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Abstract: This paper proposes a spectral-domain approach to the
electromagnetic scattering problem of lamellar grating with defects. The
fields in imperfectly periodic structures have continuous spectra in the
wavenumber space, and the main problem of the spectral-domain approach
is connected to the discretization scheme on the wavenumber. The present
approach introduces the pseudo-periodic Fourier transform to consider the
discretization scheme in the Brillouin zone. This transformation also makes
it possible to apply the conventional grating formulations to the problems
of imperfectly periodic structures. The present formulation is based on the
rigorous coupled-wave analysis with the help of pseudo-periodic Fourier
transform.
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1. Introduction

Lamellar gratings are widely used for spectrographs, monochromators, laser tuning, integrated
optics etc. Frequently, application is a lamellar grating interferometer (a binary grating with
a variable depth) that operates in the zeroth order of the diffraction pattern [1]. In Ref. [2] a
lamellar grating, in which an electromagnetic actuator used to drive the mobile facets of the
lamellar grating to move bi-directionally, is described. The physical principle of wave front
separation on grating requires the determinated lamellar geometry. The combination of planar
waveguides with lamellar gratings enables us to create guided-mode resonant grating filters
[3]. The resonant excitation of surface waves on a grating is known. New studies describe the
influence of the role of angle and polarization on thermal emission by lamellar gratings [4].
Lamellar gratings can achieve, with suitable optogeometrical parameters, a total absorption of
light. For the orthogonal polarization, total absorption occurs for deep gratings only [5]. The
negative refraction is achieved by incorporating a surface grating on a flat multilayered material
(grisms: grating-prisms). This negative refraction mechanism is used to create a new optical
device, the grating lens [6]. The principle of suitably sized subwavelength groups etched in an
isotropic dielectric medium is used in grating preparation, working on the first or the second
diffraction order, depending on the polarization state of the incident radiation [7]. The solution
to the problem of canceling the zeroth transmitted order in binary grating with a large tolerance
on the corrugation duty cycle or a large spectral bandwidth is described in Ref. [8].

The fabrication of binary micro- and nanostructures has the potential to cause various de-
fects. The specification of defects influence on the diffraction efficiency is very important. This
effect, due to the fabrication process, has been described by a binary grating with subwave-
length structures designed using design method [9]. It has been specified that the decrease in
the diffraction efficiency is less than several percent in this case. The stripe grating profiles have
been studied by spectral ellipsometry and the critical dimensions have been specified [10]. On
the contrary, the defects are artificially generated to change the physical properties of periodical
structures. In Ref. [2] a lamellar grating, in which an electromagnetic actuator is used to drive
the mobile facets of the lamellar grating to move bi-directionally, is described. The principle of
defects implementation is used in photonics crystals. The function of the defect’s refractive in-
dex in spectral filters based on photonics crystal is analyzed in Ref. [11]. The one-dimensional
photonic crystals with single defects in the center show the defect band gap in transmittance
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spectra [12]. The defect mode in photonic crystal can be achieved by illuminating the structure
with controlled polarizations [13].

This paper presents a rigorous numerical approach in the spectral-domain to the electromag-
netic scattering problem from lamellar grating with defects. The fields in the structure with
imperfect periodicity have continuous spectra in the wavenumber space, and an artificial dis-
cretization in the wavenumber space is necessary for the spectral-domain approach. When the
plane-wave illuminates the perfectly periodic structures, rapid variations of the diffraction effi-
ciencies are observed at discrete angles of incidence. These phenomena are known as the Wood
anomalies [14]. Considering the Fourier integral representation of the fields, we may under-
stand that the fields in the periodic structures are not smooth at the anomalies in the wavenum-
ber space, and the anomalies do not vanish if the structural periodicity is locally collapsed. This
implies that the Wood anomalies should be taken into account in the discretization. The present
approach uses the pseudo-periodic Fourier transform (PPFT) [15] to consider the discretization
scheme in the wavenumber space. Let f (x) be a function of x, and d be a positive real constant.
Then the transform is defined by:

f (x;ξ ) =
∞

∑
m=−∞

f (x−md)eimd ξ , (1)

which is implicitly assumed to converge. This transform introduces a transform parameter ξ ,
and the inverse transform is formally given by integrating on ξ as

f (x) =
1
kd

∫ kd/2

−kd/2
f (x;ξ )dξ (2)

