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Preface

This text contains the solutions to all of the practice problems in the 10th chapter of the
lecture notes “An Introduction to Complex Analysis” [1|. It is a translation of the Czech
text [3].

The typesetting and all of the pictures are the work of my son Ondfej. He also helped
to improve the text in several places with his comments.

It is not possible that we caught all of the mistakes during the proofreading. We are
grateful for your leniency and for letting us know about any and all remarks.!

We enjoyed working on this text. We wish the same to the reader.

In Orlova, 2024
Jit1 Bouchala
(and Ondfej Bouchala)

'Please send all of the remarks (notes, recommendations, threats and gifts) to my e-mail address
jiri.bouchala@vsb.cz.
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EXERCISE 1.
Find the real and imaginary part of the complex number

a) z=(1+1)(3—21); ) z =1,
b) z =32, d)zz?i—g.
Solution:

a) 2= (3+2)+14 Rez=5, Imz=1.

_6 _ _17
2% Imz = o5 -

_2-3i _ (2-39)(3—4i) _ 6-12-9i—8i. _ 6
b) z= 374~ 9+16 25 ; Rez =

_o14d (492 1421, _ _
c) =1 ="5-="5—; Rez=0, Imz=1.

d) z=2i— 28 =2{— 2 = _]; Rez=—1, Imz =0.

EXERCISE 2.
Write the given complex number in the trigonometric form

a) z=—1+3i; d) z=—1—+/3i;

b) z=1; €) z =2k
c) z=-8; f) z=3=.
Solution:

a)

—1
V3 T T T w2
cosa—T, a—g, ¢—§+a—§+g—§7r,
2 2 2 2
z_:—l—i—\/gi:\/l—i—?)(cos%—i—isin%):2(COS§+isin§).
b) z=1i=cos} +isiny.
c) z=—8=28(cosm +isinm).




-1 /Y

«
A,_\/gi
. V3 T n 4
sina = —, a=— =T+a=-m;
2 ) 37 (p 3 )
4 4 2 2
z_:—l—\/gi:2(cos§7r+isin§7r> :2(005 (—%)—H’sin (—%))
o4 (2490)(3+20) ,
e) z =34 = 9)-(‘r4 )_%‘{'1_732’

13

o
4
13
1 V65 5 7
2| = =V16+49 = —— tanp = 13 = - © = arctan —;
13 13 3 4 4

_ V8 tan© ) 4 is tan ©
z = 13 COS | arc an4 781 | arc an4 .

—1 3—1)(2—1 —5i
f)z_?)__( )5( ):555:1

_7;7




EXERCISE 3.
Prove the de Moivre’s theorem

(Vn € N) (Vo € R) : (cosp + isin <p)n = cos(ny) + isin(ngp)

using mathematical induction.

Solution:

1) We start by checking that the formula holds for n = 1:

(cos @ +isinp)! = cos (1-p) +isin(1-¢p).

2) Now we prove the implication (cos ¢ + isin )™ = cos(ny) + i sin(ny) =
= (cos p + ising)"! = cos((n + 1)¢) + isin((n + 1)¢):

(cos ¢ + i sin )" ! £ (cos (ng) + isin (ny)) (cos ¢ + isinp) =

= (cos(ny) cos p — sin(ny) sin ) + i (sin(ng) cos ¢ + cos(ny) sin ¢) ,
and now it suffices to apply the known “trigonometric identities™

cos(ny) cos p — sin(ny) sin ¢ = cos(ny + ¢) = cos((n + 1)yp),
sin(ney) cos ¢ + cos(ny) sin g = sin(ny + @) = sin((n + 1)p).

EXERCISE 4.
Let ¢ € R. Express sin(4¢) and cos(4¢) using sin ¢ and cos ¢.

Solution:

cos(4p) + isin(4p) = (cos p + isin )t =
= (cos® p + 2isin p cos p — sin® ) S
= cos'¢ —4sin? ¢ cos? p + sin? p +
+ 4isin ¢ cos® ¢ — 2 cos? psin? ¢ — 4isin® p cos p =
= cos’ p — 6sin? pcos® p +sint p + i (4 sin ¢ cos® ¢ — 4 sin® p cos gp) ,

and therefore (it is enough to compare the real and imaginary parts)

cos(4p) = cos ¢ — 6sin? @ cos? ¢ + sin® ¢,

sin(4¢p) = 4sin ¢ cos® ¢ — 4sin® ¢ cos .




EXERCISE 5.

24
. o 1=
Find Rez and Im 2 for z = <1+\/§i> .

Solution:

V3it 14++/3i

L—i _ V2(cos(=F) +isin(=F)) 1 (cos (-5 - %) +isin (—Lr)) ,

1—1—\/52'_ 2(Cos§+isin§) 2 4 3 12
1 24 - T _ 24 -7 1
Z:ﬁ cos | — D +esin | — D :ﬁ’
1
Rez—ﬁ, Imz=

EXERCISE 6.
Find Arg 2z and arg z for

a) z = (\/§+z’)126;
b) z=(1+4)"";
¢) z=—1—5i.
Solution:

a) 2= (V3+)!% = (2(cos § +isinF))"™" = 2120 (cos(217) + i sin(217)) = —2';

Argz ={m+2kn: k€ Z}, argz =.

137

b) z=2% (cos (137%) +isin (137%)) = 2% (cosZ +ising);

Argz:{ + 2km: kEZ}, arg z = —.

N
N




tana = %

, o = arctan 9;

=5

Arg z = {—m + arctan b + 2km: k € Z}, argz = —m + arctan 5.

EXERCISE 7.

Draw in the complex plane the set

a) {z€ C: Rez <1};

b) {z € C: Re(z?) =2}
¢) {zeC: Imi=1};

d) {zeC: |Imz| <1};

e) {z€C: |z|=Rez+ 1}

f) {zeC: |z-2]=|1-22|}

Solution:

a) {z€C: Rez <1}

h) {zeC: |14z <|1—2|}

i) {z€C: 241 =2z —1]};

)
)
)
D) {reC: 2<|z+2-3i| <4}
k) {zeC: § <arg(z+2i) <3}
)

1) {zeC: |z2|+Rez <1 A




{z € C: Re(z*) =2} = {z +iy: Re(s® + 2izy —y°) =2} =

:{az+iy: mQ—y2:2}:

11
yeC: 1 =— 5=
pEw Bty 4}

x2 + 12 T4

:{x+iy€(C: m 2 —1}:

=qx+iyeC: x2+y2:—4y/\x2+y27&0}:

{
={z+iyeC: 2+ (y+2)> =4} \ {0+ 0} :

d) {zeC: |Imz| <1}:




{z e C: ]z|:Rez—l—1}:{a:+z‘y:
:{a:+7;y:
:{a:+7;y:

2
_ e w1
—{:c—i—zy.x— 5 }

VTP =ai1) =
x2+y2:x2+2x+1}:
y=20+1} =

7/

-

f) {zeC: |z=2|=[1-2z]} =

:{x+z’y€<C: mﬂl—?@—iy)'}z

= {:v+iy:
= {:v+iy:
= {:v+iy:
= {:v+iy:

(=2 +y" = (1-22)" +4y°} =
x2—4x—|—4+y2:1—4a:+4x2+4y2}:
32° +3y° =3} =

x2+y2:1}:

4k
N

g) {z€C: |=2|=1}={2€C: |z-2|=|z-3|}




h) {zeC: 1+z|<|1=z]}={2€C: |z— (1)< |]z—1]}:

i)
{z€C: |z4+1|=2]z—-1]} =
={z+iyeC: (+1) 4+ =4((z-1)>+¢°)} =
={z+iy: 2®+20+1+y" =42" —8u+4+4y°} =

={z+iy: 32°+3y° — 10z = -3} =

=<qr+y: SL‘—§ 2%—2—E :
= B 3 y_9.

j){z€eC: 2<|z42-3il<4}={z€C: 2<|z2—(—2431)] <4}

————




k) {zeC:

ENE

<arg(z +2i) < T}

-2

{ZGC: |Z|—|—Rez§1/\—g§argz§%}:
{:B—l—zyE(C \/$2+y2<1—x/\—§<arg(9§+zy) Z}
{x+z’y€@: 22 2 < (1 —2)?

m , 7r
N ——= <arg(z+iy) < Z}

ANl —x2>0A

\)

7r
{ +iy e C: <1—2x/\—§<arg(a:+zy) 4}

>

N[~

V

EXERCISE 8.

Let 21,29 € C\ {0}. Prove the following implications
a) P1 € Arg 2z = 1+ @2 € Arg (2122);
0y € Arg 2 1T $2 122);

by 1€ Argz

= e Arg 2
— T — .
0y € Arg 2 P1— P2 g oy

Solution:

a) 21 - 29 = |21] - |22] - (cos 1 4+ isiny) - (cos g + isin pg) =
= |21 - |22] - (cos(p1 + @2) + isin(p1 + ¢2)) .

9



b) 21 x| cosgr +ising

21

Z9

Zo |29 " cos Yo + i sin o

(cos 1 +isiny) - (cos pg — isinpy) =

22

- (cos(p1 — p2) +isin(pr — pa)) .

EXERCISE 9.
Decide if the given limit exists, and if it does, compute it

a) lim(3 — 4i)"; ¢) lim (% "
N\ 6n
b) Tim ((—1)" + £); ) tim (=2)"

Solution:

a) lim(3 — 4i)" = oo, because |(3 — 4i)"| = (v/9+16)" = 5" — oo.

b) lim ((—1)" + 1) does not exist, because
n

=:izn

i i
="+ —=14+——>1
2 (=1) +2n +2n

and at the same time

" :_12n+1 L:_l
Zni1 = (1) +2n—|—1 Jr2n~|—1

14+4\"
c) lim (W) does not exist, because
———

=iz

(con g i) = cos (n) - sin ()
= — in—) = — in(n-—
Zn cos 7+ 1sin cos \ny tsin (n— |,

and so
28n — 1A 28n+2 — 1.

N\ 6n
d) lim (1"/37’) = 1, because

(15) = () m ()"

= cos(—2mn) + isin(—27n) — 1.

10



EXERCISE 10.
Let (z,) be a sequence of complex numbers, r € Rt and ¢ € R. Proof the following
propositions:

a) z, = 0 & + = o0;

lzn| — 7 o
b) = z, = r(cosp+ising);
arg z, — ¢

and show that the implication in the proposition b) cannot be reversed.

Solution:

a) It is enough to rewrite both sides of the equivalence using the definition of the limit.

o Left side:
Zn — 0

)
(Ve >0) (Ing e N) (Vn e N, n>ng): 2, € U(0,¢)

0

(Ve >0)(3np e N) (Vn e N, n>ng): |2,] <e¢;

e Right side:

i
|}
(Ve > 0) (Inp € N) (¥n €N, n > ng): zineU(oo,s)
(i
(Ve > 0) (Iny € N) (¥n € N, 1> np): (i >é\/i:oo)

0

(Ve >0)(3ng e N) (Vn e N, n>ng): (¢ > |2z, V2, =0)

0

(Ve >0) (Inp e N) (Vn e N, n>ng): |z,| <e.

11



b) From the assumptions it follows that for all sufficiently large n we have that
Zp = |2p| (cos (arg z,,) + i sin (arg z,)) ,

and the claim follows directly from the continuity of cosine and sine and the theorem of
the limit of a product.

As a counterexample disproving the reverse inequality, we can use the sequence

v eos (0 S0 i (4 521

and the choice

r=1, ¢ =m.
EXERCISE 11.
Find all z € C such that
SN2
a) 28 =1; d) (59)" =2 g) 2°=1;
b) 2% =1 e) 2zt =—1; h) 22 = —11 + 60i;
c) 2% =24i — T, f) 22 =i—1; i) 22 =3+ 4.

Solution:

a) z=|z|(cosp +ising), 1 =cos0+isin0.

23 = |2]3 (cos (3p) + isin (3p)) = 1 (cos0 + isin0)
)
(zP=1)A 3Bk €Z: 3p=0-+2km)

0

(lzl =1)A 3k €Z: ¢ =k%),

and therefore

5 5 I, ke{3l:1leZ},
z:zk:cos(kg)—i-isin(k:g): —%—i—i?, kEe{3l+1: leZ},
—1—i ke{3l+2: lez},
SO
1 3 1 3
z3:1<:>z€{1, —§+i§, —i—ig}.
21
o
1:,20
[
22 =z

12



b) z = |z|(cosp +ising), i = cos 5 +isin 7,

2% = |z|? (cos (2¢) + isin (2¢)) = cos T +isin g
)

(JzP=1)A(BkeZ: 20=75+2km),
and therefore

™

z:zk:cos<
4

—i—/mr) + ¢sin (%+k7r> =
V2

) 2+ kef2:iez},
—V2 2 ke {2041 leZ}.
20
[ ]
([ ]
21

c) Let z =z +iy. Then

2 2
2 2 . 2 - Trr -y = -7
25 =a" 4 2izy —y© =244 7(:)< 2y = 2 &
-y = =7
@< y@/:%)@
@(962_%4 - _7)4:)
y = 2

(x4+7x2—144 = 0 )
= y = 12 ,

which holds if and only if z =2 + iy =3+ 4i or 2 = —3 — 4i.

13



d) After the change of variables
u? = 2i, that is

;—r} =: u = |u| (cos ¢ + isin p) we firstly solve the equation

|[ul? (cos (2¢) + isin (2¢)) = 2 (cos (g) + isin (g)) .

