension to the formalism of Hodges et al. [21]. It is assumed, that
the laser field consists of a certain number of simultaneously-
oscillating modes of given frequency and polarization. The
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coupled-mode equations are derived by projecting the Maxwell-
Bloch equations onto the general eigen-mode system and per-
forming integration over the entire volume of the laser cavity.
Thus, one obtains the set of time-dependent coupled ordinary
differential equations. It means, that the cavity geometry and
optical-anisotropic parameters are effectively imprinted into
the coefficients of those differential equations. Very similar
approach adopt also recently very successful Steady-state ab-
initio lasing theory (SALT), which can also describe complex
cavity geometries, local anisotropies and multiple transitions.
However, SALT deals only with steady-state lasing [30]–[32].
In this view, our formalism can be considered the time-dependent
counterpart of single-pole approximation SALT (SPA-SALT).

A particular focus is paid to the role of local anisotropies of
the gain medium and passive cavity anisotropies, which give
rise to so-called anisotropy rates. According to Appendix B,
the passive cavity anisotropies are included in anisotropy oper-
ator γ̂(r, ω) = i(ω/2)ε̂(r, ω) + i(c2/2ω)1̂∇2 (with 1̂ being the
unity operator), which is the function of ε̂(r, ω) (in the case of
degenerate-frequency basis functions, as done in Ref. [25], here
the theory is extended) and which is mostly completely neglected
in the isotropic treatment, because its terms disappear when the
slowly-varying envelope approximation (SVEA) in the space
domain is employed. Such term allows for example to include
the corrections as in cavity perturbation theory.

The standard decomposition for complex electric field ampli-
tude is written as:

E(r, t) =
∑
k

Ek(t)ϕk(r) exp(iδωkt), (4)

where ϕk(r) are the vectorial eigen-mode spatial functions
which can be extracted specifically for each laser cavity by robust
numeric methods such as the finite element/difference methods
or specifically the plane-wave admittance method (PWAM),
which is used within this paper. We neglect relative phase
shifts, because laser applications such as mode-locking are
not considered here. Eigen-mode frequencies ωk are generally
shifted by δωk with respect to the reference frequency ω. The
effects of cavity anisotropy can be included directly in ϕk(r)
for simple cases, however generally they are treated as cavity
perturbation δε̂(r, ω) = ε̂(r, ω)− ε(r, ω) 1̂, where ε(r, ω) is
assumed to be the real part of the diagonal element of isotropic
relative permittivity tensor, since the losses can be included in
ζ(r, ω). Note, that the perturbation δε̂(r, ω) can be complex,
in general.

The working principle of our approach can be summarized
as shown in Fig. 1: i) a particular set of eigen-mode functions,
with generally different frequencies and polarizations (we prefer
linearly-polarized functions here for particular analytic calcula-
tions) is extractd and ii) the equations of motion for amplitudes
Ek(t) expressed using such eigen-modes are derived (including
population inversion and dipole moment density), iii) the effects
of the cavity geometry, mode coupling and most-importantly
the anisotropies are included in the appropriate coefficients.
It is worth noting, that our approach shares similarities with
the temporal coupled-mode theory for the analysis of coupled

Fig. 1. A working principle of the formalism consisting of three steps: (i)
numerical extraction of cold-cavity modes including polarization state, (ii)
derivation of coupled-mode equations describing the effects of gain medium and
cavity perturbations such as local anisotropies and (iii) calculation of important
observables such as time-dependent polarization state or coupling between
modes.

waveguides and includes cavity perturbation theory. This sug-
gests that the advantage, compared to robust numerical methods
[33] is that one calculates numerically the shapes of eigen-mode
functions for one set of parameters and the broad landscape
of parameters of interest is further studied analytically in a
perturbative way.