where kd = 2π/d. The transformed function f (x;ξ ) has a pseudo-periodic property with the
pseudo-period d in terms of x: f (x−md;ξ ) = f (x;ξ ) exp(−imd ξ ) for any integer m. Also,
f (x;ξ ) has a periodic property with the period kd in terms of ξ : f (x;ξ −mkd) = f (x;ξ ) for
any integer m. PPFT is an extension of the periodic Green function [16], which is defined by
the radiation field from periodic line-source array with phase shift. The transform parameter
ξ relates to the wavenumber when x is the spatial parameter. If the constant d is chosen to
be equal with the fundamental period in the x-direction, kd becomes the inverse lattice constant
and the period for the transformed function is given by the Brillouin zone. The Wood anomalies
are degenerated to a finite number of points in the Brillouin zone, and the required discretiza-
tion scheme is comparatively easy to consider. Also, the conventional grating theory based on
the Floquet theorem becomes possible to be applied for the scattering problem of imperfectly
periodic structures because of the pseudo-periodicity of the transformed fields. The present
formulation is based on the rigorous coupled-wave analysis (RCWA) [17, 18] with the help of
PPFT.

2. Settings of the problem

This paper considers the electromagnetic scattering problem of a lamellar grating with defects
schematically shown in Fig. 1. The grating grooves are parallel to the z-axis, and the direction
of original periodicity is parallel to the x-axis. The y-axis is taken so as to be at the center of
a ridge, and the top and the bottom of grooves are denoted by y = hs and y = hc, respectively.
In the grating layer hc < y < hs, the structure is uniform in the y- and the z-directions, and the
grating profile is specified by the period d, the ridge width a, and the groove depth t = hs −
hc. The structural periodicity is collapsed by removing some ridges. To indicate the removed
ridges, we introduce a notation D , which is a finite subset of integers. If an integer n is an
element of D , the ridge whose center is at x = nd is removed. The fields are supposed to
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be also uniform in the z-direction and have a time-dependence in exp(−iω t). Then the fields
are represented by complex vectors depending only on the space variables x and y and two
fundamental polarizations are expressed by TE and TM, in which the electric and magnetic
fields are respectively perpendicular to the xy-plane. We sometimes denote the z-component
of the electric field for TE-polarization and the z-component of the magnetic field for TM-
polarization by ψ(x,y) to express both polarizations simultaneously. The substrate is linear
isotropic medium with the permittivity εc and the permeability μc, and the surrounding medium
is denoted by the permittivity εs and the permeability μs. For lossy media, we use complex
values for the permittivity and/or the permeability, and the terms concerning to the current
densities are eliminated in the following formulation. The permittivity distribution ε(x,y) and
the permeability distribution μ(x,y) are independent of y inside the grating layer hc < y < hs

and, here, we express them and their reciprocals as follows:

η(x) = q(η)
g (x)+q(η)

d (x) (3)

1
η(x)

= r(η)
g (x)+ r(η)

d (x) (4)

for η = ε,μ , where

q(η)
g (x) = ηs +(ηc −ηs)

∞

∑
l=−∞

u(x− l d) (5)

q(η)
d (x) =−(ηc −ηs) ∑

l∈D

u(x− l d) (6)

r(η)
g (x) =

1
ηs

+

(
1
ηc

− 1
ηs

) ∞

∑
l=−∞

u(x− l d) (7)

r(η)
d (x) =−

(
1
ηc

− 1
ηs

)
∑
l∈D

u(x− l d) (8)

u(x) =

{
1 for |x| ≤ a/2

0 for |x|> a/2
. (9)

The functions q(η)
g (x) and r(η)

g (x) give the distributions of perfectly periodic structure, and the

functions q(η)
d (x) and r(η)

d (x) correspond to the defects. The incident field is supposed to illumi-
nate the gratings from the upper or lower regions and there exists no source inside the grating
layer hc < y < hs.