The solution is

u==+v2 (cos (%) + isin (%)) = £(1 +1),

and then easily zjr} =1+ if and only if (z = z + iy)

r+iy—1=(1+1i)(x+iy+1), thatis
(x—1)+iy=(x—y+1)+i(z+y+1), and therefore
(x—1=x—y+1)A(y=x+y+1), that is
y=2ANzx=-—1,

and similarly = —1 — 4 if and only if

z—1
z+1
r+iy—1=—(1+1i)(x+iy+1),
(x—1=—-x+4+y—1)A(2y = —z — 1), and therefore
2 1

= Zphr=-=2.
Yy=75"* =75

—1\? 1 2
(i+1> =2 & (z:—1+2iv,z:—5—gz').

e) |z|* (cos (4p) + isin (4¢p)) = cos 7 + isin 7 if and only if

Summary:

™

4

™
4
1+i —1+i —1—3i 1—¢}
V2 V2T V2 V2 )

z:zk:cos( +k;g>+isin< —i—kg), k € Z, that is

24:—1<:>z€{

° .i
f) |2 (cos (3g) + isin (3p)) = V2 (COS (%) s (%))

if and only if
3/ 3T

From this, it easily follows that z3 =4 — 1 if and only if

6 2 _, 2
z € {\/5(008 (%4—?) + isin (%—I—?)) ke {0, 1, 2}}

14




2 2
8) 2 = cos (%k) + 7sin (%k) , ke{o, 1, 2, 3, 4}.

1
[}
L J
h)
2 =(z+iy)? = —11+60i
T
2+ 2izy —y? = 11460
i
22—y =-11 A 2xy =060
(i
22— — 11 A y=2
(i
—11 — /3721
=30 A2 = £ VI21+3600 ) — 5 - not possible,
: 2 —11+V3721  —11461 _

25
2 2 ’

and therefore
2 = —11+60i & 2z = £(5 + 6i).

i) Let z = 2 +dy. Then

P2 =(rx+iy)? = 3+4
)
?—y? =3 A 2zy=4
)
?—5=3 A y=2
)
o, 2_3i\/9+16_{% ... not possible,
y=iaT=T =

and therefore
P =3+4iez=2(2+1).

15



EXERCISE 12.
Find and draw the set M = {% z € Q}, if

a) Q={z€C: argz=a}, a € (—m, 7);

b) Q={z€C: |z—1| =1};

c) Q={z€C: Rez=Imz};

d) Q={z+iyeC: z=1};

e) Q={z+iyeC: y=0}.

Solution:

a) a € (—mm)=>M={2€C: argz = —a};

Q
/(’

v

PoY

a=1=>M=Q={2€C: argz =7}.

N
Ve
%4

16

M

0

\Q)
M

N

©
A4




1
QU =
u—i—z've } {oc}
C| R U
u+ v B 5=

v |1 —u—dv] = Ju+iv[} U{oo} =
w: (1—u)’ 4+ 0> =u?+0*} U{oo} =
I—QUZO}U{OO}:

1

v u:ﬁ}u{oo}.

M

‘ ot
[\

y)
< O | =
—_

1
M—{u+@'v: , EQ}U{OO}—
U+
, u— 1w
:{u+w: uz—i—UQEQ}U{OO}’
db “ ' s (u#0A ), we have that
and because = u u = —v), we have tha
u?+ 02 u? 4 0? 7 ’

M={u+iv: u#0Au=—v}U/{oco}.

Q

17



e) ' 1
=qu+iv: — Qo U{oo} =

U+ v

. —v
:{U+ZU3 ’(L2——|—U2:0}U{OO}:

{u+iv: v=0%#u}U{oco}.

QO | M

A
L 4
A
L 4

EXERCISE 13.
Find and draw the set M = {f(z): z € Q}, if

a) Q={zeC: |argz| < T}, f(2):= 22
b) Q={z€C: |Imz| <}, f(2):= ¢
c) Q={z€C: 0<Rez<m A Imz >0}, f(z):=¢€%

d) Q={z€C: Imz =1}, f(z):=22

2

18



Solution:

a)
T T
M:{ cC < = 2:—}
z | arg z| 5 3
) 6
Q N
\ M
b) T
M= {et: fy| < 2
. m
— {e" (cos () +isin(@): Iyl < 5} =
={ze€C: Rez>0}.
$Ra02 FhRAcRAeS > M
Q
1
D e Y& SR >
) M = {e“”iy) =e¢Y(cosz+isinz): O<z<m A y>0}=
={z€C: |2/ <1 A Imz > 0}.
4 4
. OANNE :
11 3 7R~
i : 'l\\]\]:“
1 ™ 1

19



=T
N ~ M
¢ 52 O— '/’ 35 #
AN |
4\
EXERCISE 14.
Compute
a) sin(2 — 3i); d) Ln(—5+ 3i) a In(—5 + 3i);
b) cosi; e) Ln(—4 — v/3i) a In(—4 — V/3i);
¢) coshi; f) Ln(ie?).
Solution:
a)
i(2-30) _ ,—i(2-30)
in(2 — 3i) = -
sin( i) 5;
_ e®(cos (2) +isin(2)) — e ?(cos (—2) +isin(—2))
- 5 -
e3 —e3 i(e3 +e3) - sin2
= . 2 =
9 cos 2 + 2%
= cosh3-sin2 — (sinh 3 - cos2)i =
=9.15+4.17:.
b)
iy i '
o8t =—"p—— = cosh1 = 1.54.

20



cosh i :ei —|—26_i _cosl+isinl + cozs (1) +isin(=1) _ cos1 = 0.54.

) 5
-5+ 3= \/ﬂ Cos T + arctan — | +¢sin T + arctan — ,
2 3 2 3
and therefore

)
Ln(—54 3i) = Inv/34 + (g + arctan §) + 2kmi, k € Z;

In(—5+3i) = Inv/34 4 (g + arctan g) :

—4—+/3i =19 (cos (—71’ -+ arctan ?) + ¢ sin (—71’ -+ arctan ?)) ;

and therefore

Ln(—4 — V3i) = In V19 + (—7? + arctan ?) + 2kmi, k € Z;

In(—4 — V3i) = InV19 + i (—7? + arctan \?) :

Ln(ie*) = In(e?) + zg + 2kmi =

:2—|—gi—l—2km', kel

EXERCISE 15.
Find all z € C, for which we have that

a) sinz = 3; d) sinz — cos z = 3;
b) cosz:‘/Tg; e) 22+2249+46i =0.

c) sinz 4 cosz = 2;

21



Solution:

a)
sinz =3
)
e” —e " =6i
)
e — 6ie” —1 =0
and from that, we get for z =z + iy
enzemﬂwIthd;%+4:43i¢®i
)
eV (cosz +isinz) = (34 V)i
)
aﬂ:3i¢§A(x:g+amgkeZ)
)
z:g+2m=4m@iv®,kez
b)
cosz = e = ﬁ
2 2
)
2% _ /361 4 1 =0
)
e = eTtWI — 7Y (cosz +isinz) = w

=4

™

=1 A (a:::i:g—l—%?r, kEZ)

0

z=i%+2hykez

22



=2
% 2
T
ezz e—iz + Z'eiz + ie—zz — 42
(i
e?*(1414) —4ie” + (i —1) =0
(i
o MEN/16—40+40)(i—1) 4itV2
B 2(1 + 1) 201 44)
C2+V2)i (2+V2)(1+14)
140 2 ’
and from that
2+ v2)(1+1 2+ /2)V/2
iz — Lo 2E V2 +Z)=lnﬂ+iz+2kzm‘,kez,
2 2 4
z:§+2k7r—iln(\/§:|:1),kez.
eiz — e el® + efiz
— =3
24 2
T
ezz_eiz_zezz_ie 22262
7
e**(1 — i) — 6ie” — (14+1i) =0
7
n 6ik/=36+4(1—0)(1+4i)  (6x£2V7)i
N 2(1 — 1) o201 —4)
3++/7 .
= \/_-(—1—1—2),

2

and therefore

+ +
iz=1Ln (3 2\/7(—1 +Z)> =In (3 2ﬁ : \/§> —1—2';1%—1— 2kmi, k € Z,

3 3+7
= r42%kr—iln| =—=— |, keZ.
ya 47‘(‘ s zn( \/5>

23



24+ /1— 49+ 60)
Zz = —
2

=—1+1-(9+6i)=—1+vV—8—6i=

[ —2+3i,
- — 34,

because

3 3
V—8—061 = \/10 (cos (7r + arctan Z) + 7 sin (7r + arctan Z_l)) =

1 3 1 3
= +v10- (cos (z + — arctan Z) + 2sin (g + 3 arctan Zl))

2 2
= +(—1+ 30).
EXERCISE 16.
Compute
2 1) —1)v3

) 20 o ()" &) (~1)¥5
b) (—2)v%; d) ii; £) (—v/3i+1)73.
Solution:
a) 2' = exp(iLn2) =

= exp(i(In2 + 2kmi)) = exp(—2km +iln2) =

= ¢ 2 (cos (In2) +isin (In2)), k € Z.
b) (—2)V2 = exp (\/5Ln(—2)) = exp <\/§(1n2 + i + 2k7rz')> =

= 2V? <cos ((Qk + 1)7r\/§> + i sin ((Qk: + 1)7r\/§>> , ke

c) CL)MZ@@ <(1”)Ln<1x/_§i)) B

= exp ((1 +i)(Inl — z% + 2k7m')> = exp (% — 2km + (2km — —

™ ™ 2 2
= ei kT (cos% — isin Z) = i 2T <£ — Z£> =

4

4 2 2

24



d) i1 — ealmi _ 3 (Fit2km) _
3 3 3 3
= cos (gTF + 5]6#) + isin <§7T + 51{7?) , k€{0,1,2,3}.
e) (_1)\/3 _ e\/ﬁLn(q) _ e\/g(rriJerm') _

= Cos (\/§7r + 2k;7r\/§) + 2 sin <\/§7r + 2k;7r\/§> , keZ.

) (—V3i+1)73 = [2 <cos (—%) + isin <—g>)]_3 =

1

[2 (cos (~5) +isin (=5))]”

Differently:

(_\/gl. 1 1)_3 _ 673Ln(7\/§i+1) _ 673(1n27%i+2km‘) _

1 . 1
= - (cosm+isinm) = -3

8

EXERCISE 17.
Find the real and imaginary part of the function f: C — C defined as

a) f(z) :=sinz; d) f(z) =[] 7
b) f(z) = 2%cosz; e) f(2) =27
¢) f(2) =2 +5z — 1; £) flz) =1
Solution:

a)

ei(x-l—iy) _ e—i(z’—i-iy)

f(z) = floz+iy) = 5 =

e Y (cosx +isinz) —e¥ (cosz —isin)

21

= 5 sinx +1

COsSX.

Therefore

(Re f)(z,y) = coshy sinz,

(Im f)(x,y) = sinhy cosz.
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i(z+iy) —i(z+iy)
f($+iy):(x2—y2+2xyi)e +2€ —

e Y (cosx +isinz)+ e¥ (cosz —isinx)
2 Y

= ($2 — y2 + 2xyi)
and therefore

(Re f)(x,y) = (2* — y*) coshy cosx + 2xy sinhy sin x,
(Im f)(z,y) = —(2* — y*)sinh y sinz + 2zy coshy cos z.

f(x+iy) = (2% — y* + 22yi) (z + iy) + 5z +iy) — 1 =
= (2° —zy® — 2zy® + 5z — 1) +i (22°y + 2%y — y® + 5y) .
So
(Re f)(x,y) = 2° — 3zy* + 52 — 1,
(Im f)(z,y) = 32’y — y* + 5y.

o +iy) = Va2 +y? (e —iy) =
= a2 + g2 — iy /2% + 2
We computed that
(Re f)(w,y) = 2/a2 + ¢,

(Im f)(z,y) = —yv/2* + ¢

flz+iy) = (2 — y* + 2ayi) (v —iy) =
=2® — xy® + 229”4+ i(22%y — 27y + ¢°).

Therefore

(Re f)(z,y) = 2° + xy?,

(Im f)(z,y) = 2y +y°.

f)
. T — 1y
[z +1y) = o
therefore
T
(Re f)(z,y) = i
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EXERCISE 18.
Decide if the function f(z) := 23 is injective on the set Q, if

a) Q={z€C: Rez >0}
b) Q={z€C: argz € (0,%)}.
Solution:

a)

Q

Let us choose

Z1 = CoS <_§> + 7sin <—g) = 1 +1 (—?) €,

2
1 3
Z9 = COS (g) + ¢ sin (g) = 5—1—1\/7_ e Q.
Then
22 = cos—m+isin—m = —1,
Zzs = cosm+isinmt = —1,

and therefore f is not injective on 2.

b)

Let

z1 = |z1] (cos (1) +isin (1))
2z = |22] (cos (p2) +isin (p2))
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where @1, @y € <0, %) Then

|21]? (cos (3¢1) + isin (3¢1)) = | 22| (cos (3ps) + i sin (3¢,))
)
(|Zl| = ’22|) N (E”C SN/ 3g01 = 3302 + 2k’7’(’) .
From that, it follows that (we are using the assumption ¢, @2 € <O, %)):
21, 22 € Q) 21| = |22]
3_ .3 _
1 = % P1 = P2

therefore the function f is injective on (2.

= 21 = Z9,

EXERCISE 19.
Decide if the given limit exists, and if it does compute it

Rez. )

a) lim lim 25

20 % z—0 | |27
b) lim Im(z?)
zz ) . .
. f) lim =25,
c) lim 22z, =
z—0 2] 2
s 22 Re z
d) i s 8) lim 5
Solution:
a) lim 222 does not exist, because
z—=0 *
1 Re (1 4 0i
0p Loon R0y
n n
and at the same time
1 Re (zl)
0#i——=0 A = =0—0.
n —
n

b) hII(l) hjj does not exist, because for 0 # 2z = x + iy we have that
z—

Imz*> 22y [ 1, x=y+0,
2 7 x2+y?