B. Quasi-Hermitian basis

Let us now define the basis of cold-cavity modes, in which
the dipole moment density and electric field amplitude will be
decomposed:

|P̃μ(t)〉 =
∑
k

P̃μ,k(t)|k〉exp(iδωkt),

|E(t)〉 =
∑
k

Ek(t)|k〉exp(iδωkt),

(5)

where we employ the bra-ket notation for cold-cavity modes |k〉
in the following sense ϕk(r) = 〈r||k〉. The coefficients of the
decomposition P̃μ,k(t) and Ek(t) stands for the time-depentent
dipole moment densities and electric field amplitudes and δωk

are the frequency shifts with respect to reference frequency
ω. Since we consider ‘good cavities’ with high Q-factor, the
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orthogonality relations hold:

〈j|ε(r, ω)|k〉C =

∫
C

ϕ†
j(r)ε(r, ω)ϕk(r) d

3r

≈ δjk Ck, (6)

where C stands for the integration over entire cavity volume.
On the other hand, the orthogonality of modes within the active
medium is rarely satisfied, thus we define the overlaps:

〈j|k〉A = Ajk, (7)

where A stands for the integration over the active region.

C. Coupled-mode equations

1) Electric field amplitudes: In order to derive the equations
of motion for electric field amplitudes, we will decompose the
original wave equation into particular modes and finally perform
SVEA to get rid of second-order time derivatives, as originally
done by Hodges et al. for isotropic case [21], [22]. Employing
(5), multiplying the (3) by 〈j| and using the orthogonality
relations together with SVEA in the time-domain, we obtain
the equation of motion for Ej(t):

d

dt
Ej(t) = − κjEj(t)

− i
ωj

2ε0

1

Cj
∑
μ;k

AjkP̃μ,k(t)fkj(t)

−
∑
k

γjk Ek(t) fkj(t),

(8)

where the field decay rate κj is defined as:

κj =
1

2

〈j|κ̃(r, ωj)|j〉
〈j|ε(r, ωj)|j〉

(9)

and the local loss field κ̃(r, ωj) = ζ(r, ωj)/ε0 is introduced as in
Appendix A. The beating term fkj(t) = exp[i(δωk − δωj)t] is
defined, for which fjk(t) = [fkj(t)]

∗ applies. Frequencies ωj =
ω + δωj are the absolute frequencies of laser modes.

Most importantly, the generalized anisotropy rateγjk has been
derived:

γjk = i

(
ωk

ωj

)2
ωj

2

〈j|δε̂(r, ωj)|k〉
〈j|ε(r, ωj)|j〉

. (10)

Such expression represents a generalization of the concept of
anisotropy operator γ̂(r, ω) from Ref. [25], which was however
suitable only for basis functions with no separation of frequen-
cies. Furthermore, it is suitable for the vector basis functions of
any spatial dependence of the polarization vector.

2) Dipole moment density: Employing (5), multiplying the
(1) by 〈j| and using the orthogonality relations, we obtain the

equation of motion for P̃μ,j(t):

d

dt
P̃μ,j(t) = − βμ,jP̃μ,j(t)

+
i

�
|θμ|2

∑
k,l

(A−1)jkN kl
μ (t)El(t) flj(t),

(11)
where we define βμ,j = γ⊥,μ + i(Δμ + δωj). Note again, that
the active medium background permittivity εa(ωj) is assumed
to be constant within its volume.

For the general cases, in which for example the anisotropic
properties of the gain medium depend on position, we have to
define population inversion overlaps as:

N kl
μ (t) = 〈k|Nμ(r, t) T̂μ(r)|l〉, (12)

for which it is necessary to find the equations of motion.
3) Population inversion overlaps: In order to satisfy the def-

inition of N jk
μ (t), one has to act on both sides of the (2) using

〈j|(...) T̂μ(r)|k〉 to obtain:

d

dt
N jk

μ (t) = − γ‖,μ N jk
μ (t) + Λjk

μ (t)

− 4

�

∑
l,m

Im
{
E∗

l (t)Wjk
μ,lmP̃μ,m(t)fml(t)

}
,

(13)
where the coupling coefficients Wjk

μ,lm have been defined:

Wjk
μ,lm = 〈j|T̂μ(r)〈l|δrr′ |m〉|k〉, (14)

where δrr′ stands for the Dirac delta function δ(r− r′), where
r′ denotes coordinates of all points within the active medium.

(8), (11) and (13) form the general mathematical framework
for the analysis of the polarization dynamics of lasers involving
a broad range of cavity geometries and optical-anisotropic prop-
erties. Note, that even though (8), (11) and (13) seem to be rather
complicated, for the most of the practical applications they can
be significantly simplified, as shown in Section V.