�

�

��

�

� �

��

	

Fig. 1. Lamellar grating with defects.
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3. Formulation

First, we consider the TE-polarized fields in the grating layer hc < y < hs, which are described
by

∂
∂x

Hy(x,y)− ∂
∂y

Hx(x,y) =−iω Dz(x,y) (10)

∂
∂y

Ez(x,y) = iω Bx(x,y) (11)

∂
∂x

Ez(x,y) =−iω By(x,y) (12)

Dz(x,y) =
(

q(ε)g (x)+q(ε)d (x)
)

Ez(x,y) (13)

Hx(x,y) =
(

r(μ)g (x)+ r(μ)d (x)
)

Bx(x,y) (14)

By(x,y) =
(

q(μ)g (x)+q(μ)d (x)
)

Hy(x,y). (15)

Equations (10)–(12) come from the Maxwell curl equations, and the constitutive relations yield
Eqs. (13)–(15) though they are arranged so as not to include products of two functions with
concurrent discontinuities. We apply PPFT to Eqs. (10)–(15), and we may obtain the following
relations:

∂
∂x

Hy(x;ξ ,y)− ∂
∂y

Hx(x;ξ ,y) =−iω Dz(x;ξ ,y) (16)

∂
∂y

Ez(x;ξ ,y) = iω Bx(x;ξ ,y) (17)

∂
∂x

Ez(x;ξ ,y) =−iω By(x;ξ ,y) (18)

Dz(x;ξ ,y) = q(ε)g (x)Ez(x;ξ ,y)+
1
kd

∫ kd/2

−kd/2
q(ε)d (x;ξ −ξ ′)Ez(x;ξ ′,y)dξ ′ (19)

Hx(x;ξ ,y) = r(μ)g (x)Bx(x;ξ ,y)+
1
kd

∫ kd/2

−kd/2
r(μ)d (x;ξ −ξ ′)Bx(x;ξ ′,y)dξ ′ (20)

By(x;ξ ,y) = q(μ)g (x)Hy(x;ξ ,y)+
1
kd

∫ kd/2

−kd/2
q(μ)d (x;ξ −ξ ′)Hy(x;ξ ′,y)dξ ′. (21)

Since the transformed fields are pseudo-periodic in terms of x, they can be approximately ex-
panded in the truncated generalized Fourier series. For example, the z-component of electric
field is written as

Ez(x;ξ ,y) =
N

∑
n=−N

Ez,n(ξ ,y)eiαn(ξ )x (22)

with

αn(ξ ) = ξ +nkd (23)

where N denotes the truncation order and Ez,n(ξ ,y) are the nth-order coefficients. To treat
the coefficients systematically, we introduce (2N + 1)× 1 column matrices; for example, the
coefficients of Ez(x;ξ ,y) are expressed by a column matrix eeez(ξ ,y) in such a way that its nth-
components are given by Ez,n(ξ ,y). Also, supposing that f (x) is a periodic function with period
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d, [[ f ]] denotes the Toeplitz matrix generated by the Fourier coefficients of f (x), in such a way
that their (n,m)-entries are given by

([[ f ]])n,m =
1
d

∫ d/2

−d/2
f (x)e−i(n−m)kd x dx. (24)

Similarly, if g(x;ξ ) is a transformed function that is pseudo-periodic in terms of x, [[g]](ξ )
denotes the Toeplitz matrix generated by the generalized Fourier coefficients of g(x;ξ ), in such
a way that their (n,m)-entries are

([[g]](ξ ))n,m =
1
d

∫ d/2

−d/2
g(x;ξ )e−iαn−m(ξ )x dx. (25)

Then Eqs. (16)–(21) yield the following relations:

iXXX(ξ )hhhy(ξ ,y)− ∂
∂y

hhhx(ξ ,y) =−iω dddz(ξ ,y) (26)

∂
∂y

eeez(ξ ,y) = iω bbbx(ξ ,y) (27)

iXXX(ξ )eeez(ξ ,y) =−iω bbby(ξ ,y) (28)

dddz(ξ ,y) = [[q(ε)g ]]eeez(ξ ,y)+
1
kd

∫ kd/2

−kd/2
[[q(ε)d ]](ξ −ξ ′)eeez(ξ ′,y)dξ ′ (29)

hhhx(ξ ,y) = [[r(μ)g ]]bbbx(ξ ,y)+
1
kd

∫ kd/2

−kd/2
[[r(μ)d ]](ξ −ξ ′)bbbx(ξ ′,y)dξ ′ (30)

bbby(ξ ,y) = [[q(μ)g ]]hhhy(ξ ,y)+
1
kd

∫ kd/2

−kd/2
[[q(μ)d ]](ξ −ξ ′)hhhy(ξ ′,y)dξ ′ (31)

where XXX(ξ ) denotes a diagonal matrix whose nth-diagonal components are αn(ξ ). Since the
right-hand sides of Eqs. (19)–(21) consist of the products of periodic or pseudo-periodic func-
tions with no concurrent jump discontinuities, the Laurent rule [19] has been used to derive
Eqs. (29)–(31).