0, x-y=0, 22+ y*#0.
/ 0—

28



zIlmz

c) lim = 0, because

z—0 |z

zp Im z,, zp Im z,,

0#2z,—0 = =|Imz,| -0 =

|Zn|

|2n]

d) lim % does not exist, because for 0 # z = x + iy we have that

z—0
22—y 2iay [0, w=y#0,
|2|? x? 4 y? 1, y=0=%#uz.
1/
¢ / 1—
e) lim % = 0, because
2—0 |*
3
lim |~ | = lim |z| =
z—0 |z|2 z—0
)
2 2—1)—21 —1 2 2
T o C 2l B T €2l Gl ) N P e
z—i 2241 z—i (z—z)(z—{—@) z—=i 2+ 1
. T+ 241y
= lim ———— =
atiy—i x +i(y + 1)
— hm r(r+2)+y(y+1)
@y)=01) 2+ (y+1)?
— 2 1
+4¢  lim -+ +1) =
@y)-01) 2+ (y 4 1)2
1-2 n —2-2 1
=— 41 =——1i.
22 4 2
Alternatively we can use the continuity of the function f(z) := z—ﬁ at the point 7:
.24+ 2 2447 1
lim - =—— = — — 1.
=i 241 21
8)

. Re z i x
im = lm —F=
=0 14 |2]  (@y)—=00) 14 /22 + ¢2

I
o

— o
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EXERCISE 20.
Draw the set () := {p(t): t € Dy}, if

a) @lt) == 1—it, Dy = (0,2);

b) ¢(t) ==t —it*, Do =(—1,2);
c) (t):=14+e" Dy =(0,27);
d) o(t) :=e* —1, Dp = (0,27);
Solution:

b) o(t) :=t—it?, Dp = (—1,2).

1<¢>
—QZ 1

c) p(t) =1+ Dp=/(0,2r).

—47+

“2xaround”

!
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—1 1
et te(=Z,n),
D () _{2—4 t€<7r227r>
_lzu./l 2

EXERCISE 21.
Find a parametrization of the set Q (i.e. find a curve ¢ such that (p) = Q), if

a) Q={z€C: |z—2+3i|] =2}

b) € is a line segment with the endpoints a,b € C, a # b;
c) Q={2€C: Rez=2Imz};

d) Q={z€C: Re(i) =2}

Solution:

a) Q={z€C: [z—2+3i| =2}; ¢(t):=2—3i+2e", t €(0,2m).
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b) € is a line segment with the endpoints a,b € C, a # b; ¢(t) :=a+ (b—a)t, t € (0,1).

| \\52 = (p)
\,

) Q={2€C: Rez=21Imz}; o(t) :=t+5i, t e R.

a-{:ec Re( >:2}:

1 T
x4 y: Re(x—i—zy) :x2—i—y2 :2}:

{
{
{o+iyecn{o}y: 2(a* =S +y?) =0} =
{
{

z +iy € C\{0}: 2(( ;L)uy?_i) :0}:

1\ 2
\ _ 2 _ :
r+iy € C\{0}: (:E 4) +y 16}’




EXERCISE 22.
Draw the set €2, and decide if €2 is a domain and if it is an open set, where

a) Q={zeC: |z—4 <1V |z+i| <1}

b) Q={z€C: [z—1<1 A |z—-2| <2}

c) Q={z€C: |z-1| <|z+ 1|}

d) Q={z€C: |z+1] > 2[2|};

e) Q={z€C: 1<|z| <2}

f) Q:{ZGC: |z <1 A argze(—ﬂ',ﬂ'>\{0}}§

g) ={z€C: 22| < |1+ 2%}
Solution:
a) Q={zeC: |z—i| <1 V |z+1i] <1}

. “
I -
INCA SR
A} ’
A 4
p— —
PR N
r o :
—7 T 1
» )
A 4

() is open, but not connected, and therefore §2 is not a domain.

b) Q={z€C: [z—-1]<1 A |z—2| <2}

P
NN
—

WO 12 4

L R

() is open and connected set, and therefore €2 is a domain.

c) Q={z€C: |z—-1] < |z+1]}.

Q

() is open and connected set, and therefore €2 is a domain.
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Q={zeC: |z+1| >2z|} =

= {x+iy:

= {x+iy:

= {:E+z'y:
= {x+iy:

(z+ 1) +y° > 4(2® +y2)} =

307 +3y* — 22— 1 <0} =

2 1

2 2
—sx—-<0;p=

Tty 3IE 3 }

=T e

K4 - >
ANINEINNNY
L} 1
; }
_1 1 1
3 3 g
. 4

() is open and connected set, and therefore €2 is a domain.

e) Q={z€C: 1<|z] <2}.