IV. THEORY OF ANISOTROPY RATES: CONSISTENCY WITH

1ST-ORDER CAVITY PERTURBATION THEORY

A. General analytic formulas

In this part we re-formulate and generalize the theory of
anisotropy rates. Previously, the analysis was restricted to two
transverse modes of the same frequency, which is extended here.
A general anisotropy rate is defined according to (10) and can be
applied to the numeric evaluation using eigen-mode functions of
any spatial and polarization dependence. Although, in principle,
the theory allows to describe any experimental situations, we
limit our considerations to the cases, in which it is possible to
separate spatial and polarization part of eigen-mode functions, in
order to obtain simple analytic formulas. Moreover, we assume
the use of a set of linearly-polarized eigen-mode functions.
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Once we assume the separability of |j〉 = ej |ϕ], (10) be-
comes:

γjk = i

(
ωk

ωj

)2
ωj

2

∑
n

Γjk,ne
†
j δε̂n(ωj) ek, (15)

where the generalized confinement factor has been defined:

Γjk,n =
[j|k]n

[j|ε(r, ωj)|j]C
. (16)

Note that summation (over n) represents the fact, that the
laser can contain several anisotropic media, as for example
not homogeneously strained layers in the vertical-cavity lasers
[34], studied in detail for example in Ref. [16]. The result is
very intuitive and expresses the fact that the anisotropy rate
is proportional to the number of field oscillations per unit of
time, the fraction of electromagnetic energy confined within
anisotropic domain and the polarization overlap of the given
permittivity perturbation.

B. Frequency-degenerate polarization modes and in-plane
anisotropy perturbation

As a special case, we consider modes of the same frequency
but characterized by orthogonal polarization. This means to take
δωk → 0, i.e. ωk → ω and reduce the confinement factor to
Γjk,n → Γn. Equation (15) then reduces to:

γjk = i
ω

2

∑
n

Γn e
†
j δε̂n(ω) ek. (17)

For simplicity, we consider frequency-degenerated linearly-
polarized eigen-mode functions and the following reduced per-
mittivity tensor of nth cavity domain, describing a general
in-plane anisotropies:

ε̂n =

[
εn + δεn,xx δεn,xy

δεn,yx εn + δεn,yy

]
. (18)

Using (17), we derive:

γjk = i
∑
n

Γn

(ω
2

)
δεn,jk, (19)

where it should be noted, that δεn,jk can be composed of real
and imaginary parts.

1) Linear birefringence and dichroism: Let us now consider
the particular case of a linear anisotropy:

ε̂n =

[
εn + δεn,x 0

0 εn + δεn,y

]
, (20)

where the anisotropy perturbation δεn,j consists of a real and
an imaginary parts δεn,j = δεrn,j − iδεin,j , which models linear
birefringence and linear dichroism, respectively. All the ele-
ments of permittivity tensors are evaluated at the frequency ω.
The calculation leads to:

γjj = i
∑
n

Γn

(ω
2

)
δεn,j , (21)

where the real part represents the dichroism rate γa,j , used in
SFM of VCSELs, and the imaginary part is the birefringence

rate γp,j . If one makes the following symmetric choice for
the perturbation terms: δεrn,x = −δεrn,y = δεrn/2 and δεin,x =

−δεin,y = −δεin/2, the resulting expressions are equivalent to
those in Ref. [25], obtained using circularly-polarized eigen-
mode functions. Additionally, with such choice of perturbation
terms, one obtains the symmetric anisotropy rates γa, γp of San
Miguel et al. [10], [11].

2) Circular anisotropies in polar configuration: Similar ana-
lytic expressions can be derived for any other type of anisotropy.
Here we choose the circular anisotropy, such as those of polar
magneto-optic configurations. Let us have the following permit-
tivity tensor:

ε̂n =

[
εn iξn

−iξn εn

]
, (22)

where ξn can be considered as a magneto-optic perturbation of
the permittivity tensor. Using again the frequency-degenerated
linearly-polarized eigen-mode functions, we obtain the off-
diagonal rates:

γxy = −γyx = −
∑
n

Γn

(ω
2

)
ξn. (23)

C. The direct connection to cavity perturbation theory

In principle, the perturbation δε(r, ω) = δεr(r, ω) +
iδεi(r, ω) does not have to be represented by a matrix
form. It can be the scalar perturbation of the cavity media
permittivity and we are now going to demonstrate the direct
connection with the cavity perturbation theory [35].