Equations (26)–(31) that relate the generalized Fourier coefficients of the fields have to be
satisfied for arbitrary ξ ∈ (−kd/2,kd/2]. However, we introduce here a discretization in the
transform parameter ξ for numerical purposes. We take L sample points, and suppose that the
coefficients satisfy Eqs. (26)–(31) at these sample points. Also the integrations in Eqs. (29)–
(31) are approximated by an appropriate numerical integration scheme using the same sample
points. Let {ξl}L

l=1 and {wl}L
l=1 be the sample points and the weights chosen by an appropriate

numerical integration scheme. Then we may obtain the following relations:

i X̃XX h̃hhy(y)− d
dy

h̃hhx(y) =−iω d̃ddz(y) (32)

d
dy

ẽeez(y) = iω b̃bbx(y) (33)

i X̃XX ẽeez(y) =−iω b̃bby(y) (34)

d̃ddz(y) = Q̃QQ(ε) ẽeez(y) (35)

h̃hhx(y) = R̃RR(μ) b̃bbx(y) (36)

b̃bby(y) = Q̃QQ(μ) h̃hhy(y) (37)
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where ẽeez(y) denotes a column matrix generated by the generalized Fourier coefficients of
Ez(x;ξ ,y) and the coefficients of the other field components are expressed in the same way.
The matrices in the equations are defined as follows:

ẽeez(y) =

⎛
⎜⎝

eeez(ξ1,y)
...

eeez(ξL,y)

⎞
⎟⎠ (38)

X̃XX =

⎛
⎜⎝

XXX(ξ1) 000
. . .

000 XXX(ξL)

⎞
⎟⎠ (39)

Q̃QQ(υ) =

⎛
⎜⎜⎝

QQQ(υ)
1,1 · · · QQQ(υ)

1,L
...

. . .
...

QQQ(υ)
L,1 · · · QQQ(υ)

L,L

⎞
⎟⎟⎠ (40)

R̃RR(υ) =

⎛
⎜⎜⎝

RRR(υ)
1,1 · · · RRR(υ)

1,L
...

. . .
...

RRR(υ)
L,1 · · · RRR(υ)

L,L

⎞
⎟⎟⎠ (41)

QQQ(υ)
l,l′ = δl,l′ [[q

(υ)
g ]]+

wl′

kd
[[q(υ)d ]](ξl −ξl′) (42)

RRR(υ)
l,l′ = δl,l′ [[r

(υ)
g ]]+

wl′

kd
[[r(υ)d ]](ξl −ξl′) (43)

for υ = ε,μ , where δl,l′ denotes the Kronecker delta.
Equations (32)–(37) yield the following coupled second-order differential-equation set:

d2

dy2 ẽeez(y) =−C̃CC(e)
g ẽeez(y) (44)

with the matrix of coefficients:

C̃CC(e)
g = R̃RR(μ)−1

(
ω2 Q̃QQ(ε)− X̃XX Q̃QQ(μ)−1

X̃XX
)
. (45)

The coupled differential equation set (44) can be solved as eigenvalue-eigenvector problems

because the matrix of coefficients C̃CC(e)
g is constant. Here, we denote the square root of the nth-

eigenvalue and the associated eigenvector of C̃CC(e)
g by β (e)

g,n and ppp(e)g,n, respectively, where the sign

of square root is taken in such a way that ℑ(β (e)
g,n )> 0 when ℑ(β (e)

g,n ) �= 0 and that ℜ(β (e)
g,n )> 0

when ℑ(β (e)
g,n ) = 0. Then, from Eqs. (33), (36) and (44), the general solutions for ẽeez(y) and h̃hhx(y)

are written in the following form:

(
ẽeez(y)
h̃hhx(y)

)
= ΞΞΞ (e)

g

(
ãaa(e,−)

g (y)

ãaa(e,+)
g (y)

)
(46)

with

ΞΞΞ (e)
g =

(
P̃PP(e)

g P̃PP(e)
g

− 1
ω R̃RR(μ) P̃PP(e)

g ỸYY (e)
g

1
ω R̃RR(μ) P̃PP(e)

g ỸYY (e)
g

)
(47)
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P̃PP(e)
g =

(
ppp(e)g,1 · · · ppp(e)g,L(2N+1)

)
(48)(

ỸYY (e)
g

)
n,m

= δn,m β (e)
g,n . (49)