2t
l’ —“\
) A= .
PN SR
" Y )
+ 1 1
\ ‘\ ‘]_ 2
B\ e = ’
N ’
N ¢
~~~___¢'

() is open and connected set, and therefore €2 is a domain.

f) Q={z€C: |z] <1 A argz € (—m,m) \ {0}}.

() is open and connected set, and therefore €2 is a domain.
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QO={2€C: 22| <|1+ 2%} =
={z+iy: 42" +¢°) < (142> —y*)’ +42%y°} =
:{x+iy: 4:U2+4y2<1+x4+y4+2x2—2y2—2x2y2+4:p2y2}:
:{x+iy: 0<1+I4+y4—2x2—6y2—|—2x2y2}:
={z+iy: (®+y* -1 —4y* >0} =
={z+iy: @+ -1+2) " +y* —1-2) >0} =

={z+iy: [+ (y+1)°-2)z"+({y—-1)>-2]>0}.

() is open, but not connected set, and therefore €2 is not a domain.

EXERCISE 23.

Find all of the points where the function f has a derivative and the points where it is
holomorphic, if

a) f(z):=Rez; e) f(z):= 1
b) f(z) = [2*];

f) f(z):= 2%z
c) f(z):= ze* )
Solution:

a)
f(a:—H’y):\:v/Jr 0 -

=u(zy)  =w(zy)

For every (z,y) € R? we have that

ou v
o —1 _ v
o =140= ey,

and because of that it follows that the function f does not have a derivative anywhere
and the function f is not holomorphic at any point.
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b)

F@+iy) = (@ + i) = (o + ig])? = % + 42 So f =+ iv, where u(z,y) == 22 + 3
and v(z,y) = 0.

ou ov

& (z,y) = (0,0),
e =2 = —Slwy) =0
ay 7y - y - ax 7y -

and at the same time the functions u and v are differentiable in R?, and therefore
f has a derivative (only) in the point 0 ant it is not holomorphic anywhere.

flz+1iy) = (x +iy)e®(cosy +isiny) =

= ze” cosy — ye” siny +i (ze” siny + ye® cosy) .

=u(z,y) =w(z,y)

Functions u and v are differentiable in R2,

au x X X 3
8—x(x,y) = e®cosy + xe® cosy — ye” siny,
8/0 X X X 3
a—y(a:,y) = xe” cosy + e” cosy — ye' siny,
and
ou
8—(x, y) = —ze®siny — e” siny — ye” cosy,
Y
v T T T
—%(x,y) = — (e"siny + xze” siny + ye cosy) .
So % = g—; and g—z = _g_:: in R?, and therefore f is holomorphic everywhere in C and

f'(z) exists at every z € C.

(f’(z) = fl(z +iy) = (% + ig—Z) (T,y) ==& + zez.)

flatiy) = (@ —iy)vVa* +y* = ava® +y> +i (—yv/a” + y°).

—u(z,y) =w(z,y)

From this, it follows that for every (z,y) € R*\ {(0,0)} we have that

ou x?
_ , — 2+ 2_'_—
Tl = VR

ov y?
—(z,y) = /22 +y? — —— <0,
ay( y)=—Vr*+y Ea

and therefore: if z # 0, then f'(z) does not exist.

> 0,
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It remains to prove or disprove the existence of the derivative at the point 0:

z)— f(0 AN
0=y £ -1y -

, |z| (cos(arg z) — isin(arg 2)) - | 2|
= 11Im =
z—=0  |z| (cos (arg z) + isin (arg z))

= lir% [|z] - (cos (—2arg z) 4+ isin (—2arg z))] = 0,
z—>

because Vz # 0: |cos(—2argz) + isin(—2argz)| = 1.

Summary: the function f has a derivative only at the point 0, and therefore f is not
holomorphic at any point.

fla+iy) = — rle—iy) o +@'< &>

T+iy 22 +y° 2 4+ y? Y
=wu(z,y) =w(z,y)

For every (z,y) € R*\ {(0,0)} we have that

%(x y) = 2z(a® +y°) — 2’20 2xy?

or’ (2% + y?)? (22 +y?)?

@(x y) = —w(a? +y?) +ay2y a2’ +ay?

By (22 + y2)? (22 1 2)2

au( ) —2%2y

—( - @<

oy VT

@(x y) = —y@® +y°) fay2e 2Py —y

o (22 + y2)2 (22 + y2)2’

and therefore the derivative can exist only in the points x + iy where

( 2y a(—a’+ y2)) .\ ( 2%y y(a® — y2)) |

(22 + 42)2 - (22 + 42)?2 (22 + y2)? - (22 + 42)?2

that is

((x?xf;v - <x2_+$;>2) " <<x+yy> - <x2_+y;>2> '

It is easy to observe that this system of equations has no solution.

Summary: the function f does not have a derivative at any point, and therefore it is not
holomorphic at any point.

flz+iy) = (2° — y° + 2izy) (x — iy) =
=2° — ay® + 2xy° +i(—2?y + y* + 20%y) =
=2 + 2y +i (v° + 2%y) .

=w(z,y) =w(z,y)
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The functions v and v are differentiable in R?, and for every (z,y) € R? we have that

ou ou
5 (0 y) = 327 + y7, a—y(w, y) = 2y,
ov ov
8—y(l’,y) = 3y° + 27, — o, (T y) = —2uy.

From this, it follows that the derivative exists in all such points x +1iy for which 2% = 2y/?
and 4xy = 0. There is only one such point, which is z = 0+ 0 = 0.

Summary: the function f has a derivative only in the point 0

B ou Ov

= —(0,0) +2=(0,0) = 0), 1t 1s not holomorphic anywhere.
(0 5 0,0 3 0,0) =0), it i hol hi h
x x
g)
flx+iy) =2 —y* + 2y + 22+ 2iy — 1 = 2% — y* + 20 — 1 +i 22y + 2y) .
—ulw,y) —0(z,)
For every (z,y) € R? we have that

ou ov
)= 242 = Fa),
ou ov
= — —2 = ——
o (z,) y 5, V),

and because the functions u a v are moreover differentiable in R?, we have

ou ov

f/(z):%(x,y)+ia—x(x7y):...:22+2

for every z = x 4+ 1y. The function f has the derivative at every point z € C and it is
holomorphic at every point z € C.

EXERCISE 24.
Determine, if the function ® is harmonic on the domain €2, where

a) ®(z,y) :=2*—y*+2022, Q=C;
b) ®(z,y) = rs +2* —y* +a —y, @ =C\{0}.
Solution:

a) Obviously ® € C*°(R?) and for every (z,y) € R? we have that

0% 0%
Ad(z,y) = @(%y) + a_yg('ray) =2-2=0,

therefore ® is harmonic in C.
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b) ® € C*(R*\ {(0,0)}) and for every (z,y) # (0,0) we have that

od 22 +y? — 22x

%(x,y) = W—i‘Q(E—i‘l,

920 (22 4 )2 — (—22 4 2222 - uy2)22
ey) = z(z® +y°) (290 Y727y 2

Ox (2% 4 y2)*

0P —x2y

P (w,y) = oy -1

0*®  2x(a® 4 y?)? 4 20y2(2 + )2y

——(z,y) = —2.

02 (22 + y2)t

From this, it follows that

—2x(2? + 4?) — da(y? — 2?) N —2z(2? + y?) + 8xy?

Ad(z,y) = (22 + 2)8 (22 + 2)?

=0,

and therefore ® is harmonic in C\ {0}.

EXERCISE 25.
Find (if it exists) a holomorphic function f = u + iv, f: Q — C, where

a) u(x,y) :=z* — 3zy* — 2y, Q = C;
¢) u(z,y) =32 —y*+ 3z +y, Q=C;

d) u(z,y) =2 —y* +br+y— =L, Q=C\{0}.

Solution:
a)
%(%y) = 32" =3y’ = g—Z(I,y) = v(z,y) =32y — 1y’ + ¢(2),
0 9]
a—Z(m,y) = —6ry — 2= —8—;(x,y) = —6zy — ¢'(x) = () =2r+c¢, cER,

and therefore

flz+iy) = (2° — 32y* — 2y) +i(32°y — y* + 22+ ¢), c€R.

(You can simplify this to f(z) = 2* +2zi +ci, c € R.)

39



ou 2xy ov 2zy
After the change of variables 22 + y? =t (2x dz = dt) we get
/ 2y d dt -1 —y
_—_— Tr = —_— = _—
(22 + y2)2 Y| 32 =975 22 + 2’
and therefore
viz,y) = — i ©(y).
Plugging this into the second Cauchy-Riemann condition we get
ou y? — 22 ov y? — 22 ,
a..\% = 7 9, oo a = 7 9, o9 = =6 € Ra
5 (& Y) YL ay(ﬂv Y) CEYOE +¢'(y) ply) =c, c

and therefore

f(2) = fla +iy) = 5— +z‘( Y +c):§+ci,c€R.

.172 + yZ 1‘2 + yQ
c) ou ou
M) = M y) = -2y +1
o (0 Y) = 62 +3, ay(ﬂc‘,y) y+1,
0%*u 0%*u
@(l’,@/)—ﬁ, a_yg(x7y)__27

and therefore
Au(z,y) # 0 for every (z,y) v R?.

Function « is not harmonic on 2, and therefore the required function f does not exist.

d)
ou 2xy v
%(ﬂiay) =2$+5+m = 8_y('ruy)
NS
x
U(.T, y) = ny + 5y — m -+ QO(ZL')
Furthermore
ou y? — 2? v y? — 22 ,
ou — oyl L - — oyt L T
ay(x,y) y+1+ CEEE 9 ) y+ CEE ¢'(z)
NS
() = -1.

From this we can easily obtain that v(z,y) = 2zy + by — Zig —vte ceR

The sought-after function is

. x
x2+y2)+2(2xy+5y—m—x+c), c € R,

flz+iy) = (xQ—y2+5m+y—

which is )
f(z):22+(5—i)z—1—l—ci, ceR.
z
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EXERCISE 26.
Let u(z,y) := x® — 3zy* — 2y + 2. Find (if it exists) a holomorphic function f = u + iv,
f: C— C, where

a) f(0)=1;
b) f(1) =3 —1i.
Solution:

Similarly to the solution to Exercise 25 a) we can find out that
f(x +iy) = (2° — 3zvy® — 2y + 2) +i(32%y — y° + 22 + ¢), where ¢ € R.

a) The requirement

F0) = F(0+0i) = 2 +ic = i

obviously cannot be satisfied by any choice of ¢ € R. The function f with the required
properties does not exist.

b) We want to satisfy the condition
f)=f1+0)=3+i2+c)=3—1,
and therefore 2 + ¢ = —1, which is ¢ = —3. So the required function exists, it is

flz+iy) = (2* — 3zy® — 2y + 2) +i(32%y — y* + 22 — 3).

EXERCISE 27.
Find (if it exists) a holomorphic function f =u+ iv, f: Q — C, where

a) v(z,y) = —3xy*+2°+5, Q=C;
b) v(x,y) ;= arctan Z, 1 = {z € C: Rez > 0}.

Solution:

a)

ov ou 9

8_y($’y) ——ny—%(:c,y) = u(x,y) = =37y + o(y),
v ) 2 u . 2 / 3
8‘,E(af,y)—i%y 3 —ay(x,y)— 32°+¢'(y) = wly) =y +c ceR,

and therefore

flz +iy) = (=32%y + v + ¢) +i(=32y* + 2° +5), c€R,

which is
f(z) =c+iz’ +5i, ce R.
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T ou

: (2.1)
= — = — = —
1+2 = 22+y> Oz Y

and therefore .
u(z,y) = 5 (@ +9°) + ¢(y).
Plugging this into the second C-R condition

LA S S NN R T
ox ’y71+y_ 2 224y Oy ’yiaﬁ—i—yz

2

we get
o(y)=c, ceR.

The sought function on the set €2 is

flx+iy) =In/22 4+ y>+ c+iarg(r +iy), c € R,

which is
f(z)=c+Ilnz, ceR.

EXERCISE 28.
Let Q:={z € C: Rez > 0}. Let v(z,y) := 1 +arctan £. Find (if it exists) a holomorphic
function f =u +iv, f: Q — C, where

a) f(3) =In3+6+ 7
b) f(e) =1—1.

Solution:
Similarly to the Excercise 27 b) we have

flz+iy) =In x2+y2+c+i<arctang+1>, c €R.
T

fB3+0i))=In3+c+i=In3+6+i = c=6,

and therefore

flz+iy) = In/22 + 32 +6+Z<arctang+l> in Q.

VeeR: fle4+0i)=1+c+i#1—1.

The sought function f does not exist.
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EXERCISE 29.
Prove that even though the function

v(x,y) = In(z* + %)

is harmonic on (doubly connected) domain C\{0}, there does not exist a function v : R? — R,
such that f := w + v is holomorphic in C\ {0}.

Solution:
Clearly v € C>*°(R?\ {(0,0)}), and for every (x,y) € R*\ {(0,0)}:

Jv 2z

%(Ivy> = m7

821)( ) 2(x% +y?) — 222x  2(y* — 2?)
—\ T = =

oz Y (22 + 42)? (22 + 42)2

and therefore (the partial derivatives with respect to y are analogous)

2(y* — %) | 202 —9?)
(2 +y?)? (22 +y?)?

Av(z,y) = = 0.

We've proven that the function v is on C\ {0} harmonic.

Let us assume, for contradiction, that there is a function v with the properties stated
above. Then for (z,y) € R?, such that z + iy € Q; := {z € C: Rez > 0}, we have

_@(x )= — 20 _ Ou
o Y T T T By

(z,9),

1
and therefore (if we use the change of variables v_ t, —dy = dt)
x x

u(w,y) =/ Z—xdyZ

a2 42

2 d
= /———y2 — —2arctan 2 + o(x).
ol (g) x

T

Let us plug that into the second C-R condition

ov 2y ou 2y ,
ay(xvy) - .732 +y2 - 8x<x’y) - .T2 +y2 +()0 <$>
to figure out that
u(z,y) = —2arctan Lo cp for some ¢; € R.
x

Similarly there must exist a ¢ € R, such that for every z +iy € Qy := {z € C: Rez <0}
we have

u(z,y) = —2 arctan% + ¢o.
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At the same time the function w is continuous on R?\ {(0,0)} (at every point R?\ {(0,0)}
it must be differentiable), and therefore

xlggl_ u(z,1) = u(0,1) = mll)r& u(z, 1).
I I
T+ C —T+

From this, it follows that

2 = C1 — Ca.

Analogously
lim w(z,—1) = w(0,—-1) = lim wu(x,—1),

z—0— z—0+

—T + Co T+ C

and therefore

2T = ¢y — C.

This leads us to the fact that
2r =c1 —cp = —(ca — 1) = —2m,

which is a contradiction. The sought function v does not exist.
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EXERCISE 30.
Find the rotational angle and extensibility coefficient of the function f at the point zy, where

a) J(2) = ¢, 20 = —1 - 5is

b) f(z):= 23 20 = =3 + 4i;

Solution:

a)

[f'(z0)] = le*| = |7 73] =

)

[ | —

which is the extensibility coefficient of the function f at the point 2z, (and % < 1 implies
that it is a contraction).

’ 1 ™ .., T 1 T
arg f'(z9) = arg | — <cos 5~ 7 8in 5) = arg - =-5
e —

which is the rotational angle of the function f at the point zj.

b) 29 =5 (cos (3 + arctan 3) + isin (Z + arctan 2)), and therefore

3 3
f'(20) =325 =3-25 (cos <7T + 2 arctan 4_1> + isin <7r + 2 arctan Z)) :

From this we get

|f'(20)] = 75 ... extensibility coefficient of the function f at zj