Let us consider the oscillation of a single mode of amplitude
Ej(t) with compensated gain and loss. The equation of motion
is:

d

dt
Ej(t) = −γjjEj(t), (24)

where the diagonal anisotropy rate reads:

γjj = i
ωj

2

〈j|δεr(r, ωj)|j〉C
〈j|ε(r, ωj)|j〉C

− ωj

2

〈j|δεi(r, ωj)|j〉C
〈j|ε(r, ωj)|j〉C

.
(25)

The integration is performed over the entire mode volume. The
consequence of the real part δεr(r, ωj) is that the oscillations
of Ej(t) are shifted due to the imaginary part of γjj , which is
equal to Δωj and its relative value may be expressed as:

Δωj

ωj
= −1

2

〈j|δεr(r, ωj)|j〉C
〈j|ε(r, ωj)|j〉C

. (26)

This is in agreement with the basic result of the first-order cavity
perturbation theory [35]. On the other hand, the imaginary part
of perturbation δεi(r, ωj) leads to change of cavity decay rateκj

as κj +Δκj . The sign of δεi(r, ωj) determines, if the losses are
increased or decreased. Note, that the generalization to quasi-
normal modes is straightforward.
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Fig. 2. Fundamental mode of the unperturbed (isotropic) pillar microcavity laser structure with a single active layer enclosed within two DBRs, emitting to the
air. Inset shows a detailed composition of the cavity, consisting of layers, which are to be perturbed by the linear (LB, blue layer) and circular (CB, red layer)
birefringence, and active layer with 1 μm aperture and linear gain dichroism (LGD, brown layer). Schemes are symmetrically divided to show the laser geometry
as well as the field distribution at once.

V. NUMERICAL VALIDATION: FUNDAMENTAL POLARIZATION

MODES OF PILLAR MICROCAVITY LASER

In this section we use our formalism to calculate the measur-
able quantities of specific laser structure, depending mainly on
local optical anisotropies. Namely, we calculate the frequency
difference, the ratio of population inversions and polarization
states of two lowest-order threshold modes of pillar microcavity
laser, which is shown in Fig. 2. The structure is not supposed to
represent the realistic device, it is meant to be used only for the
numerical validation of our formalism.

A. The structure

The radially-symmetric laser consists of the short cavity of
permittivity ε = 9, with a single active layer with 1 μm aperture
made of ε = 4 material and thickness d = 40nm. The back-
ground (passive) permittivity of active layer is the same as of
the cavity and additionally we consider linear gain dichroism as
an adjustable parameter of active layer. The longitudinal optical
confinement is ensured by two DBRs with 14 and 17 pairs of
ε = 9 and ε = 6.25 materials, having thicknesses d = 83.3 nm
and d = 100 nm, respectively. The structure is grown on a
ε = 9 substrate and is emitting into the air at free-space wave-
length λ = 987 nm. The height of an entire pillar is about
6 μm. Furthermore, the cavity contains 2 layers with linear
and circular birefringence as an adjustable parameters. Both
potentially anisotropic layers have thickness d = 20 nm and
background permittivity ε = 9.61 and ε = 8.41, respectively. In
the unperturbed (isotropic) state, the cold-cavity has a quality-
factorQ = 2322.36, which was calculated using the plane-wave
admittance method (PWAM), and which corresponds to the
photon lifetime τph = 1.216ps.

The optical-material anisotropies are introduced as perturba-
tions to the isotropic background permittivity, generally as ε̂j =
εj 1̂ + δε̂j . Concerning the layer with the linear birefringence,
the anisotropic perturbation takes the diagonal form: δε̂LB =

diag(δl,−δl)/2, where δl as a real number. In the case of cir-
cularly birefringent layer, it is: δε̂CB = off-diag(iδc,−iδc)/2,
where δc is also a real number. The linear gain dichro-
ism of active layer is quantified using so-called gain tensor
T̂ = diag(1 + δg, 1− δg), where δg is a real number, as well.