Two L(2N +1)×1 column matrices ãaa(e,−)
g (y) and ãaa(e,+)

g (y) give the amplitudes of eigenmodes
propagating in the negative and positive y-directions, respectively. We include the y-dependence
of each amplitude, and their y-dependences are expressed by

ãaa(e,±)
g (y) = ÃAA(e)

g (±(y− y′
)
) ãaa(e,±)

g (y′) (50)

with
(

ÃAA(e)
g (y)

)
n,m

= δn,m eiβ (e)
g,n y (51)

for hc < y,y′ < hs.
Outside the grating layer (y > hs and y < hc), the permittivity and the permeability are con-

stant, and the electromagnetic fields can be approximately expressed by the truncated Rayleigh
expansions [16]. Each term of this expansion represents a plane wave, and we include the ex-
ponential y-dependence of each term in the Rayleigh coefficient. Here, the regions y > hs and
y < hc are specified by s and c, respectively, and the wavenumber in each region is denoted by
kr = ω (εr μr)

1/2 for r = s,c. The relations between the generalized Fourier coefficients of the
field components and the amplitudes of the plane-waves can be written in the following forms:

(
ẽeez(y)
h̃hhx(y)

)
= ΞΞΞ (e)

r

(
ãaa(e,−)

r (y)

ãaa(e,+)
r (y)

)
(52)

with

ΞΞΞ (e)
r =

(
III III

− 1
ω μr

ỸYY r
1

ω μr
ỸYY r

)
(53)

(
ỸYY r

)
n,m

= δn,m

√
kr

2 − (X̃XX)n,n (54)

for r = s,c, where III denotes the identity matrix.
For the TM-polarized fields, the same manipulation as with the TE-polarized case can be

applied. Then the general solutions for the generalized Fourier coefficients of Hz(x;ξ ,y) and
Ex(x;ξ ,y) are expressed in the same forms with Eqs. (46) and (52), though we specify below
the matrices by the superscript h for the TM-polarization instead of those with superscript e

for the TE-polarization. The matrices P̃PP(h)
g , ỸYY (h)

g , and ÃAA(h)
g (y) that appear below are defined

by Eqs. (48), (49), and (51) but with the eigenvalues and eigenvectors of the matrix C̃CC(h)
g =

R̃RR(ε)−1
(ω2 Q̃QQ(μ)− X̃XX Q̃QQ(ε)−1

X̃XX).
The general solutions separately obtained in the grating layer and two homogeneous regions

s and c can be matched at the top and the bottom of grooves y = hr (r = s,c) by using the
boundary conditions. Considering the continuities of the tangential components of the fields,
the amplitudes of the eigenmodes inside the grating layer are related to those of the plane-waves
outside the layer by

(
ãaa( f ,−)

g (hr)

ãaa( f ,+)
g (hr)

)
=

(
G̃GG( f ,+)

r G̃GG( f ,−)
r

G̃GG( f ,−)
r G̃GG( f ,+)

r

)(
ãaa( f ,−)

r (hr)

ãaa( f ,+)
r (hr)

)
(55)
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with

G̃GG(e,±)
r =

1
2

(
P̃PP(e)

g
−1 ± 1

μr
ỸYY (e)

g
−1

P̃PP(e)
g

−1
R̃RR(μ)−1

ỸYY r

)
(56)

G̃GG(h,±)
r =

1
2

(
P̃PP(h)

g
−1 ± 1

εr
ỸYY (h)

g
−1

P̃PP(h)
g

−1
R̃RR(ε)−1

ỸYY r

)
(57)

for f = e,h. Using the exponential y-dependence of the amplitudes expressed by Eq. (50) also,
the amplitudes of the outgoing plane-waves and the eigenmodes inside the grating layer are
related to the those of the incoming plane-waves as

⎛
⎜⎜⎜⎝

ãaa( f ,+)
s (hs)

ãaa( f ,−)
c (hc)

ãaa( f ,−)
g (hs)

ãaa( f ,+)
g (hc)

⎞
⎟⎟⎟⎠=

⎛
⎜⎜⎜⎝

S̃SS( f )
11 S̃SS( f )

12

S̃SS( f )
21 S̃SS( f )

22

S̃SS( f )
31 S̃SS( f )

32

S̃SS( f )
41 S̃SS( f )

42

⎞
⎟⎟⎟⎠
(

ãaa( f ,−)
s (hs)