(75 > 1, therefore it is a dilatation),
3
arg f'(z9) = —m + 2 arctan 1 rotational angle of the function f at the point z.
c)

gy Z—i—(z+4) =20

@ -2 (-0

-2
f'(20) = = 21,

and therefore

1< |f'(20)] =2 ... extensibility coefficient of f at zy (dilatation),

arg f'(z) = . rotational angle f at 2.

s
2
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EXERCISE 31.
Determine at which points of the complex plane is the given mapping a contraction:

a) f(z):=2
b) f(z) :=In(z +4).
Solution:

a) f'(z) = 2. Therefore for z € C:

-2
0<|f'(z) <1« ‘—2 <le2<2P & V2<z.
z

The mapping f is a contraction in every point of the set {z eC: |z] > \/5}

AN Y
NNNRNNENNNNN N
NNANNNNE NN
NNNNS S T FENNNNN
N NN\
NANAY U\
NN N\
\\\bx Q/Z\\
NN AN NN N
NNANUNNENNNNN N
NANNNNNRNNNNNN

ANNNR NN

b) f'(z) exists in C\{z +iy: y=0 A z < —4} =: Q. For every z € Q we have that

1
/ —
el = |
0I<——<1 & 1<|z+4].
|z + 4

The mapping f is a contraction at every point of the set

{zeC: |z4+4]>1}\{x+iy: y=0 A =z < —4}.
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EXERCISE 32.

Draw the sets Q and f(Q) = {f(2):

z € Q}, where?

a) Q=U(1,2), f(z) :=1-2iz
b) Q={2€C: Rez <1}, f(2):=(1+i)z+1;
) Q=U(L,2), f(z):=1
e) Q=U(1,2), f(z) = &L,
f) Q={2€C: Rez <1}, f(z):=1;
g) Q={z€C: Rez <1}, f(2) = =
h) Q= {2 €C: Rez <1}, f(z):= Z5;
i) Q={2z€C: Rez<0 A Imz <0}, f(2) 3:%3
j) ={2€C: Rez>0 A Imz>0}, f(z):= :&7
k) Q={2€C: —1<Rez<0 A Imz <0}, f(2) ¢=§—I§?
) Q={2z€C: |2 <1 A Rez<0 A Imz>0}, f(z):=%.
Solution:
a) Q=U(1,2), f(z):=1-2iz, f(Q) =U(1—2i,4).
RAANS e "‘— Z‘~~~
l" Q ‘\\ . l" “
k —1z [ k
I + I _) ! —i7 :
1 1 ; v v
\~~~--— > ~~~~-_3:&.
122
’ ’ “ 1+Z l’ “
— 24 foe : — w2 :
f(Q)
—6it - eyt

2 A hint for some of the following evercises. Realize (and prove) that:

f is conformal in the set 2 C C,
A, BCQ

47
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b) Q={z€C: Rez< 1}, f(z)=1+1i)z+1,

F) =14i+1=2+1i
2 +1,

f(1+14)

{z€C: Rez+Imz < 3}.

and therefore (think it through!) f(€Q)

o/ ANC

K
ks
7

SN,
o Aa A L~

SIS
SIS LSAS S S
T S AT
RN S
SIS SIS TS
LSS AN
IR
SIS ISAS S S S
SIS IS IA SIS
SIS LIRSS
SIS IAS S
SIITISAS SIS
CSISIIAS SIS S
LSS S SRS S S S S

—

c) Q=U(1,2), f(z2):=

5

1
1+2

F(1+2i) =

12
\U(-=2,2).
Coo U( 3,3)

and therefore f(2)

—ln =4
\\1_51 Ul
? S
+ —
’ S
1 —lo aho
1 _ 1 _ i
k [}
p ’
o )
II o ==
»
11. _e” c
SN—
S—
LT
b4 >
4 P
v »
7 1Y
4 \
¥ 1
ooty —,CG
l¢ 1
A ’
+ 7
IR /
A o ’

2iz
2437

U(1,2), f(2):

d) Q

2i(1 + 24)
442

F1+2i) =

and therefore f(2) = U(0,1).
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U(L,2), f(z):=

e) Q

B 2
C244i—6

F(1+2i)

1
{zE(C: Rez<z}.

and therefore f(2)

|

tm = Om/= = ==

LSS \w\\\\
SIS S TS
SSLLS Y Ny
AN A S IR 4
A A S A4
N A S AN
SIS SIS S s

VAV A Y SV and

1
P

f) Q={ze€C: Rez< 1}, f(z):=

11
2'2)°

e (

and therefore f(€2)
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SISSIIV ST S
SIS
LSS LSS S S s
SIS S S S
SIS AN S Sy
H\\\\, oSS s

-~ - A
VYD rrrrY,
SIS
A NI
oo s
SIS
(eI 2A e
SIS
LSS NS S
7

7
S S N= S s
S LS AT S,
oSS S S s
SN S S S S S s
SN S S S S S s

IS S S A

S S S S S

z
z—1+1)

g) Q={ze€C: Rez< 1}, f(z):=

{z€C: Imz>Rez—1}.

and therefore f(2)

PN
TN
S S >
LLLALA,
7 LL AV R
SN
AV
A,
|||||||| -] = === -
SN S S s
SN S S S S S s
” 7
S S S SN =SS S s
S LS S
S SS SSSS s
S SN S S S S S s
S SN S S S S S s
LSS S SN S S S S S

z
z—

h) Q={2€C: Rez< 1}, f(2):=

and therefore f(Q2) = U(0,1).

\\Yli
RGN
TSNS S
YOS SN ST A

\.—
_\\m/ SIS
NSNS A
O R
AL LA
|||||||| - ] = === -
SIS S
SN S S S S S
S S S S S NS S
SIS LSS S S S
SIS SRS S S S S
SIS LSS SN S S S S S
LSS SIS S S S S S
LSS S S K S S S S
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i) Q={2€C: Rez<0 A Imz <0}, f(z):=1,

01 NQy, where y := {2z € C: Rez <0}, Q:={2€C: Imz <0},

and thereforeze 2

S S S
S S S S S
S S S S S
S S SSS
S S S S
m\\\\\\
S S S S SN S SSSSS S S S S S
S S SN S S S S SS S S S S S
S S SN S S S S S S S S S S S
S S SN S S S S S S S
SSS S S SYSS S S S S S S S S S
e Y N s
=1 =1
S
S S S s
S S S s
S S S s
SSS S S s
SSS S S s
S S S SY S SSSSS S S S s
S S SN SS S S S S S S s
S S SN S S S S S S s
S S S S S S S S S S S s
S SN SSSSSS S S S S s
S S S S S V' S S

je

{z€C: Rez<0 A Imz > 0}.

f(Q1)N f(8e) =

f(Q)

SIS
SSLLSS
ANV
s
SIS
LSS

s 7 7 7 7 A

7
S S S s
LSS LSS s
eV e
S sS s S S s
S S S S s
S S S S S

j) Q={2€C: Rez>0 A Imz >0}, f(z):=




S S
LSS S
LSS
LSS S
S S
LSS

S
S S
S S S S
S S S
S SSS
S S S

S S S S
S S s
S S s
S S S S s
S S S S s
S S S S s

‘S S S
LSS S
S S
LSS S
S S S
LSS

LSS S

LSS S
S S S
LSS S
S S S
S S S
S S

and therefore

|zl <1 A Imz > 0}.

fQ) ={zecC

R ar

S

LSS
S
LTSS
SIS S
LSS

={zeC:

k) Q

o~

- N <
Q| R (o —

I [ e

.. — ~—
S~—
f __ ~ |

; SEy R
= SRR
vV | Q,m — = ]
S | | | I I
E o= o =
— ~ ~—
< S~ S—
e}

V

N

Q
~

V
i

_

1+ 24
5

1
—1+2i
1+ 2i,

f(=1419) =

f(=1—1)

LSS SRS
SIS LLL S AT
SIS T AS S
i /7
/) s/
S —s
S SIS
AN NI
SIS S SRS S
SILSSSSSAS S S
SISSSSSSAS S
LSS LIS S S
|
SSSSSIRS S S S s
SILLLSNSS ST
SILLSSNS SIS
SILSS SIS TS
SIISI IR
SILSSSNS ST S
SLSLLSN LSS TS
Lk h Sk Lt | O

o2



SIS SN SSSSSRSSSS S
LSS S SSSSSSAS S S ST
LSS S SISS SIS S S
LSS S SIS SIS S S S S
LSS S LSS SNSS S
SIS S S A NS
LSS S SIS (/7 /,
LSS S SIS SIS S
SIS S SIS ST S S ST
LSS S SSSSSSAS S SIS
LSS S SIS SSIAS S S S S
LSS SIS SRS S ST S

SIS
SLSST
SIS
SIS
SIS
SIS
SIS SN SIS
LSS SIS
SIS SN SS SIS
SIS S SIS
SIS SN ST
LIS s SIS

and therefore

{zeC: Imz>0 A |[z—(1+4+1i)|>1 A |z]| >1}.

f(©)

YIRS
S
YN IE

VLl il

z
z—1’

2] <1 A Rez <0 A Imz >0}, f(2):=

) Q={zeC:

Yavardraahdv anlD b oyl o
SSSSS SN S SIS S
SIS LSS S
SIS S ATy s
oo N s
SIS SIS S SIS S
SIS S SIS S SIS S
LSS SIS S S S S

7T T
SN A
LS SANS S A
LN
WAL NS A
AN
AN S f

'\l'l\\\\
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SIS IS S SIS
LSS S LSS
S AN, SSSSSS
LSS NEAA SSSS ST
CSSSA TS S SIS
SIS S SIS
LSS SSAN ST LSS
CLLSSSAS S S S SSSS S
LSS SIAN S ST SIS
LSS SIANS ST SIS
CLLLIIAN S S SIS
SIS SIS
f% pfﬁ

SIS S

LSS

SIS

SIS

S

LSS

LSS SLLLS SN
SIS SLLSS SN
SIS SLLSS IS
LSS SLLSSIHS ST
LSS SLSLS SN ST
S Ss SIS SES ST

and therefore

z — —

1

zeC: Rez<§ Almz<0 A

ro-{

T+

N
\

IO == > =
\\\\\\\

EXERCISE 33.

Find a linear fractional function f such that

a) f(=1) =0, f(i)

2, f(1+14)=1—1i

o0, f(6) =0, f(o0) =3;

b) f(i)

Solution

a) Let us search for the function f of the form

for z € C,
:OO,

for 2

az+b
cz+d
54

{g

where a,b,c,d € C, ad # be.



From the given conditions we get the system of equations

—a+b
—c+d:O
ai+b
ci+d
a(l+i)+b
c(l+14)+d

Y

2,
— .

From the first equation follows that a = b. We can choose (think about why!) a =b = 1.

The remaining two equations then become

i+1 )y

= 2z

ci+d ’

2+ 1
=1-—
c(1+14)+d ’

and therefore

i+1=—2c+ 2id,
24+i= 2c+d—di.

Adding these two equations we get 3 + 2i = d + id, and therefore

d_3+%_5—i
144 27

It remains to compute c:
. : 1 . .
2e=2+1i—d(1—1) :24—2—5(4—62) = 44,

and therefore ¢ = 21.

Conclusion:
z+1 22+ 2
2zt dits—i O
f(z) = 2
1 1
— = —— = 00.
2% 2 -
b) Let
b
azid for z € C,
cz
f=14¢
— for z = 0.
c
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From the condition

it follows that we can choose a = 3 and ¢ = 1. And the rest is easy:

B 6a + b B
C 6z4+d

fli)=00 = ci+d=0 = d= —ci=—i.

£(6) 0 = b=—6a=—18,

Summary:
3z —18
C
EE e
3, Z =00
c) Let
azi—z for z € C,
cz
f)=4 ¢
— for z = 00
c
Analyzing the conditions we get
b . .
f(O):a:z = we can choose b=1, d = —i,
+ b
f(i):“?idzo = aitb=0 = ai+1=0 = a=i,
ci
—a+b
f(=1) = aid:—i = —a+b=—i(—c+d) = c=
—c
and therefore
] 1
ZZ+, -, z€C,
1(2) = (=1 —2i)z —1
1 2
=————, z=o00.
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EXERCISE 34.
Find the linear function, which maps the square with the vertices 0, 1 —4, 2, 1+ onto the
square with the vertices 1 +14, —1+17, —1 —1, 1 — 1.

Solution:

it -
_il

N
lm—)eizz 2= z—1—1

21

V/2i

22z

Composing the functions z — €'%, z — v/2z and z — 2z — 1 — i we get

f(z) = (\/5 (eigz)> —1—¢=

= (1+i)z—1—14

that is

f(z)=(0+14i)(z—1).

EXERCISE 35.
Let

Q={z€C: Rez>Imz}.

Find the linear fractional function f, such that f() = U(0,1).
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Solution:

'\\
I{\\ 4-\'\.~~
i AANNY LANNRNN S,
LANNNY PODINN AN
LANANNY ~Nf(Q) NN
LN : N L
RAARN 1 NN\ NN\ \\\1
EORARARRERARR SONNNNNNN,
ANNNNNY Y SNNNNNNY
ANNNNNN O 0 SN NSV
SANNNNNNN W T
AN
We start with finding the linear fractional function
az+b
for z € C,
= cz+d
f(z) =
a
- for z = oo,
c

such that f(0) = —1, f(1+4i) =i and f(oc0) = 1.
Then

(1IN
/

and f(Q) is either U(0,1) (then we would set f := f), or f(2) = Co, N U(0,1) (then we
would choose [ := %)
Solving the system of equations

b
Z -
d ?
a(l+i)+b .
; =1,
c(l+1)+d
a_,
c
we get
14
~ : —H,, z € C,
flo=q=+1-1
1, zZ = 00,
and because
~ 1 —14+2 1
1‘: _ — V5 <1,
f(1) ‘2—2’ ’ 5 5\/_




we pick f:= f, that is

B
Z—ﬂ for z € C,
fe) =4 #F T
1 for z = oo.

EXERCISE 36.
Find a conformal mapping, which maps the domain

Q={ze€C: |z| <1 A Rez>0}

onto the domain
{z€C: Imz > 0}.

Solution:
~N NN NN NN NN N
NONONNNN RN NN N
NNNNNNNNNNNNN
PR T NNNNNNNNNNNNN
e NN NONNNNN NMNNNNNN
, N\Y NONONNNN RN NN N
I’ N [\ NN
. NN 1 ’
RN\
<A

Let us consider the linear fractional function f; such that fi(7) = co and f;(—i) = 0. Then
the images of the circle {z € C: |z| =1} and the line {z € C: Rez = 0} (by f1) are clearly
lines with the intersection at 0 with the “angle” 7. We can choose for example

zZ4+1
-, z2€C,
Z—1
fi(z) =
1, zZ = 00.
Then
fl(O) = -1, f1(i> = 00, fl(_i) =0a fl(l) =1,
SNNNONN NN RN NN
NN N AONANNNNRNNNNN N
NNNNNN AONNUNNURNNNNNY
NANNNN ANONANNNRNNNNN N
NANNNN f AONANNNNRNNNNNN
NANNNNN 1 ANONANNNNRNNNNN N
NNNNNN
NANNNN
NANNNN
NN
NN
NN
NN
NN
ceS e, AN
& . AN NN
K s NANNNN
, 3 ﬁ,\ NN
) 1 NN
1 K NNNNNN
“\ v NANNNN
DD NENE A NOANNNNN
NN
AN\
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and therefore

SNONNNNRNNNANNN
NONNNNNRINNNNNN
NONNNNNRINNNNNN
Lo KX NONNNNNRINNNNNN
’ N\, NONNNNNRINNNNNN
! NN\ NONNNNN R NNNNNN
] . E—
v s\xl
\\\—L>>

\\\\\\\\\\\

S S S
S S S S
S S S S
S S S
S S S
S S S

Summary: one of the functions with the required properties is the function defined on €2

iz 2+ ? 2+’ PERAW
(e 24 - (29 -(2)

EXERCISE 37.
Let

Q={z€C: Rez>0 A Imz < 0}.

Find the linear fractional function f such that

f()={2z€C: |z| <1 A Rez<0}.

<\’\* "~\\\
AN\ .
f SIQ

NSNS ? SN ;
NANNNNN —1 \\ /
NN\ ‘NN !
NN 20NN\ NNy .
NANNNNN Rk e
NANNNNN
NN N NN

We firstly find the linear fractional function f* such that

fH0) =4,
fr(o0) = —i,
f*(_l) = o0,

60



that is the function

Y E C?
—1, Z =00
Then clearly either
LAY .
NN .
,(f*<82) \\
ETNNN /
SN\ ’
AN /
~\__ _-7
(then we would define f := f*), or
RENY
! S (S0
; N
' NN\N\1
'\ NN\
\ \\>/
SN

(which would lead us to the definition f := —f*).
Because f*(i) = llﬁ = 1 (the first possibility is realized), we choose

—12 +1 cC

1 z )
f2) = fr(z)=¢ #H1

—1, zZ=00

EXERCISE 38.
Find the conformal mapping which maps the domain

Q={z€C: Rez>Imz> 0}
onto U(0,1).

Solution:

\
4
4

AY

VOISR
S
/N

=~
aZs

L 2
SN S S S
SN S S S
ISNSS

7
SIS S
VSIS

K&
\.(’_‘4- /’,

VSN S S A

i
(4

N
4
/
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Let us first consider the mapping z — z*.

S
LSS S
S S S S
S S S S
S S S S
S S S S

S S SSS
S S S S
S S S S
S S S S
S S S S
S

e

<t
N
\—/
N

WSS
S
s
/s
IN\