B. Rate equations

Let’s assume, that the considered pillar microcavity laser is
a class-B laser, as indicated by the calculated photon lifetime,
which is in the ps-range. Consequently, we can adiabatically
eliminate dipole moment density. Moreover, the resulting equa-
tions will be simplified when using:

|E(t)〉 = [Ex(t) ex + Ey(t) ey]|ϕ]. (27)

Namely, the terms fkj(t) disappear and spatial over-
laps reduce to A = [ϕ|ϕ]A, C = [ϕ|ε(r, ω)|ϕ]C and
W = [ϕ|[ϕ|δrr′ |ϕ]|ϕ]A, respectively. Moreover, we can simply
approximate the population inversion as N(r, t) = N (t)φ(r)
where the spatial part takes the value φ(r) = 1 in the active
region and φ(r) = 0 otherwise, due to well-localized electronic
wave functions in QWs. One then derives:

d

dt
Aj(t) = κ [Γn(t) Tj − 1]Aj(t)−

∑
k

γjkAk(t), (28)

1

γ‖

d

dt
n(t) = n0(t)−

{
1 + Γ̃

∑
k

[
Tk|Ak(t)|2

]}
n(t), (29)

for re-scaled variables Aj(t) and n(t), defined as: Ej(t) =
�

2|θ|
√
γ⊥γ‖ Aj(t) and N (t) = 2�ε0

|θ|2ωγ⊥κn(t), respectively. It is
assumed there, that the active medium is tuned exactly at cavity
resonance, which gives Δ = 0. The confinement factors are
defined as Γ = A/C and Γ̃ = W/A and where Tj = e†j T̂ ej .
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C. The threshold modes

1) Extraction of the threshold modes: In the following, we
are interested only in the properties of the lowest-order threshold
modes, namely their frequencies, population inversions (gains)
and polarization states (Stokes vectors), while they depend
mainly on anisotropies. Thus, we only need to solve (28).
Expressed in the matrix form, for amplitudes Ax(t) and Ay(t)
we have:

d

dt
A(t) = D̂(κ, n, δg, δl, δc)A(t). (30)

The mathematical solution is:

A(t) =
∑
j=a,b

αj vj exp(ηjt), (31)

where vj and ηj are the eigen-vectors and eigen-values of
matrix D̂: D̂ vj = ηj vj . The amplitudes αa,b of two possible
polarization modes a and b are not given absolutely, since the
laser thresholds are considered. Note, that the polarization states
of eigen-modes can be computed directly from eigen-vectors
va,b. On the other hand, the threshold population inversions
nth
a,b are extracted from the solution of: Re{ηj(nth

j )} = 0. The
frequency shifts of the given modes at the threshold are given
directly by Δωj = Im{ηj(nth

j )}.
2) The results: In order to show the precision of our for-

malism, we use the plane-wave admittance method (PWAM)
as a reference [36]. It is a computational method combining
the plane-wave expansion method with the method of lines
(MoL), showing brilliant agreement with experimental data [37].
PWAM calculation also provides the shape of unperturbed de-
generate fundamental cavity mode, which allows to calculate the
necessary confinement factors Γ = 0.0042, ΓLB = 0.00154 and
ΓCB = 0.00187 of active and anisotropic layers, respectively. It
is worth noting, that we are comparing two entirely different
approaches for modeling of lasers, especially that PWAM is
intended for precise determination of static properties while
our CMT for dynamical properties in the phenomenological
rate-equation-like sense. However, the lack of computational
self-consistency or predictability from the point of view of
geometric and local material properties of lasers has always been
a weak point of rate-equation-like approaches. This is, where we
provide an improvement.

We compare the calculated frequency splitting Δν = |ωa −
ωb|/(2π), depending on linear (LB) and circular (CB) birefrin-
gence, in Fig. 3(a). The calculation shows a very good agreement
with PWAM. In Fig. 3(b), we are showing the calculation of
nth
b /nth

a ratio, achieving excellent match with PWAM results as
well.