ãaa( f ,+)
c (hc)

)
(58)

with

S̃SS( f )
11 =−

(
G̃GG( f ,+)

s − ÃAA( f )
g (t) G̃GG( f ,−)

c G̃GG( f ,+)
c

−1
ÃAA( f )

g (t) G̃GG( f ,−)
s

)−1

(
G̃GG( f ,−)

s − ÃAA( f )
g (t) G̃GG( f ,−)

c G̃GG( f ,+)
c

−1
ÃAA( f )

g (t) G̃GG( f ,+)
s

)
(59)

S̃SS( f )
12 =

(
G̃GG( f ,+)

s − ÃAA( f )
g (t) G̃GG( f ,−)

c G̃GG( f ,+)
c

−1
ÃAA( f )

g (t) G̃GG( f ,−)
s

)−1

ÃAA( f )
g (t)

(
G̃GG( f ,+)

c − G̃GG( f ,−)
c G̃GG( f ,+)

c
−1

G̃GG( f ,−)
c

)
(60)

S̃SS( f )
21 = G̃GG( f ,+)

c
−1

ÃAA( f )
g (t)

(
G̃GG( f ,+)

s + G̃GG( f ,−)
s S̃SS( f )

11

)
(61)

S̃SS( f )
22 =−G̃GG( f ,+)

c
−1(

G̃GG( f ,−)
c − ÃAA( f )

g (t) G̃GG( f ,−)
s S̃SS( f )

12

)
(62)

S̃SS( f )
31 = G̃GG( f ,+)

s + G̃GG( f ,−)
s S̃SS( f )

11 (63)

S̃SS( f )
32 = G̃GG( f ,−)

s S̃SS( f )
12 (64)

S̃SS( f )
41 = G̃GG( f ,−)

c S̃SS( f )
21 (65)

S̃SS( f )
42 = G̃GG( f ,+)

c + G̃GG( f ,−)
c S̃SS( f )

22 . (66)

The amplitudes of the incoming plane-waves are calculated from the incident fields that should
be known, and the scattered fields are obtained from the amplitudes appeared in the left-hand
side of Eq. (58).

4. Numerical experiments

To validate the present formulation, we consider specific examples excited by a line-source sit-
uated parallel to the z-axis at (x,y) = (x0,y0) where y0 > hs. The incident field is then expressed
as

ψ(i)(x,y) = H(1)
0 (ks ρ(x− x0,y− y0)) (67)

where H(1)
0 denotes the zeroth-order Hankel function of the first kind and ρ(x,y)=

(
x2 + y2

)1/2
.

The grating parameters are chosen as follows: d = 0.6λ0, a= 0.6d, hs = 0, hc =−0.5d, εs = ε0,
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εc = (1.3+ i7.6)2 ε0, and μs = μc = μ0. We also set the position of line-source at (x,y) =
(0,2d) and the observation point for convergence tests at (x,y) = (0,d).

First, we consider the grating for D = {0}, in which only one ridge with the center at x = 0 is
removed from the perfectly periodic grating. Figure 2(a) shows the obtained results of the field
intensity at the observation point as a function of the number of sample points L. The truncation
order for each generalized Fourier series expansion is set to N = 5 for this computation. The
dotted curves are the results of the trapezoidal scheme that uses equidistant sample points and
equal weights. The trapezoidal scheme is known to usually provide a fast convergence for the
integration of smooth periodic function over one period, but they converge very slowly. This
implies that the spectra under consideration may be non-smooth. The fields in perfectly periodic
structures are known to be non-smooth at the Wood-Rayleigh anomalies in the wavenumber
space. We expect the spectra of fields in imperfectly periodic structure have a similar singularity
to those for the periodic structure without defect, and apply here the same discretization scheme
proposed for the perfectly periodic grating with the line-source excitation in Ref. [15]. The
Wood-Rayleigh anomalies occur when the diffracted field of a spectral order propagates along
the grating surface, and this implies that the transform parameter ξ has to satisfy αn(ξ ) =
±ks, kc at the anomalies. Since we consider here a lossy material for the substrate, the anomalies
degenerate at two points ξ =±0.4kd in the Brillouin zone. We split the Brillouin zone at these
points and apply the commonly used numerical integration schemes for each subinterval. This
discretization scheme is also valid for another imperfectly periodic structure, in which some
circular cylinders are located near the periodic cylinder array [20]. The solid curves in Fig. 2(a)
are the result of the double exponential scheme [21,22] applying for the subintervals, and show
significant improvement of convergence. The convergences with respect to the truncation order
N are shown in Fig. 2(b). The values are computed for L= 80 and the sample points and weights
are determined by the double exponential scheme applying for the subintervals. It is observed
that the convergences are fast. Figure 3 shows the field intensities computed with L = 80 and
N = 5 by changing the observation point. The position of grating surface is indicated by the
dashed line. The fields decay rapidly inside the substrate because the substrate is assumed to be
a conducting material. The field for TE-polarization does not propagate into the narrow grooves
because of the cutoff. Therefore, the horizontal interference fringes observed in Fig. 3(a) are
similar to those for the plane conducting plate though the phase shift is also observed near
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Fig. 2. Convergence of the field intensities at (x,y) = (0,d) for a lamellar grating with a
defect for a line-source excitation.
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Fig. 3. Field intensities near a lamellar grating with a defect for the line-source excitation.