<,

Then we find the linear fractional function f* such that

&) 8
W 1
N NS
1717 - s
Il | _
= HE o
P LS s
~ —— —
I
—
R
*
S

that is

Clearly either

LT

4
\\\

Y
\ V%

<

S
LSS S
LSS S
LSS S
S S S S
LSS S

LSS S
LSS S
LSS S S
LSS S
S S S S
ST

(in which case we would (for z € Q) define f(z) := f*(z*)), or®

S SA S S
LSS SN S
LSS SN S
LSS TS
LSS S
S NS
S R A
SAAIN RAAIE
LSS T eSS
LSS SN S S S
LSS SN S S S S
SISSSA LSS
N

*

Sy
S
LSS
LSS S
LSS S
LSS
LSS
LSS S
LSS S
LSS
LSS
LSS
LSS

in Q).

1
f(z*)

00, the second case arose. We choose (for z € )

(then we would define f(z) :
Because f*(7)

izt + 1

1

f(@).

3For the right-hand-side image we need to imagine that co
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EXERCISE 39.

Find the images of the lines parallel to the real and imaginary axes by the mapping

f(z) := 21 (consider the lines together with the point co).

Solution:
For 0 < ¢ € R we have that

f(0) = co, f(o0) =0,

fi) = —i, flo=
fl=i)= i flee)=—,

f1)= 1, f(ci) = —%@',
f(=1) =1, F(—ci) = %@

and therefore also

{z€C: Rez=0}U{oo} - {2z€C: Rez=0}U{oo},
{z€eC: Imz=0}U{oo} = {2€C: Imz=0}U{o0},

{zeC: Rez:c}u{oo}—>{ZE(C: z——

{z€C: Imz=c}U {0} —

{z€C: ITmz=—c}U{o0} —

{ZE(C
{zeC: Rez:—c}U{oo}—>{zeC; z—i—i
{ZEC

|
QQ
o~
(@)
-0
|
o=
|
Q=
~.
:éo
Q-
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EXERCISE 40.

Find the images of the sets

M,={2z€C: argz=a}and N, ={z € C: |z| =71},

where o € (—m, 7) and r € R, by the mapping f(z) := In 2.

Solution:

and therefore

Inz=1In|z| +iargz,

f(M,) ={2€C: Imz=a},

oY !

mit f(Mo)

W

—mi+

f(Ny) ={lnr+ik: ke (—m,m}.

|

A

R 4

—Th T l

64
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EXERCISE 41.

Compute

where

Solution:
Let us choose

Then

and

and therefore

3e™, te (0,1,
=qiB+35—1), te(35+3),
t—5-3, t€(5+3,5+6)

(’73> 3
(1) = 3ie®,
Y5(t) = 4,
v3(t) =1,

/]z\dz:/ ]z\dz—/ |z]dz+/ |z|dz =
2l 71 Y2 Y3
3

5 3
:/23-3ie”dt—/ tz’dt+/ tdt =
0 0 0

z 3
:9@'/ (cost +isint) dt—l—(l—i)/ tdt =
0 0

us us t2 3
= 9i[sint]§ + 9[cost]g + (1 —1) {5} =
0
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EXERCISE 42.

Compute
/23 dz,
2l

where

et te(—=5,m),

y(t) = 2t —4, t € (m,2m),

—2 4+ 6+ 20, te (2w 3m).

Solution:

It is enough to apply Cauchy’s theorem.

because f(z) := 2% is a holomorphic function on the simply connected domain C and 7 is

piecewise smooth closed curve in C.

EXERCISE 43.
Compute

/\z[?dz,
ol

where 7 is a simple, closed, piecewise smooth and positively oriented curve such that (7y) is
the boundary of the set

{z€C: |z| <2 A Imz > 0}.
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Solution:

(7) \\

Let us define the curves
T (t) = 2t e 0,7y,
Yo(t) ==t, t € (—2,2).

Then

and therefore

/\z|§dz:/ \z\zdz+/ |z|zdz =
i 7 72

™ 2
:/ 2-2e‘“-2¢e“dt+/ t|tdt =
0 —2

=0
:8i/ 1dt = 8mi.
0

EXERCISE 44.
Using the Cauchy’s integral formulas calculate the given integrals*

a)

2 .
/Z +Zdz, where k= {z€C: |z —2i| =1};
k

z

zZ+1
4 Convention. By the symbol fk f(2)dz, where k C C, we mean fv f(2) dz, where v is a simple, closed,

/szdz, where k= {z€C: |z +i|=1};
k

piecewise smooth and positively oriented curve such that (y) = k.
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/k%dz, where k={z€C: |z] =3}

/,C(zsiLZZz')?’dz’ where k= {z¢€C: |z] =3},

/ﬂdz, where k={z¢€ C: |z] =4},
k

22 — 72
f) 1
/k(zfﬁdz, where k={z¢€C: |z—-2|=1}
g)
/vi?%f)dz, where (t) := ge“, t € (0,2n);
h)

d -9 —4mit
/—Z where ~(t) := ~I—Te, t € (0,4);
”

/ dz

v (L=2)(z+2)(z — 1)

where v is a simple, closed, piecewise smooth and positively oriented curve such that
—2¢e€intvy, 1 €int v, 1 € ext 7.

Solution:

a)

. 2 159y . . .
The function “27“” is holomorphic on a simply connected domain

Q:={z€C: Imz>0}

and k = (y) C Q, and therefore it follows from the Cauchy’s theorem that

2 2
/Z+Zdz:/z+Z:0.
k z v z
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But we were supposed to use the Cauchy’s integral formulas. Which we can do for

example as

2.4 2ty 9 24

/Z +Zdz=/¥dz:2m’ {’Z “(2—21)} —0.
k2 Yy 220 z

/sinzd / sin z d
z = _— z =
R 2+ e )

=2mi[sinz],-_; =
i(=1) _ p—i(=1)
e e
T

=m(e—e ) =2rsinhl.

22 =72+ 10= (2 — 5)(z — 2), and therefore

sin z sinz
7" dx= ) dz =
/kzZ—7z+10 : /vz—Q :
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% \\
AN

sin z 2, B
/];mdz = ? [(SIHZ) ]z=2i =

= i [—sin z],o9; =

e 2 —¢?

= —mi = wsinh 2.

21
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DN e
[\J[StR

. e® cos(mz)
/e 205(772) dz :/ EA R o
y 22+ 2z v 2—=0

o {e COS(?TZ):| _
z+2 |,

1
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“8x around”

1

1
/ dz _ / (z—1)3 dz —
o (22 —1)° v (7 1)
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dz dz dz
/7(1 TG L - 2)(z+2)(z )2 +/72 I-2)G+2(-0)F

1 1

:/M@dzjt/w%dzz
— o ({(1 - Z)l(z - @')QL_Q * Km” ) B
= ori (ﬁﬁL K—z?—;w)l] :) -

33 i 1) {(—;Z—t i 2)2} :> -

(
:27”_(3—4@'+ 142 > g 3—4i+(1+2@')(8+6z’))
(

75 100

1= ——T.

3.4 4 22,> =411 1

EXERCISE 45.

Compute
144 i 9 .
a) [, e*dz; c) [, Z*sinzdz;
b) fOHi 23 dz; d) foz zsin zdz.
Solution:
a)
1+i .
/ e*dz = [e*]§T = e'(cos 1 +isinl) — 1 =
0
=ecosl—1+i(sinl)e.
b)



i i
22sinzdz = 22 sinz dz =
0 0 N T~

=u =

:cosi+[2,zsinz]é—2/ sinzdz =
0
= cosi + 2isini + 2[cos 2] =

1 _ 1

el +el el—e el 4+ el
T Y 1ot &

2 24 2
=3coshl —2sinh1 — 2

(twice we used integration by parts).

Q)

i
/ zsinzdz = [~z cos 2]j + [sin z]}) =
0

= —{cost +sin? =
= —jcoshl +isinh1 =

=i(sinh 1 — cosh 1) = —li
e

(we again integrated by parts).

EXERCISE 46.
Decide if the given series converges

n

nan>

8

a)

Il
,_.

n

b) 2_313%(1 + i)™

Solution:

oo
,i'fl
a) >, -5= converges absolutely, because
n=1

1

- <1
;<L

n2n

n

1
=— =
Un2
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b) > 3 (1+414)" converges absolutely, because
n=1

:\éﬁ\/i—>§<1.

n

3%(1 + )"

o) .
c) 21 () converges conditionally, because the series
n=

Sref) ¢ R (5 0)

n= n=

converges (it is enough to realize that

io: (=)™ B —1 N —1 N 1 N 1 N —1 N
13n—17_3-1—17 3-2—-17 3-3—-17 3-4—17 3-5-—-17 ’

and to use the Leibniz criterion on the series, and the easy observation that from the
convergence of the series a; 4+ as + az + - - - follows the convergence of the series 0 4 a; +
0+ as+0+as+---), and furthermore

Z (—i)

—~ 3n—17

1
3n — 17

5

(see the integral criterion).

EXERCISE 47.
Find the domain of convergence of a given series (that is find all z € C, for which the given

series converges).

o 1 1\7
a) Zﬁ(il)’

b) 3 (5+2).
Solution:

a) For z = 1 the series clearly diverges. For z € C\ {1} we have that

NI A | z+1 z+1
n2 \z—1 (v/n)” |2—1 z—1

and therefore the given series converges absolutely for every z € C such that !%ﬂ < 1,
and diverges for every z € C for which !‘Z—fﬂ > 1.

21| lz—l—l”‘_i : 0 1 (z41\7"
If |z—1 =1, we have |n2 (z—l) = ~3, and therefore the series ) >, = (Z_l) converges

absolutely.
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Summary: the given series converges (absolutely) for every

1
z+1’§1}:{z€C: Rez < 0}.

zE{zEC:

w
|

SIS S SN S S S s

LSS S SN S S S S S s
LSS SN S S S S S s
LSS SN S S S S S s

SN S S S S S s
S SN S S S S S s

b) Because for every z € C\ {0}

G| _ Il
(n+1)! z
| = —-0<1,
2 n—+1

n!

the series Y 7, Z converges absolutely in C. Because for every z € C\ {0}

n!

2l (/)
JR— _— = % _’
2" |2| |2]

the series $.°° . % converges absolutely for |z| > 1 and diverges for |z| < 1. If |2| = 1 we

n=1 zn
have
2

. 2 .
and therefore the series ) > | 2= diverges.

Let us now define

k=1
STL(Z) = Z k"
k=1 "
%ok - k2
Sn ( ) = Z ;
k=1

Then for every z € C and n € N we have that

sn(2) = sn(2) + 577(2),

st =sp(z) — sh(2),

and furthermore (we already know that) lim s¥ (z) € C for every z € C, and therefore for
every z € C we have that

lims,(z) € C < lims)*(z) € C.
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Summary: the given series covnerges (absolutely) on the set {z € C: |z| > 1}.

v
R
s
S
SIS

v
)
T

NS S S

1
A
A

SIS SN S S SSSS
VAN

S SN S S S S S
S S S SENRY S S S S

S S S SAS S S S S s
S

S S =

S S S s

SS SN S S S S S
S S S S S

S A
S/ S

EXERCISE 48.
Find the radius of convergence R of the given power series

a) > e) Y L2

n=1 n=1
b) 21 n"(z—1)" f) Z (cos(in))z";

X3z 2 . onon.
C) nz::l \/W’ g) nz::o(n n 2)2 ;
0 § o ) $

3n(n—i) (n+8)!"

n=0 n=0
Solution:
a)

L1 1
n2011 = (%)2011 - 17
and therefore
R=1
b)
Vnt=n — 0o
and therefore .
R=—=0
00
c) Because
3n 3 1 3

V22 vavian—3 V2

(it is enough to realize that for n > 3 we have that 1 < {/3n —2 < /n- /n — 1), and
therefore

R=YZ
3

7



sy | 1] n—i 1 ‘ 1-2
= —| == e
T D) 3in+1—1 31+~
and therefore
R=3
e)
("+1)n+1 n
(n+1)! 1 (n + 1)”(71 + 1) 1
e = =(14+—-] —e
’;L—! n+1 nn + n €
and therefore .
R=-.
e

cos(i(n.—i— 1)) ‘
cos(in)

ei(i(n+1)) _|_e—i(i(n+1))
eiin + e—iin

“(n+1) 4 o+l L
_ e e ¢

e~ 4 e N

n

3

(4}

1
o enen+1 + (&
1 _|_ 1

emen

— €,

and therefore

and therefore

R=1
h) 1
n 1
( +19)! = — 0,
s Y
and therefore
R =x

EXERCISE 49.

Find the sum of the power series in the disk of convergence

Y

a) zlnzn; b) 21%

78



(n? —n —2)z2".

1 []8

X on+1
c) Z2:+1 ) c)
n= n

d) gl(—l)"+1%;

0

Solution:
a) {/n — 1, and therefore the radius of convergence of a given series is 1.

For every z € C, |z| < 1 we have that

S ) ) o /
n __ n—1 __ —
n=1 n=1 n=1 n

:Z(izn)lzz(ljz)’:

n=1

b) Q/% — 1, therefore the radius of convergence is 1.

Let us define the function f(2) := > _°°, Z-. Then for every z € C, |z| < 1 we have that

n=1 n

)= =

1—2

n=1
From this, because
2] <1 = 1-2€eQ:={weC: |w-1| <1},

In'w=—vQ,

there is a ¢ € C such that for each z € C, |z| < 1 we have that
f(z)==In(1-2)+c
Furthermore f(0) = —In1+ ¢ =0, and therefore ¢ = 0.

Summary: for each z € C, |z| < 1 we have that

% =f(2) = —In(1 — 2).
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1
2n+3
1
2n+1

and therefore the radius of convergence is 1.
Let us define f(z) :=

— 1,

> o 227::111 Then for every z € C, |z| < 1 we have that

> 1
! o 2n __ _
FE=3 =
_1 -1 1 1

3.1 "3z +1
From that it follows that there is ¢ € C, such that for each z € C,|z| < 1 we have that

f(z) = —%ln(l —z) + %ln(l +z) +c.

And because 0 = f(0) = ¢ for each z € C, |z] < 1, we have that

OO »2n+1 1
Z ol ——ln(l —2)+ §1n(1 + 2).

n=0

d) /- +1 — 1, and therefore the radius of convergence is 1.

Let f(z) =3 2 (=1)" e Zn“ . Then for z € C, |z| < 1, we have that

[e.o]

fe) =2 = =3 (-

n=1 n=1
z+1-1
1+2

From that, it follows that there is a ¢ € C such that
fz)=z—In(1+2)+c¢

and because 0 = f(0) = ¢ we have

> n In(1+=z
Syt :{%ﬂz):l—%, 0< sl <1

o n+1 0, z=0.

— 1,

n>—n-—2
and therefore the radius of convergence is 1.

For every z € C, |z| < 1, we have that

(n+1)2—(n+1)—2‘

n=0

[e.9] o0
Z(n —n—2)z" —Zn an"—QZz”
n=0 n=0
(it is enough to realize that each of the series is absolutely convergent)
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Furthermore (|z| < 1):

[o.¢] o0 00
E nz”:E nzn:ZE nznlz
n=0 n=1 n=1
/
0 /
2" z
n 1—2
n=1
l—2+2 z
= o

o0 o0 00
E n22n — E 7’L22’n =z E TLQZn_l —
n=0 n=1 n=1

00 n / 0o /
2% "
=z n—|1]1 ==z an =
n
n=1 n=1

_Z( z )’ (1—2)2422(1—2)

= Z —

(1—-2)*

and therefore for every z € C, |z| < 1, we have that

S 2_ ., _ zn_22+z—z(1—z)—2(1—z)2_ 92— 4z
;(n 2)2" = EE =G
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EXERCISE 50.