Additionally, we compare the numerically obtained Stokes
vector’s components S1 = Ix − Iy , S2 = I45◦ − I−45◦ , defined
as intensity difference of linearly-polarized components along
x/y axes and axes rotated by 45◦, respectively and S3 = IR −
IL, defined as the intensity difference of circularly-polarized
components. The results are depicted in Figs. 4(a) and (b) for
two possible polarization modesa and b. Despite the fact, that the
structure is only a toy-model for numerical validation, a similar
situation can be observed in spin-VCSELs, in which the cavity

Fig. 3. Calculated (a) frequency splitting Δν and (b) ratio of threshold popu-
lations nth

b /nth
a of two fundamental threshold modes of the pillar microcavity

structure as function of linear (δl) and circular (δc) birefringence with fixed
value of linear gain dichroism δg = 0.1. The proposed coupled-mode theory
(CMT) is compared to the robust plane-wave addmittance method (PWAM).

linear birefringence competes with the circular gain dichroism of
spin-injected QWs to determine the polarization states of modes
[38]–[40]. Depending on the strengths of each anisotropy, the
continuous polarization phase transition can take place going
from purely linear, through elliptic to circular polarization, as
the circular gain dichroism increases due to spin injection.

D. Time-Dependence of Optical Fields

Considering the micro-pillar laser in Fig. 2 with given param-
eters, one can expect typical ns-scale dynamics characteristic
for class-B laser with strong relaxation oscillations. Moreover,
multiple sources of anisotropy in the structure lead to very rich
polarization dynamics. To demonstrate one such example, we
show time traces of Ax,y(t) and n(t) in Fig. 5(a) obtained by
solving numerically (28) and (29) taking δg = 0.1, δl = 0 and
δc = 0.045 with pumping rate n0 twice above the threshold
value, which is typically given byn0,th ≈ Γ−1. In simulation, we
used γ‖ = 1ns−1 and Γ̃ = 1. Normally, the linear gain dichroism
δg = 0 alone would lead to emission of field polarized along x
or y axis. In this case, however, the present circular anisotropy
δc = 0 couples two components Ax(t) and Ay(t). Note, that
the reason to choose such specific values of anisotropies can
be seen in Figs. 3(b), 4(a) and (b), where δl = 0, δc = 0.045
is close to the critical point of polarization ‘phase transition’
discussed previously. Such points are called the exceptional
point (EP), typical for non-Hermitian systems [41]. They can
be identified in Fig. 5(b). It can be shown, that the critical
value of circular anisotropy is δc =

2 δg κ
πΓCB ν ≈ 0.0509, when
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Fig. 4. Calculated Stokes vector components S1, S2 and S3 of threshold modes a (a) and b (b) as function of linear (δl) and circular (δc) birefringence with
fixed value of linear gain dichroism δg = 0.1. The proposed coupled-mode theory (CMT) is compared to the robust plane-wave admittance method (PWAM).

δl = 0. For δg = 0.1, δl = 0 and approximately δc < 0.04 the
device reaches a steady-state. On the other hand, increasing to
δc > 0.055 (above EP) leads to π/2 - shifted oscillations of
totalS1,2 components, emitting effectively a circularly polarized
field.

VI. CONCLUSION AND DISCUSSION

In this work we combine the laser rate equations with cavity
perturbation theory to describe the polarization dynamics of
lasers with local anisotropies and multiple optical transitions.
The time-dependent theory is formulated for the standing-wave
lasers with generally any cavity geometry and spatial depen-
dence of anisotropies. The theory was used to predict the exis-
tence of EPs arising from polarization dynamics of anisotropic
structures. Such system can be experimentally realized for ex-
ample by micropillar lasers with strained active region and chiral
metasurface on top DBR. It was shown, that the formalism
is not limited by the standard two-level atom approximation.
Additional effects such as nonlinear response of the gain medium
can be included as well as coupling effects arising from the
non-orthogonality of basis modes within the entire laser cavity.