the defect. For the TM-polarization, the fields can propagate into the narrow grooves and the
vertical fringes are stronger than these for the TE-polarization.

Next, we consider the grating in which five ridges are removed (D = {−3,0,2,3,5}). Figure
4 shows the results of the same convergence tests with Fig. 2. The convergence seems to be sim-
ilar to the single defect case, and the number of defects does not greatly affect the convergence
speed. Also, the field intensities computed with L = 80 and N = 5 are shown in Fig. 5. The
obtained results seems to be proper. We examine the reciprocal property to verify the present
formulation. Here, we define the reciprocity error for two points (xp,yp) and (xq,yq) by

σ(xp,yp;xq,yq) =

∣∣ψ(xp,yp;xq,yq)−ψ(xq,yq;xp,up)
∣∣∣∣ψ(xp,yp;xq,yq)

∣∣ (68)

where ψ(xp,yp;xq,yq) denotes the field observed at (xp,yp) for a line-source located at (xq,yq).
The reciprocity theorem requires that this function is zero when both (xp,yp) and (xq,yq) are
located in the surrounding medium. We fix one point at (xp,yp) = (0,2d) and the other point
(xq,yq) is moved on the line y= d. The reciprocity errors at 101 equidistant points in −7d ≤ x≤
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Fig. 4. Convergence of the field intensities at (x,y) = (0,d) for a lamellar grating with five
defects for a line-source excitation.
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Fig. 5. Field intensities near a lamellar grating with five defects for the line-source excita-
tion.
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Fig. 6. Numerical results of the reciprocity test for a lamellar grating with five defects for
the line-source excitation.

7d are calculated with L = 80 and N = 5 in the standard double-precision arithmetic, and Fig. 6
shows the obtained results. The largest values are about 2.1×10−8 for the TE-polarization and
3.7×10−8 for the TM-polarization, and the reciprocity relation is well satisfied.

5. Concluding remarks

This paper has presented a spectral-domain formulation of the two-dimensional electromag-
netic scattering from lamellar gratings with defects. The readers may understand that the for-
mulation presented in Sec. 3 is almost the same as the widely used RCWA. We introduced
PPFT to the fields in the imperfectly periodic structures, and RCWA was then possible to be
applied because the transformed fields that have a pseudo-periodic property. The main diffi-
culty on the spectral-domain analysis is generally summarized to the discretization scheme on
the wavenumber, and PPFT makes it possible to consider the arrangement of sample points only
inside the Brillouin zone. We have shown some numerical results for gratings made of conduct-
ing material for a line-source excitation. The Brillouin zone is splitted at the Wood-Rayleigh
anomalies and the double exponential scheme is applied for each subinterval to determine the
sample points and weights. This simple discretization scheme provided good convergences, and
the convergence speed did not depend on the number of defects. The present formulation was
also validated by the reciprocity test.
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For the practical applications, the plane-wave incidence problem is also important though this
paper showed the results for the line-source excitation problem. The plane-wave does not have
a continuous spectrum and becomes the Dirac delta in the wavenumber space. Some equations
then become simpler for lack of generality because the discretization concerning the incident
fields is not needed. Contrarily, it seems to be better to decompose the fields into that for the
perfectly periodic structures and the residuals, and some additional arrangements are required
for the present formulation. Of course it is not difficult, but this paper concentrates on the
problem for the incident fields with continuous spectra to show clearly the relationship to the
conventional RCWA.
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