Find the sum of the given series

0 3 ks b) > G

Solution:
Let us consider the function

n

f)=3 =

n=1

1
n27l
convergence 2. Therefore for every z € C, 0 < |z| < 2, we have that

Because — — %, the power series in the definition of the function f has the radius of

3

f,(z):ZZQn :ZZG)n:

o0 n—1 1 o0
n=1 n=

1
z

Therefore there is a ¢ € C for which f(z) = —In(2—2z)+c. And because f(0) =0 = —1In2+c,
for every z € C, |z| < 2 we have that

f(z)==In(2—2)+1In2.

i (=D" = f(-1)=—In3+mn2= 1n§.

n2n

n=1

EXERCISE 51.
Find the Taylor series of the function f centered at zy and find its radius of convergence,
where

a) f(z):= ﬁigﬂ zo = —1; e) f(z):=sin(32% +2), z = 0;
b) f(2) == %, 20 =0;
' £) f(2) = e 20 =3
c) f(z) =In{, % =0;
d) f(z):=e¥72 z=1; g) f(z):=sin’z, 2, = 0.
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Solution:

) -1 1

and therefore the radius of convergence is 2 and for every z € C, |z + 1| < 2, it holds,
that

11 1 2 1 1 1
A+z+1 '3 24z+1 12 1+ 61—z

and therefore the sought Taylor series has the radius of convergence 1.

For every z € C, |z| < 1, we have that
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c) Because clearly

SIS S SANS S S S S S
S S SRS

—_
S S S SANS S S S S
S S S SANS S S S S S
SN S S S
S S S S S SANS S S S

(0 — 0,1 oo, —1 +— 0), the radius of convergence is 1. For every z € C, |z| < 1 we
have that

oy 1=z 1T—z4+(1+2) 2 B

e =1 (1—22  (1+201-2)
2 > . on
—1_22:;2z2,

and therefore there is a ¢ € C such that

ZQn-‘rl

f(z>_;22n+1+c'

And because f(0) =0 = ¢, for every z € C, |z| < 1 we have that

e 2n+1

=Y 22

— on—+1

d) Clearly the radius of convergence is co. We know that for every z € C we have e* =

> 27, and therefore

n=0

f(z) — 63z—2 — 63(z—1)-|-1 _ 663(3_1) _

=3 ey

n=0

e) The radius of convergence is oo and for any z € C we have that

. o0 Z2n+1
Sin 2 = Z(—l) m,
n=0
e Z2n
cos z = Z(—l) @2n)
n=0



From this it follows that for every z € C we have that

f(2) = sin(32%) cos 2 + cos(32%) sin 2 =

32n+1

32n
o 4n+2 n 4n
g cos 2 - 2n n 1 + g sin2 - (—1) o) z

)
_ § CLnZQn

n=0

where ag, := [ and aggyq := ay, for every k € NU {0}.

Clearly the radius of convergence is 2. For every z € U(3,2) we have that

and

(1) - (=) 2w

= Z <_1)4n (n+2)(n+1)(z—3)"
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g) The radius of convergence is co and for any z € C we have that

~~

—~
2

N~—r
I
wn
—
=
N
|
I

EXERCISE 52.
Find the domain of convergence of the given Laurent series (that is find all z € C, for which
the given series converges).

a) > 2= Inlzn.

n=—oo

b Y G

Solution:
a)
n=-—00 n=0 n=1
1, =11
=2 5"t i
n=0 n=1
Because the power series Y 2%2" has the radius of convergence 2 (clearly { 2% — %),
n=0

the following implications hold:

1
2| <2 = Z 2—nz" converges absolutely,

n=0

o
1
|z2| >2 = E 2—nz" diverges.
n=0

If || = 2, then |2"| =1 — 1 # 0, and therefore the series 20 2" diverges.

o0
Let us now consider the regular part of the given series, that is the series > 2%2% We
n=1
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have found out that

1 1 11

2| < 2 <tj. |z| > 5) = Z o o converges absolutely,
1 1 =11

e 2 (tj. 2] < 5) = ZQ_n_n diverges,

1 1 =11

; =2 <tj |Z| = 5) = Z Q_n_n dlverges

Conclusion: the given series converges (absolutely) for every

1 1
zEP(0,§,2>:{z€C: §<|z|<2},

elsewhere it diverges.

L2t
td .

., A Y
¢ 3 .
It 7 Y
[] 5T 1
X 2 'Y 1

Ky
3 N 2
1} 2 y
R .
N ?’
~§~--_¢'

b)
N ()" e L o =1 1
n:zoo n?+1 _;Tﬂ—i-l(z i) +;n2+1 (z — i)
Because )
(”+11)2+1 — 1,
n2+1

we know that

\z—2|<1:>2
|z—2|>1:>2

If |z —i| = 1, we have that

(z —1)" converges absolutely,

(z — )" diverges.

oo
n=0

= 1
ZTLQ—{—]_

(z=i)"

and therefore (see the integral criterion) the series Z e

converges absolutely.
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We have (also) found that

e}

1 1 1
<1t |z—i] > 1) = bsolutely,
o (tj. |z —1i] > 1) ;nQ—i—l(z—i)" converges absolutely
1 = 1 1
>1(t. [z—1<1) = di
p— (tj. |z —1] < 1) ;n2+1(2—i)” iverges,
! 1(tj. |z—i|l=1) = EOO ! ! bsolutel
= =] = converges absolutely.
z—1 ) P41 (z—0)" 8 Y

Summary: the given series converges (absolutely) for every z € {z € C: |z —i| = 1}.
Elsewhere it diverges.

EXERCISE 53.
Find the Laurent series of the function f on the given annulus

a) f(z) =55 0< 2| <14 f) f(z)::m,0<|z—i|<2;
b) f(2) ==, 2l > 1 |
e ) () = =2 0< 2] < oo
C) f(Z) = Zz(zti)7 3 < |Z_Z| <1
h) f(2) = w22 2 < [z~ 1] < oo
Q) f() = 5, o] > 3 ==
e) f(z):= Z(Z£2), 1<]z—-2| <2 ) f(z) = m, I<l]z—1]<2.
Solution:
a) For every z € C, 0 < |z| < 1 we have that
cosz 1 & Z2n = Z2n—2
- =S ) = ()
/) 22 22 (=1) (2n)! Z< ) (2n)!
n=0 n=0

(This holds even for every z € C\ {0}.

b) For every z € C, |z| > 1 we have that

1 11 I & 1\" & (-1
f(z):,22+1:§1+1 :§Z<_;> 2222"”'

z n=0

¢) For every z € C, 1 < |z —i| <1 we have that

2241 241 i
= = =1 — =
/() z2(z —1) z +z
) 1
— :]_—|— — =
I+z—1 1+%
— (—1)"
-1 n_
+§ P (z —1)

=1+ iz”(z — )"
n=0

(This holds even for every z € C such that 0 < |z —i| < 1.)
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d) For every z € C, |z| > 2 we have that

o0
5" 1
—~ on+1 ,n+1 o

n=

gy |

on o’
n=1

e) For every z € C, 1 < |z — 2| < 2 we have that
1 1 1

—_ ~—

(This holds even for every z € C such that 0 < |z — 2| < 2.)

f) Because for every z € C, 0 < |z — i| < 2 we have that

f(z) =

-2 24.-2

1 l

z B 1 z4+i—1 1 (
(2412 (z2—10)? (z2+10)2  (2—1)?

and furthermore

= - (DT n z—1)"

For every z € C, 0 < |z —i| < 2 we have

1 (=1

g
N
|
()¢
~—

_ in—&—l in+ 1

89
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z+i (z41)?
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g) For every z € C we have that
201

o Z2n+1 o
oo — - -1 n_~ @ _ -1 n+l__~
osmEms ;( S et ;( S G r

and therefore for every z € C, z # 0 we have that

2n73

z—sinz o
f6) =" = V" Gy

h) For every z € C, 2 < |z — 1| < oo we have

11 3
z4+2 3 1 5 1
1) 4z + 3 5.1—z+§'z—3
In addition
1 1 1 =~

2—3:—2+z—1

and therefore for every z € C, 2 < |z — 1|, we have

3 1 >, 5.2
f(z):———+;m:

5. 2n—2

1 o0
R T

) Because for every z € C, 1 < |z — 1] < 2, we have that

i faon e
b ~
. ~
., .
P I SR - A Y
[N
SETETTR N
[} A Y 1
I ]
+
' f 3
A} . 1 ‘2
. S - ’
(S 4
S "
e
DN 4




and in addition

1 1 1 = N = (=)t
z 1+z2-1 z-1 L+ ;:z—ln+1 Z;@—UW
1 1 1 iiz—w
z—3 —2+z-1 2 i A

1\’ = n(z— 1)t n+1 n
(z_g) - < ) Z on+1 Z ont2 (=1,

for every z € C, 1 < |z — 1] < 2 we have that

n 1 o

1 ( 1 1 1 n+1 .
Z@ z—l Z(§'2n+1+§'2n+2>(z_1> -
=0

n=1
yr-1 3n+5 .
z—l §:92M42_U'

>

n=1 n=0

©IH

EXERCISE 54.
Find the Laurent series of the function f on all “maximal anuli” centered at z, on which the
function f is holomorphic, where

b) f(z) =2, zo=1+1.
Solution:

a)
22— 243 22— 243 1 1

i e A FE VI PR B I s V)

and because f is clearly holomorphic on C\ {—2, 1}, we have precisely three “maximal

anuli”:
12 r 1 \l
a) P(0,0,1),
B) P(0,1,2),
7) P(0,2,00).
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a) If z € C, |z| < 1, we have

- (_1)n n -1 1 ,
f0=3 G+ (T 1o1) -
/
oo _1 n (o9}
> G (X)) -
n=0 n=0
- Z gn+1 2 Z(n + 1)Zn+2 -
n=0 n=0
R D
n=0 n=2
7v) For every z € C such that |z| > 2 we have that
11 —n—1
o0 oo
S (=12 n—1
n=0 n=2
1 (=2 t+n-1
=2t > o




b) Because f is clearly holomorphic on C\ {0} and |z — 0] =

“maximal anluli”

o) P(1+1i,0,v2),
B) P(1+1i,v/2,00).

a) For z € C, |z — 1 —i| < /2, we have that

z+1 1 1
== ="z

and furthermore

1 1 1 1
z_1+i+z—1—i_1+z 14232
z—1=7)\"
n:() 1+Zn+1 Z)?
1 1 S D \n—1
5= (2) S

and therefore
= (=1)" (—1)"*

f(2) :nzzo((l”)"“ + (1+i)n+2(n+1)) (z—1—i)"

B) For every z € C, |z — 1 —i| > v/2 we have that

(=DM

1 1 1 1
;_1+i+z—1—i_z—1—i.1+%_;)(2_1_2')11“’
1 ’_i(—w(uz’)n(nﬂ)
22 z) — (z—1—g)nt2
and therefore
B 0o n+( 1)n—1(1+i)n—1n
f(z)—z_l_z%—z G
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EXERCISE 55.
Classify each of the isolated singularities of the function f, where

a) f(z) =25 1425 —2+ 24 3, 8) f(2) = 55

b) f(z) = 2 h) f(z) = e

) f(2):=Zx; i) f(2) = capaasy)
d) f(2) = 2 D f(z) = g

e) f(2) = k) f(2) = 2"sin Z5;
£) f(z) = 254, D) f(z) = 5%
Solution:

a) The function f(z) = 2° +42° — 2+ 2 + 3 has two isolated singularities: 0 and co.
Clearly, we have that

* 0 is a pole of the order 3 of f,

* 00 is a pole of the order 5 of f.

b) The function f(z) = Z;T’; has two isolated singularities: 2 and co.

¢ Because
2
—4
lim = =lim (z +2) = 4,

z—2 z — 2 z—2

2 is a removable singularity of f.

o fx)
fim == =120,
and therefore oo is a simple pole of f.
1 1
¢) The function f(z) = P S A=)+ 7) has four isolated singularities: 0, 1, —1
and oo.

* 0,1 and —1 are simple poles of f.
* Because

lim f(z) = lm oo ~ =

IO sy ="

o0 is a removable singularity of f.
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d) f(z) = Zf—il and because

147 1—7 =1 —9 =141
z4+1:0<:>26{ + ! ! _H};

the function f has five isolated singularities:

. %, %, % and ’\1/%”' are simple poles of f

e and, because lim f(z) =1, co is a removable singularity of f.
Z—00

z

e) The function f(z) = 7 has three isolated singularities: 2i, —2i and oco.

e 2; and —2¢ are simple poles of f.

¢ Because
) ) e ru .. € ru .. €e”
lim f(x) = lim = — = lim — = oo,
z€eR x€ER x€R zeR
€2n7ri 1

f(2nmi) = 0,

= —
(2nmi)2+4  —4n?n? +4

lim f(z) does not exist, and therefore oo is an essential singularity of f.
zZ—00

f) The function f(z) = 244 has only one isolated singularity, which is co.

ez

¢ Because

lim f(z) =0,
zeR

lim f(z) = 0000 = 00,
Tr——00
z€R

the limit lim f(z) does not exist. From this fact, it follows that oo is an essential
Z—r00

singularity of f.
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1—e®

27> and at the same time

g) Because f(z) =
2+ =0 < z=Ln(-2)=mm2+ 2k + 1)mi =: 2, k € Z,
f has isolated singularities precisely in the points z.

e Furthermore

(24 €*) ]z, = €], = —2 # 0,
1—e€*],—., = 3+#0,

and therefore z;, = In2 + (2k + 1)7i, k € Z, are simple poles of f.

Be careful: oo is not an isolated singularity of f.

h) f(z) = ez and for every z € C\ {0} we have that

o0

11
f(z) = ;:0 1 o
From this, it follows that
* ( is an essential singularity of f,
* o0 is a removable singularity of f.
i) f(z) = m and because
2:(:0322# S 4=e"4e " &

o ¥4t 1=0 & e =24+V3>0 &

i 4EV16—4
B 2
& iz=Ln2+V3) =2+ V3)+2%kri, keZ <
& z=2z,=2kr —iln(2+V3), k€ Z,
the function f has isolated singularities in the points 3 and z, k € Z.
e Basily we can compute that
[(2 = cosz)],=,, = [sinz],—,, #0,

and therefore f has in the points z, = 2k7 — i In(2 £ /3), where k € Z, simple
poles.

[t is clear that 3 is a pole of the order 2 of the function f.

(00 is not an isolated singularity of f.)
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j) The function f(z) = =% has clearly isolated singularities in the roots of the function
sinus.

Think through the fact that

e 0 is a removable singularity of f,

e km, where k € Z \ {0}, are simple poles of f.

(00 is not an isolated singularity of f.)

. o 2 . z . . . .. .
k) The function f(z) = 2°sin ;%5 has precisely two isolated singularities: —1 and oo.

e —1 is an essential singularity of f (because lim1 f(2) does not exist),
z2——

* oo is a pole of the order two of f (because lim féf) = lim sin (Zil) =sinl # 0).
Z—00 Z—00

1) The function f(z) = =% clearly has isolated singularities in the roots of the function

) sin“ z