Some of the relevant photonic structures, for which our semi-
analytic formalism is already suitable in the present state or
can be suitable after few improvements, are the microcavity
photonic crystal lasers [22], [42], [43] (once the spontaneous
emission is described properly) and grating-based lasers [44],
[45], which are usually computationally demanding for robust
numerical solvers. In the framework of the proposed formalism,
the variations in the parameters of photonic crystal or grating and
consequently the time-dependent performance can be studied
semi-analytically. Another example are the lasers based on liquid
crystals, in which generally time-dependent external fields can
induce and modify optical anisotropies within the cavity [46],
[47]. Such effects can be described using the proposed theory of
anisotropy rates. Alternatively, its the diamond Raman laser, in
which the gain and birefringence principal axes are not collinear,
as reported recently [48], and for which our approach can provide
a clear recipe to derive the polarization-resolved rate equations
with nonlinearities.

In the near future, the work introduced in this paper can be
directly used in order to study the properties of spin-injected
VCSELs with highly-birefringent gratings for ultrafast applica-
tions. Moreover, our results indicate that the presence of both
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circular and linear anisotropy in spin-VCSELs together with
their 2-mode emission regime makes them interesting candidates
for studying aspects of non-Hermitian physics by means of
polarization dynamics. Furthermore, this work can motivate the
development of more sophisticated perturbative tools, following
the trends of non-Hermitian photonics and cavity perturbation
theories which correctly describe also the effects due to pertur-
bations of cavity boundaries.

APPENDIX A
THEORY OF EFFECTIVE LOSS FIELD κ̃

Using the notation and definitions introduced in this work, the
local loss field κ̃(r, ωj) is equal to [25]:

κ̃(r, ωj) = κ̃tr(r, ωj) + κ̃abs(r, ωj)

= ic
√

ε(r, ωj)ns(r)δ(r− rs)
1

qj(r, ωj)
∇

+ ωj εi(r, ωj). (32)

It consists of the Fresnel (transmission) contribution κ̃tr(r, ωj)
and the intra-cavity absorption κ̃abs(r, ωj). Symbol rs is the
output cavity surface coordinate vector in the media surrounding
the cavity, ns(r) is the normal surface vector normalized to
unity and qj(r, ωj) is the absolute value of wave-number of
jth mode. Having already compared the κ̃abs contribution to
the well-established computational methods in Ref. [25], we
now demonstrate the correctness of the κ̃tr formula. Assuming
a simple one-dimensional cavity surrounded by air, we have

κtr =
c |ϕ(zs)|2

[ϕ|ε(z, ω)|ϕ]C
(33)

and zs stands for the coordinate at the boundary between cavity
and air. Such analytic formula expresses the well-known result,
that Fresnel losses of the given mode are proportional to the
ratio of the integrated absolute value of the Poynting vector
to total mode volume. We consider a symmetric λ-cavity with
Bragg reflectors made of NB units of GaAs/AlAs and opti-
mized for λ = 940 nm. The calculated photon lifetime τph of
the cavity considering several values of NB is depicted in Fig. 6
demonstrating perfect agreement with the results of the rigorous
method based on the transfer matrix formalism. The present
method allows to evaluate a photon lifetime using the mode
shapes.

APPENDIX B
IMPROVED FORMULATION OF ANISOTROPY OPERATOR γ̂

We have considered the frequency-degenerate basis in
Ref. [25] in which the anisotropy operator was introduced in
a rather complicated way. Considering the improvement in the
formulation of the problem in this work, we show a more elegant
way to introduce the anisotropy operator. Let us express the wave
equation in SVEA as:

ε(r, ω)
∂

∂t
E(r, t) = − κ̃(r, ω)

2
E(r, t)− i

ω

2ε0
P̃(r, t)

− γ̂(r, ω)E(r, t). (34)

Fig. 5. Calculated (a) time-dependence of real parts of field amplitudes
A_{x, y} and population inversion n for δg = 0.1, δl = 0 and δc = 0 : 045with
constant pumping rate n0 twice above the threshold value and (b) the frequency
shifts δv and population inversions nth of both modes, indicating the presence
of EPs.

Fig. 6. Photon lifetime τph = 1/(2κtr) as a function of the number NB of
GaAs/AlAs units of the cavity Bragg reflectors. Semi-analytic calculation based
on the Poynting theorem (black crosses) perfectly agrees with the transfer matrix
calculations (red circles).