sinus.
e Because® )
. 1—cosz ra .. sin z 1
lim ——— = lm ———=_,
22kn sin® z z—2kr 28inzcosz 2

we have that the points 2k7w, where k € Z, are removable singularities of f.

¢ Because

o 1—cosz rm 2(2—(2k—l—1)7r) PH.

li — (2k+1 2 L =
z—>(21:£:1-1)7r (Z ( + )7r) sin’ z z—>(21km+1)7r 2sin z cos z
9 im =20,

z—(2k+1)m COS Z

the points (2k + 1)m, where k € Z, are poles of the order 2 of the function f.

(00 is not an isolated singularity of f.)

EXERCISE 56.
Prove the L’Hopital’s rule:

Let f and g be holomorphic, non-constant functions on some ring neighborhood of a point
2o € C and let lim f(z) = lim g(z) = 0.

Z—rZ20 Z—r20
Then we have that

Solution:

From the assumptions it follows that there are p,q € N, neighbourhood U(zy) of zy and
functions f; and g¢;, which are holomorphic and non-zero on U(z) such that for every
z € U(z0) \ {20} we have that

f(z) = (2 = 20)" f1(2),
9(2) = (2 — 20)g1(2).

5We are using L’Hépital’s rule proven in the following exercise.
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Therefore

o0, p<g,
lim 1) = lim (z — Zo)p_qM =40, P>
S g(z) e 91(2) hGo)
91(20)” P=19
and
f'(2) p(z = 20)" " fi(2) + (2 — 20)Pfi(2)

lim = lim
z2—rz0 g’(z) 220 q(z—zo)q_lgl z

. (
= lim (z —z =
220 (=2 qg1(2) + (2 — 20)9}(2)
00, p<gq,
=40, P>q,
f1(20) _
91(20)’ p - q

The theorem is proven.

EXERCISE 57.
Compute the residue of the function f in all of its isolated singularities, where

a) f(2) = f) f(z) :=tanz;
b) f(2) == g g) f(2) =23
) f(z):= (z241r1)3’ h) f(z) == cotg® 2;

23 1 — q] .gin L
d) f(z) =22 i) f(z) :=sinz-sin;
e) f(Z) = z6(z21+1)2; J) f(Z) = %
Solution:

: 1 1 : : »

a) The function f(z) = = — has clearly four isolated singularities:

z+ 23 2(z—1)(z+1)
0, i, —i a co. Now we will use (as in several following exercises) the |1, Theorem 44, part
(iii)]:
* res f(0) = (35, = 1,

N\ 1 1 _ 1
s ves (i) = [152)._, = 755 = — 3

. 1 1 1
e res f(—i) = [_1+3z2L:_¢ =5="3

and [1, Theorem 44, part (v)]:

o res f(oo) =— (1 -
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b) The function f(z) = ﬁ clearly has two isolated singularities.

e —1is a pole of the order three of f, and therefore

res f(—1) = [(22>HL:—1 =1.

N —

* res f(oo) = —1.

¢) The function f(z) := ﬁ has three isolated singularities: poles of the order three at
the points ¢ and —¢ and a removable singularity at oco.

essn=3 (k)] -3l

* res f(oo) = 0.

d) The function f(z) = Zj%; has two isolated singularities: 2 (simple pole) and oo.

341
esf(2) = |5 =9
1 z=2
e res f(oo0) = 0.
1 .
e) Because f(z) = = ~, the numbers +i are poles of the order

26(224+1)2 28(z+414)%(2 —1)
two of f, 0 is a pole of the order 6 of f and oo is a removable singularity of f.

(C

o [62°(z£4)? 4+ 20 2(2 £ 49)
B 212(z £ 4)* e

res f(=41)

* Because f(z) =1: (2642284 2'%) = & +--- % we have that res f(o0) =0,
eresf(0)=—Ti+1i—0=0.

f) The function f(z) = tanz = igéz has simple poles in the points § + km, where k € Z, and

resf(%—klm):[sn.lz } =—1.
—smz z=g+km

(00 is not an isolated singularity of f.)

6In the Laurent series of f the coefficient of % is equal to 0.
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g) f(z) = = has simple poles in the points k7, where k € Z, and

sin z

(="

res f(km) = [

COS Z:| ke

h) f(z) = cotg® 2 = % has poles of the order three in the points k7w, where k € Z,

and
oS 2 . 22 N 24 23 N 2° 1 z 28
— - —_— e : z — — —_— ... —_ -
sin z 2 24 6 120 z 3 45

and therefore

(COSZ)3_ 1_z_z3_ 1_2_23_ 1_2_23_
sinz/  \z 3 45 z 3 45 z 3 45 '

res f(0) is a “coefficient of 7, therefore

res £(0) = 3 (-1) Y

Because the function f has a period 7, that is f(z) = f(z — kn), we have that

res f(km) =res f(0) = —1 for every k € Z.

i) f(z) =sinz-sini has an isolated singularity at 0 and at oco.
Because for every z € C\ {0} we have that

0 »2n+1 o0 1 1
flz) = (Z(_Dnm> (Z(_l)k(2k+1)! ' z2k+1> S

k=0

we have that’
res f(0) = res f(oco0) = 0.

j) The function f(z) = S(jf’lfj; has two isolated singularities: 1 and co.

* Because 1 is a pole of the order two of f,

ves (1) = lim (Sm(m) (= — 1)2)/ — lim (Sm(”))/ _

BAC A o\ z -1

meos(mz)(z — 1) —sin(mwz) ru

- llg% (z—1)2 -

PH —m?sin(rz)(z — 1) 4+ wcos(mz) — weos(wz)

= 2z - 1) -
: .

= llE)I% (—7 sm(7rz)) = 0.

"The Laurent series of f has non-zero coefficients only for the “even powers” of z.
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Other possible solution:

_sin(mz) _sin(ﬂ(z - 1)) _
1) = = =1
:0 it D=
S

I
o

n

The just computed Laurent series of the function f has non-zero coefficients only
for the “even powers” of (z — 1), and therefore res f(1) = 0.

* res f(oo) = 0.

EXERCISE 58.
Using the residue theorem compute the integrals

a)

/wdz, where ~(t) := 3¢, t € (0,27);
gl

23

1 1 .
/72 5 Cos ;dz, where (t) := 18", t € (0, 27);

3
/k%dz, where k={z€C: |z] =2}

3
/kzj_leidz, where k={z€C: [z] =2}

1 .
/zsin G 1 dz, where 7(t) :=2e7" t € (0,67);

v <
Tz
e
— dz,
727; —1

where 7y is a simple, closed, piecewise smooth positively oriented curve such that

inty={z€C: |z|]<1 A O<argz<g};

dz
/km, where k:{ZeC |Z|:2}
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Solution:

a)

1
N

(N

cos
Clearly z = 0 is a pole of the order three of the function YO5Z " and therefore

237

CoS 2 ) CoS z

dz = 277 res =
. >3 =0 23

= 2mi 3 [(cos2)"]_, =

= mi[(~sinz)],_, =

=i [—cosz],_, = —mi.

dh
AN

Clearly

[yziQ COS% dz = 2m'(resf(—2) —|—resf(0)) = 2mi( — res f(00)).

=f(2)

For every z € C, |z| > 2 we have that

1 1 1 1 n 2n
_ = _ = 1y — 1\
Z+2 21+§ Zn:O( ) 2n ;( )z”+1’
and therefore
o . (_2)7171 S n 1 1
fz) = <Z Zn Z( ) (2n)! 220
n=1 n=0
From this, it follows that
1
res f(o0) = ~(-2)" - (~1)° 5 =1

1 1
/ cos —dz = —2mires f(o0) = 2mi.
5 2+ 2 z
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/k 242_ : dz = 27m'<res f(1) 4+ res f(—1) +res f(i) + res f(—z)) = 2mi( — res f(00)).
——

3 oo n o)
oz R 1 1 B 1
f(z)_zzl_l_zgl_z%_;%(_zl _§Z4n+17
and therefore
res f(o0o0) = —1,

5
/kZ4Z— | dz = 2mi( — res f(00)) = 2mi.

S100 2
k _/
Clearly

/ 2316i dz = 27m'<resf(—1) —|—resf(0)> = 2mi( — res f(00)).
REF 2

=:f(2)

Because for every z € C, |z| > 1 we have that

we have

res f(00) = = (1) o+ (1 o (U4 (1P ) =



Therefore

3 2711
/kzj—lei dz =27i( — res f(c0)) = —%Z.

“3x around”

J

R
-

Clearly
1
/zsin i 1 dz = —3 - 2mires f(1).
Z —
T\ y
=:f(2)
Because

z4+1 . z—1+ 2 ) 14 2
= S1n = _ g
z—1 i z—1 z-—-1 St z—1

—=sin1 cos + cos1 sin

z—1 z—1’
we have for every z € C, z # 1,
. 2 o2
f)=(z—-1+1) (Smlcos + cos 1sin ):
z—1 z—1
=sinl i(—l) 2 _1_2 1 +
— (2n)! ( z—12" ! W(z—1)2

00 22n+1 22n+1 1

1 1" )"
+ cos [2( ) 2n+ 1) (z— 1) —I—Z Gn 1) (2 = 1)

Therefore

2

2 2!
res f(1) = <( 1)2') sinl + cos 1 (( 1)° F) = —2sinl+2cos1,

1
/zsinz+ . dz = =3 2mires f(1) = 12mi(sin1 — cos1).
Z_
0
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f) Because

Nl <.
- [ ]
J

5}

>

we have that

67'('2 67'('2
dz = 277 res - =
2 2
2z —1 PRy ES) 222 — 1

g) Because the functlon f(z) = ﬁ clearly has 12 isolated singularities, 11 of which (0

and the roots of 21° = 2) lie “inside” k and the twelfth is oo,

we have 1
/kﬂTZ—m = 2mi( — res f(00)).

For every z € C, ¥/2 < |z|, we have that

1 - 2
f(z) = P 2 55 Z Slon HZO S10n+15"
and therefore
/ dz 27i( — res f(o0)) =0
—_— = 4T — = .
R 20210 —2) -
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EXERCISE 59.
Using the residue theorem compute the integrals®.

a) e)

/’T dx /Tr cos T
. —— dx
_r 9+ 3cosz _x 3+ 2sinx
b) f)
/°° o> de /27r cos?(2x) q
el — " dx
Lo T4 622 4 25 o H—4dcosz
c) g)
/OO rt+1 /°° dzx
et 1.6
o 2+1 oo L+
d) h)
P /°° dz
——— du; _—
|, @

Solution:

a) Let us define the curve (¢) := ¢, t € (0,27). Then, using the change of variables’
e = 2,

) 1
e dx = dz, tj. de = —dz,
iz

we get

/” dz / 1 1 / 2dz
—_— = —l—dZ = - 2 .
. 5+3cosz [, <5+3Z;z> iz (102 + 322 + 3)
Because

3224+4102+3=0 & z=

—10 £ /100 — 36 1
I L)

&
\H

8The integrals should be understood as “real’ integrals of functions of real variable
9See [1, Chapter 9.3, part a)].
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we have that

/” dz _/ 2dz
. 5+3cosz ), i

i(10z + 322 + 3) -

2
-9 _
s, ( (322 + 102 + 3))

1 _ A
S (RS R

T
=3
b) We start by observing that

A 4622425=0 < 2°

344 & ze{l+2i, —1—2i, —1+2i, 12}
Let k C C be the boundary of the set {z € C: |z] <3 A Imz > 0}.

Then it holds!®

/°° x?dx _/ 22dz
T 622425,

24+ 622 +25 -
22 22
= 2m res ——— res ——————— | =
2=1+2i z4 4+ 622 4 25 z=—1+2i 2% + 622 + 25
= 2m

52
(|:4Z3 + 12Z:| z=1+2s " |:423 + 122:| z=1+2i)
z JR—
4Z2 +12] . 1+22 422 +12], 4,

1+ 22

P B
4(=34+4i)+12  4(-3—4i)+12)

= 2m

14+ 22 -1+ 2

= 21

Vs . .
= - >:§(1+21+1—22)_

1=

10See [1, Chapter 9.3, part b)].
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c¢) Because the problem
A 41=0AImz>0

has exactly three solutions:

s \/g 1.
Z1:=e€¢6 —74—52,
29 = €2 =,

S \/g ]-

= 6 = —— —
23 e 5 + 22,

. 4 .
and the function §6+1 is even, we have that

1
gzt 1 [ a2t +1
/a:6+ dx:—/ "+ dr —
o x6+1 2 o8 +1

where k C C is the boundary of the set {z € C: |z| <2 A Imz > 0}.

Therefore, because

Z4+1 -Z4+1_ ]-( )
res = =z
2=z 26 4+ 1 62° Z=Y3 4 1, 6 ,

L 2 T3

2441 24+ 1] 2( )
res = =zt
2=z9 20 +1 i 62° 1= 6 7

241 24+ 1] 1
res — = 5 = —(—1),
z=z3 2% + 1 62 J sz\/g-&-%i

we have that
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d) The function 5 is even, and therefore for £ C C, which is the boundary of the set

(2+1)
{z€C: |z|] <2 A Imz > 0},

k
Z’(P

we have that

/°° x?dx _1/°° 2 dx _1/ 22dz B
y @ 2 @ 2

o (i) ot () .

_mi ‘<2z(z + z‘)(i:rj;:a(z - 2')2)1 -

_m’ — 22 —|—2,zz B
2 z+z Z:Z._

_m ( 2z + 2i)(z +9)* — (=22 + 2zi)4(z + z‘)3] _

2 (z + i)

T 4(22') 2m o
o2 (208 ) 255 16

e) Let v(t) := e, where t € (0,27). Then

T 1
/ COS? dx:/z+; 17l.id22
_. 3+ 2sinz 5 2 3_'_222_;12

1/2’2—{—1 1
= : dz.
2/, =z 224+ 3iz—1

(We've used the change of variables €™ = z, see [1, Chapter 9.3, part a)|).

—3+5,
—7/’

Because

2+3iz—1=0 & 2=
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we have that

T cosx 1 [22+1 1
———dr=— , dz =
.3+ 2sinx 2), 2 22+3iz-1

(.

-~~~

=f(2)

Lo s s (559 -

: 241 N 2241
:7]'Z _— —_— =
224+3iz—1],_, |2(22+3i)], _-s+vs,
2
2 =3z

i1 | = mi(—1+41) =0.

7”( +{2—6iz+3iz]zs+¢5i> mi(=1+1) =0

2

f) We will use the change of variables e = z,

z—i—%
CoST =
2 Y
24+ L
cos2x = zZ,
2
1
de = —dz.
1z

For 7(t) := €', where ¢ € (0,27), we have that

T cos? 2z 1 /24 +1\? 1 1
——dx= | - — —dz =
o D—4dcosx 4 22 5—2'2—;1 iz

1 (244 1)? 1
:/_(z+) F
7

43 z4 Bz — 222 —2
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and because

1 (4 +1)2 \" 1/ 255 255
resf(o)_ﬁ{(—5z—2z2—2 B G A Te

i 1 [ +1)? 1 _ 289
I T A 5oz T a8
2

we have that

/2” cos? 2z q 17
——dx = —m.
o HD—4cosx 48

g) Because the equation 2% + 1 = 0 has, assuming Im z > 0, exactly three solutions:

iz V31
21266:7—|—§Z,
2 = €2 =,
, 3
23_€5m:_£+_27

for the function f(2) := 755 we have that

/_:1—%6: 271 (res f(z1) +res f(z2) + resf(Z3)> -

3
Zk
—27”26zk 26—22 =

k=1
271
:—?(214—224‘23):
31 1
Y RC I )
3°{ 72 T2 2 T3
2
= _Toi=2"
3

111



h) Because

1 V3
£+z+1—0¢>z——§i%;@

for k C C defined as the boundary of the set {z € C: |z] <2 AlImz > 0} we have that
/°° dz _/ dz B
oo X2+l o2zl

1
= 2w  res - | =
z:—l-t,-ﬁi 22+ z41
2 2

9 1 2m

= 27 = —

—1+V3i+1 V3
1
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