The modified anisotropy operator γ̂(r, ω) is introduced in (34):

γ̂(r, ω) = i
ω

2
ε̂(r, ω) + i

c2

2ω
1̂∇2. (35)

The most important advantage of such expression is the absence
of inverse of the permittivity tensor, which was additionally in
product with Laplace operator ∇2 in original work [25].

It can be shown that for the simple cases of plane waves the
anisotropy operator can be replaced as follows:

γ̂′(r, ω) = i
ω

2
ε̂(r, ω)− i

c2

2ω
q2(r, ω)1̂; (36)

similarly as it was done by Mulet et al. [18], where q(r, ω) is the
wave-vector. However, the authors assumed there the effective
homogeneous cavity of a VCSEL. Finally, it can be shown that
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for the most of the practical cases γ̂(r, ω) reduces to:

γ̂′′(r, ω) = i
ω

2
δε̂(r, ω). (37)

This is a very simple and intuitive expression for the anisotropy
operator, indicating the possible connection with the cavity
perturbation theories.

APPENDIX C
BEYOND THE TWO-LEVEL ATOM APPROXIMATION

(CLASS-B LASERS)

Some classes of lasers, especially the semiconductor-based
devices, cannot be described with sufficient precision in the
framework of standard two-level atom approximation. It means
that their unsaturated gain does not have a linear dependence
on population inversion as predicted by two-level Maxwell-
Bloch equations. In the following, we show, how to apply the
present formalism to lasers with nonlinear dependence of gain
on population inversion (or carrier concentration in the context
of semiconductor photonics). The approach is demonstrated for
the cases, in which the polarization vectors of laser modes are
spatially independent and gain medium dipole moment densities
follow adiabatically the electric field. Furthermore, we assume,
that particular optical transitions are not coupled, which can be
further studied in the near future.

The eliminated dipole moment density P̃μ(r, t) reads:

P̃μ(r, t) = iε0χ̂μ[Nμ(r, t)]E(r, t), (38)

where χ̂μ[Nμ(r, t)] is the susceptibility tensor, which is gener-
ally a complicated function of carrier concentrations and dipole
moment operator. Let us expand χ̂μ[Nμ(r, t)] into the Nμ(r, t)-
dependent polynomial series as [49]:

χ̂μ[Nμ(r, t)] = χ̂(0)
μ + χ̂(1)

μ Nμ(r, t) +
1

2
χ̂(2)
μ N2

μ(r, t) + . . .

(39)
in which the series tensor coefficients χ̂

(p)
μ = χ

(p)
μ T̂ (p)

μ of pth
order are defined.

For the purpose of clarity, let us consider only linear and
quadratic terms of N of the series. The derived expressions can
be later extended straightforwardly for an arbitrary order of the
series. Equation (38) with linear and quadratic terms can be
expressed using bra-ket notation as:

|P̃μ(t)〉 = iε0

[
χ̂(1)
μ Nμ(r, t) +

1

2
χ̂(2)
μ N2

μ(r, t)

]
|E(t)〉. (40)

One can notice, that the second-order terms may lead to difficul-
ties, when we decide to perform the derivation of coupled-mode
equations by projecting the equation onto 〈j|. This can be solved
by introducing the identity operator Î:

Î =
∑
k

|k〉〈k|. (41)

Using the identity operator Î , the quadratic term becomes
N2

μ(r, t) → Nμ(r, t)ÎNμ(r, t). It is important to note, that such
expressions are meaningful only under the integral.

Employing the recipe from Sec. III and decomposing the basis
functions into their polarization and spatial parts: |k〉 = ek|k],

we derive:

P̃μ,j(t) = i
ε0
Aj

∑
l

χ(1)
μ N jl

μ (t)T (1)
μ,jlEl(t)flj(t)

+ i
ε0
Aj

∑
k,l

χ
(2)
μ

2
N jk

μ (t)N kl
μ (t)T (2)

μ,jlEl(t)flj(t),

(42)
where the population overlaps are now defined as follows
N jk

μ (t) = [j|Nμ(r, t)|k], which is the consequence of the as-
sumption that the gain medium background permittivity is con-
stant withing its volume. Furthermore, the optical gain tensor
matrix elements are defined according to T (p)

μ,jk = e†j T̂
(p)
μ ek. For

simplicity, we assumed 〈j||k〉A = δjkAk.
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